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Abstract—We provide parallel algorithms for integer sorting
and predictive sorting in the binary-forking model, which
is designed to reflect the asynchronous and dynamic nature
of modern multi-threaded architectures and languages, where
synchronization of threads is accounted for while also allowing
for asynchronous memory writes using atomic operations, such
as test-and-set. We show how to sort n integers in the range
from 0 to n in O(logn) span and O(n) work with overwhelming
probability, which is asymptotically optimal and appears to be the
first such bounds for the binary-forking model. More importantly,
we also provide a parallel learning-augmented sorting algorithm,
where a machine-learning model provides a prediction of the rank
of each element in the sorted sequence. Given such predictions
for n elements in an array, X , we show how to sort X in O(logn)
span with work that is proportional to n times the logarithm of
the average prediction alignment error of X , with overwhelming
probability.

Index Terms—parallel algorithms, binary-forking model, sort-
ing, learning-augmented algorithms, machine learning.

I. INTRODUCTION

The design and analysis of algorithms has long been dom-
inated by the pursuit of worst-case performance guarantees;
see, e.g., [7], [21]. While such guarantees are essential for
ensuring reliable and predictable performance across a broad
range of inputs, they do not always reflect the complexities or
subtleties of real-world problems. Worst-case analysis often
leads to overly conservative and inefficient solutions, for
example, especially when the inputs exhibit structure or when
certain inputs are more likely than others. To address these
limitations, the field of beyond worst-case algorithm design
has emerged as a promising direction, aiming to improve
algorithmic performance in practice by exploiting realistic
assumptions about the input distributions or problem charac-
teristics; see, e.g., [44], [45]. A particularly promising type of
beyond worst-case algorithm design is learning-augmented
algorithms, which considers algorthmic improvements that
can take advantage of predictions from machine-learning
models; see, e.g., [8], [11], [13], [25]–[27], [32], [33], [46]–
[48], [51]. (See also the website [52] for numerous more theory
papers on the approach.) This field offers ways to achieve
practical improvements in real-world scenarios where data
patterns can be learned and utilized.

Learning-augmented algorithms is a subfield of algorithm
design that aims to improve algorithm performance by in-

corporating machine-learned predictions about the problem
instance. As such, it is also a subfield of artificial intelligence,
since it incorporates machine-learning quality metrics into
algorithm runtimes, space complexities, and/or the quality of
solutions in scenarios where traditional worst-case analysis
may be overly pessimistic. Such algorithms are designed to
utilize predictions generated by machine-learning models to
guide their operations. For example, a prediction about the
location of an element in a sorted array could inform a
search algorithm, potentially improving upon a standard binary
search. Indeed, Mitzenmacher and Vassilvitskii [42] discuss
the field of predictive algorithmics using predictive search in
a sorted array as a motivating example.

The performance of algorithms with predictions is typi-
cally tied to the quality of the provided predictions. When
predictions are accurate, the algorithm can achieve signifi-
cantly better performance. Even with imperfect predictions, the
algorithms are designed to maintain reasonable performance
guarantees, ideally falling back to a worst-case performance
that is comparable to traditional algorithms. Research in this
area also focuses on ensuring the robustness of algorithms
to potentially inaccurate predictions and exploring techniques
like calibration to effectively integrate uncertainty estimates
from machine-learning models.

There has been considerable research on sequential
learning-augmented algorithms, which shows that sequential
learning-augmented algorithms can achieve improvements
over state-of-the-art algorithms designed with worst-case
performance in mind using classical design techniques;
see, e.g., [8], [11], [13], [25]–[27], [32], [33], [46]–[48],
[51]. Nevertheless, in spite of this attention, there has been
much less work on parallel learning-augmented algorithms.
Thus, this paper seeks to advance the theory of parallel
learning-augmented algorithms, with a focus on developing
sorting algorithms that perform optimally in terms of their
span and work, as a function of the input size, n, as well as
metrics derived from machine-learning models. We believe
the approaches advanced in this paper provide a more nuanced
view of algorithmic efficiency, allowing for the design of
algorithms that outperform worst-case bounds in practice,
while still maintaining rigorous mathematical guarantees
based on metrics derived from machine-learning models.



Importantly, we are interested in parallel algorithms for
the binary-forking model, which is designed to reflect the
asynchronous and dynamic nature of modern multi-threaded
architectures and languages, where synchronization of threads
is accounted for while also allowing for asynchronous memory
writes using atomic operations, such as test-and-set.

Suppose, then, that we are given an input array, X =
[x1, x2, . . . , xn] of distinct comparable elements, such that,
for each i = 1, 2, . . . , n, we are given a prediction, p(xi),
derived from a machine-learning model such that p(xi) is
estimating the rank of xi in X , that is, the number of elements
that are smaller than xi. At a high level, our approach for
sorting X is simple—we first perform an integer sorting of X
using the p(xi) predictions as the keys, giving a semi-sorted
array, X ′, and then we sort X ′ taking the sortedness of X ′

into consideration. See Figure 1. As simple as this approach
sounds, there are number of challenges for implementing it
in the binary-forking parallel model so as to have O(logn)
span and efficient work performance in terms of a reasonable
metric of the prediction error. For example, we desire a robust
work bound, that is, a work performance that is sensitive to the
prediction error while never being asymptotically inferior to
the best known worst-case bound that does not take knowledge
about the input into consideration.

A. Related Prior Work

Prior to our work, we are not aware of any integer sorting
algorithm in the binary-forking model (formally defined in
section II) that achieved optimal O(logn) span and O(n)
work. The best previous method in this model is an algorithm
by Blelloch, Fineman, Gu, and Sun [5] for the semisorting
problem, which reorders an input array of n keys such that
equal keys are contiguous but different keys are not necessarily
in sorted order [23]. Blelloch et al. show how to solve
the semisorting problem in O(log n) span and O(n) work
in expectation in the binary-forking model. There are also
existing general sorting algorithms in the binary-forking model
that use O(log n) span and O(n logn) work [5], [19]. Dong,
Dhulipala, Gu, and Sun [14] study the integer sorting problem
from a practical point of view in the binary-forking model,
giving a number of interesting experimental results as well
as a theoretical method with O(log2 n) span and linear work
with high probability.

There is much more work on parallel algorithms for integer
sorting in PRAM models, which assumes a much stronger
unit-cost global synchronization. Translating the span bounds
in PRAM to the binary-forking model introduces an additional
factor of O(logn), thus non-optimal. For example, Goodrich,
Matias, and Vishkin [20] show how to sort a set of n integers
into an array of size O(n) in O(log∗ n) time and linear work
with overwhelming probability in the CRCW PRAM model.
Also, Rajasekaran and Reif [43] show how to sort n integers
in a PRAM model in O(log n) time using O(n) work with
overwhelming probability. Also, Han and Shen [24] show how
to solve the integer sorting problem deterministically in a
PRAM model in O(logn) time and O(n

√
log n) work.

The previous sequential algorithms for learning-augmented
sorting, which are due to Bai and Coester [3], have running
times that are proportional to n times prediction error metrics,
but their methods all appear to be inherently sequential;
hence, trying to convert these algorithms into efficient parallel
methods does not appear to be a productive approach. Our
approach, instead, is to adapt a parallel block-sorting algorithm
of Levcopoulos and Petersson [35], which is for a PRAM
model and runs in O(((n log(Inv(X)/n))/p) + log n) time
using p processors, where Inv(X) is the number of inversions
in the input array. Interestingly, adapting their approach to the
binary-forking model involved our making a number of non-
trivial modifications to parallel block sorting, as well as using
new Chernoff bounds [9], [10] in our analysis.

B. Our Results

In this paper, we show how to sort an array, A, of n integers
in the range from 0 to O(n) with O(log n) span and O(n)
work with overwhelming probability (w.o.p.). We provide the
formal definitions of the probabilistic guarantees in section II.

More importantly, we also provide what we believe is
the first parallel learning-augmented sorting algorithm. In the
domain of learning-augmented algorithms, there are a number
of different metrics that one can use to measure the error
between the predictions that come from a machine-learning
model and the ground truth. In this paper, we focus on a metric
that we refer to as the prediction alignment error, PAE(X).
For each i = 1, 2, . . . , n, given a prediction, p(xi), for each
element xi ∈ X , we define the prediction alignment error
for i to be

PAEi(X) = |{j | p(xj) ≤ p(xi) and xj > xi}|.

That is, PAEi(X) is the the number of elements, xj , in
X whose predicted location is not greater than the predicted
location for xi but xj is larger than xi.1 In other words, the
elements that are counted in PAEi(X) should come after xi in
a sorting of X , but their predicted locations either match the
predicted location for xi or come before the predicted location
for xi. Given predicted ranks for the elements of X , we define
the prediction alignment error of X , PAE(X), as

PAE(X) =

n∑
i=1

PAEi(X).

In this paper, we show how to sort an input array, X , in
O(logn) span and O(n(1+log((PAE(X)/n)+1))) work with
overwhelming probability. Our algorithm involves a number
of non-trivial steps, including adaptations and extensions of
work by Mannila [40] and Levcopoulos and Petersson [35],
and our analysis is also non-trivial, including applications of
new Chernoff bounds by Dillencourt et al. [9], [10].

1Bai and Coester [3] introduce what we are calling the “prediction
alignment error for i,” which they denote by ηli and use to analyze some
of their sequential learning-augmented sorting algorithms.
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Fig. 1. A schematic for our parallel learning-augmented sorting algorithm. Neural network image was generated using TensorFlow playground [1].

II. PRELIMINARIES

A. Notations for Probabilistic Guarantees

In this paper, we discuss randomized algorithms and aim to
demonstrate that our algorithm achieves a very high “success
rate” despite randomness.

We adopt the standard definition of high probability. Specif-
ically, we say that a probability, p, is high probability, if
p ≥ 1−O(1/nc) for some constant c ≥ 1.

In addition, we use an even stronger version, referred to as
overwhelming probability [28]. We say that a probability p is
overwhelming probability, if p > 1−O(1/nc) for any constant
c ≥ N0 given a constant integer, N0. Note that the overwhelm-
ing probability is crucial for sorting algorithms, since they are
widely used as a subroutine of more complicated algorithms.
The overwhelming probability guarantees a very high success
rate by calling the sorting subroutine a polynomial number
of times, by directly applying the union bound. To the best
of our knowledge, we are unaware of work-efficient (see the
definition below) and highly parallel integer sort and predictive
sort with overwhelming probability (w.o.p.).

B. Chernoff Bounds

We use Chernoff bounds extensively in this paper. Most of
the forms we used are from Dillencourt et al. [9], [10].

Theorem 1 (Chernoff Bounds). Let X1, X2, . . . , Xn be in-
dependent random variables taking values in {0, 1}. Let
X =

∑n
i=1 Xi and let µ = E[X] denote X’s expected value.

Pr
(
X < (1− δ)µ

)
< 2−µ/2, for 0.7064 ≤ δ < 1. (1)

Pr
(
X > (1 + δ)µ

)
< 2−µ/2, for δ ≥ 1. (2)

Pr
(
X < (1− δ)µ

)
< 2−µ/5, for 1/2 ≤ δ < 1. (3)

C. Computational Model

We use the work-span model in the classic multithreaded
model with binary-forking [2], [5], [6]. We assume a set of
threads that share a common memory. Each thread acts like a
sequential RAM plus a fork instruction that forks two threads
to then be running in parallel. When both threads finish, the
original thread continues. A parallel-for is implemented by
forks in a logarithmic number of steps in a binary-tree fashion.
We assume unit-cost atomic operation TEST-AND-SET(p),
which atomically changes p from false to true. It returns true if
successful and false otherwise, and it can be used to implement
a “join” operation where a forking thread must wait until its
most recently forked child thread ends. A computation can be
viewed as a directed acyclic graph (DAG) whose nodes are
operations and edges are logical dependencies. Importantly,
unlike parallel RAM (PRAM) models, the binary-forking
model does not require that executing threads are synchronized
at the fine-grain level—instead all synchronization occurs via
threads finishing and/or using join operations. The work W
of a parallel algorithm is the total number of operations, and
the span (depth) S is the longest path in the DAG. That is,
the span of a parallel algorithm corresponds to parallel time
without regarding the number of processors and the work of
a parallel algorithm corresponds to its running time if we
had to simulate it on a single processor. In practice, we can
execute a parallel computation in the binary-forking model
with work W and span S using a randomized work-stealing
scheduler [6], [22] in time W/P + O(S) with P processors
with high probability. A parallel algorithm is work-efficient,
if its work is O(W ), where W is the work of the best known
or the corresponding sequential algorithm. Also, note that any
non-trivial computation that uses Ω(nϵ) threads, for a constant,
ϵ > 0, requires Ω(log n) span.



III. INTEGER SORTING

In this section, we show the design of a critical component
in our predictive sorting algorithm, integer sort on key range
0 to n. The algorithm uses O(n) work and O(log n) span,
and we show how to achieve high probability and even
overwhelming probability with these performance bounds. The
work and span bounds are optimal modulo randomization.

A. Building Blocks

Stable Integer Sorting. This problem takes a sequence A of
n elements, each element’s key is an integer in the range [0, r]
with r ≤ n. The output is elements of A in sorted order, with
the additional requirement that the elements with the same
key must appear in the same relative order as in the input
sequence A. This problem can be solved in O(n) work and
O(r + log n) span. We refer the audience to [43] for details
and provide only a high-level overview here. The algorithm
first (conceptually) partitions A into A/r subarrays, each with
r elements. Then a sequential counting sort is applied to each
subarray to obtain both the sorted subarray and the counts for
each key. This step uses linear work and O(r + logn) span.
After that, a prefix sum for the counts across all subarrays
computes the offsets for each key in each subarray (linear
work and O(log n) span). Finally, a sequential scan in each
subarray scatters all elements to their final locations based on
the offsets, again with linear work and O(r + logn) span.

Coin Flipping. Many randomized processes in algorithms can
be considered as coin flips, which eases the analysis of the
probability. In the analysis of the algorithms in this paper,
when we say a coin flip, we refer to a random event, and use
the “head” of a flip to indicate a success and a “tail” as a
failed one.

B. The Parallel Integer Sorting Algorithm

In this section, we show how to integer sort n elements
with key range 0 to n in linear work and O(log n) span,
both with high probability and with overwhelming probability.
Our algorithm follows the high-level idea of Rajasekaran
and Reif [43], but with several key differences. First, we
parameterize the algorithm to enable a careful analysis across
possible parameter choices. Second, we redesign a major
component that scatters the elements to their destinations,
which can provide various levels of probabilistic guarantees on
the success rate of the algorithm. We overview the algorithm
in Algorithm 1 and discuss the scatter step in detail in
section III-C.

Our integer-sort algorithm is randomized and takes samples.
Each input element has p = Θ(1/ logn) probability to
be selected as a sample, where p is the sample rate here.
The samples are then sorted with linear time and O(logn)
span [19]. With the sorted samples, we can estimate the sizes
of np/ logγ n evenly partitioned buckets, each with a key
range of Θ(logγ n/p), where γ is a positive integer. Here,
logγ n is the oversampling rate that reduces the number of
buckets, which allows for the gathering of more samples

Algorithm 1 Parallel Integer Sort
Input: An array A with n records each containing an integer
key in the range from 0 to n.
Output: An array A′ storing the records of A in sorted order.

1: Select a sample S of the keys, independently with
probability p = Θ(1/ log n).

2: Sort S.
3: Evenly partition the key range into Θ(np/ logγ n) buckets,

and create an array of size f(s) for each bucket, where s
is the number of samples in this range.

4: Insert the records in A into the associated array based on
the key range.

5: Pack all of the arrays into a contiguous output array A′.
6: Run the stable integer sort for two rounds (each with range

Θ(log n)) for sort each bucket, and return A′.

and provides a stronger estimation for each bucket. With s
samples in one bucket, we take an upper bound estimate of
f(s) = 4(s + logγ n)/p for the number of elements in this
range. We will first describe the algorithm and later show how
to select the parameters that give the theoretical guarantees of
this algorithm.

With the size estimation, we will allocate an array of size
2f(s) for each bucket. This can be achieved by allocating a
sufficiently large array, and in parallel computing the offsets
of each bucket based on the prefix sum, with O(np/ logγ n) =
O(n) work and O(logn) span. The next step is to scatter the
elements to the corresponding arrays of the buckets, which we
will discuss later in section III-C, followed by packing. Finally,
for each bucket, we run (1 + γ) rounds of stable integer sort
introduced in section III-A to sort the elements in each bucket,
which takes O((1 + γ)n) work and O((1 + γ) log n) span.

We now analyze the choice of the parameter γ.

Lemma 2. Picking γ = 1 guarantees that f(s) correctly
upper bounds the number of elements in a bucket with high
probability; γ = 2 yields overwhelming probability.

Proof: To analyze the success rate that f(s) is an upper bound
for the number of elements in each bucket, we use a Chernoff
bound on the event X when there are f(s) elements in this
bucket while our sampling scheme only chooses no more than
s samples. Note that it is possible that the bucket contains
more than f(s) elements, but the probability only decreases.
In this case, the expected number of samples is µ = f(s) ·p =
4(s+logγ n), and if the actual number of samples is no more
than s, we have µ ≥ 3/4. By applying a Chernoff bound (Case
(1) in Theorem 1), we have:

Pr[X] < 2−µ/2 < 2−2(s+logγ n) ≤ 2−2 logγ n.

Hence, plugging in γ = 1 gives the high probability bound,
while γ = 2 provides the overwhelming probability. Taking
the union bound across all buckets gives the stated bound.



C. The Scatter Step

We now discuss different approaches to the scatter step that
provide different probabilistic guarantees for the success rate.
We start with the simple approach, and then show how to
further boost the success rate to the overwhelming probability.
Simple uniform scattering. For our first, simple approach,
we just scatter all elements to the buckets in parallel. For each
element, we find a random location and try to reserve this slot.
This can be achieved by applying an atomic TEST-AND-SET
(TAS) (see section II for definition) to a boolean array that
was initialized as false. It is possible that the slot is occupied
by another previous or concurrent attempt, causing the TAS
to fail. In this case, we just repeatedly find the next random
location until an empty slot is found.

Lemma 3. The above scatter algorithm uses O(n) work and
O(logn) span with high probability.

Proof: Given that each bucket has been allocated at least twice
the number of elements with high probability, each try has at
least 1/2 chance to succeed. Hence, scattering one element
requires O(log n) tries with high probability in n (getting one
head in coin flipping), and taking the union bound gives the
same bounds for scattering all elements. The total number
of tries for all elements is O(n) with high probability in n
(getting n heads in coin flipping). Indeed, the work bound
holds with probability at least 1−2−cn for any constant c > 0,
by applying a Chernoff bound (Case (2) in Theorem 1).

Double-down scattering. In our improved approach, double-
down scattering, we still follow the overall idea that scatters
all elements to the buckets in parallel. The difference is that
when the tries fail, we double the number of retries in the next
round, so that the entire process will terminate much faster.
In particular, in the i-th round, we in parallel try 2i−1 slots,
namely, 1, 2, 4, 8, ..., until one empty slot is found. Note
that to try 2i−1 slots in parallel, we need to fork this number
of threads, which needs log2 2

i−1 = O(i) span. The work is
dominated by the last round. Since this approach can block
more slots with more tries in later rounds, each bucket is now
allocated an array of size 4f(s) instead of 2f(s).

Lemma 4. The improved scatter algorithm uses O(n) work
and O(logn) span with overwhelming probability.

Proof: We start with the span analysis. Note that to achieve
O(logn) span, the number of retrying rounds needs to be
O(

√
log n) since each round costs more than constant span.

Now consider the c
√
log n-th round for constant c ≥ 1. The

probability that this round fails is:

2−2c
√

log n

< 2−c log2 n = n−c logn

which holds for any positive integer n. An overall overwhelm-
ing probability across all n elements can therefore be obtained
by taking a union bound.

The analysis for the work bound is more involved, since now
the tries are in rounds, and the number of tries differs across
rounds. We consider the j-th round across all n elements.

Here we simplify the analysis and assume that as long as the
2j−2 tries in the (j − 1)-th round for the i-th element are
not successful, we will apply the 2j−1 tries in the current
(j-th round). Note that here we will overestimate the work
since the i-th element can find a slot in previous rounds, but
we will show that the relaxed work bound is still linear with
overwhelming probability.

For an element in the j-th round, the probability that it
does not find a slot in the previous round is 2−2j−2

, and the
work on the j-th round for this element is 2j−1. Hence, we
consider the work for each element as a coin flip, and with
2−2j−3

> 2−2j−2 · 2j−1 (for j ≥ 5) probability to see a
head. We now show that the probability that we see more
than Θ(n ·23−j) heads is negligible by using Chernoff bound.
The expected number of heads is µ = n · 2−2j−3

, and δ =
23−j/2−2j−3−1 > 1 for j > 5. By applying a Chernoff bound
(Case (2) in Theorem 1), the probability that we see more than
Θ(n · 23−j) heads is less than 2−µ/2, which is exponentially
small (smaller than the overwhelming probability). Also,
we know that with overwhelming probability, none of the n
elements will need more than Θ(

√
log n) rounds. Hence, the

total number of attempts is
∑Θ(

√
logn)

j=0 Θ(n · 23−j) = Θ(n),
and the success rate is achieved by taking the union bounds
on all rounds.

In addition, note that trying multiple slots in a single round
can reserve more than one slot per element, reducing the
success rate of random attempts. However, we will show
that the success rate, despite being reduced, remains over
1/2. As mentioned before, currently the array size for each
bucket is 4f(s), so compared to the previous approach, the
success rate remains sufficient as long as the wasted space
w is no more than f(s) = Ω(log3 n). Indeed, we can show
w = O(log2 n) with overwhelming probability. Consider the
last round of all elements, and assume the worst case that
all slots are not occupied and thus wasted (ignoring the one
that succeeds). Let this number be w′. In this case, it means
all the tries in the previous round with w′/2 slots failed (if
there is no previous round for an element, then no slot is
wasted). The probability is 2−w′/2, and the probability is
overwhelmingly small when w′ = Ω(log2 n). Hence, with
overwhelming probability, w ≤ w′ = O(log2 n).

Combining the work and span analysis proves this lemma.

D. The Overall Bounds

With all the lemmas given above, we can now give the main
theorem of this section.

Theorem 5. Sorting n integers in the range of 0 to n can
be done in O(n) work and O(logn) span with overwhelming
probability in the binary-forking model.

Proof: We can use Alg. 1 with γ = 2 and the improved scatter
algorithm in Sec. III-C to achieve the stated bound. Lemma 2
guarantees that during scatter, each random attempt has at least
1/2 chance to find an empty slot, which allows theorem 4 to



show the work and span bounds for the scatter phase. The costs
for all other steps are discussed in Sec. III-B. Combining all
parts gives the stated bounds.

IV. PREDICTIVE SORTING

In this section, we describe a robust parallel learning-
augmented algorithm in the binary-forking model for sorting
an array, X = [x1, x2, . . . , xn], of n comparable elements.
Without loss of generality, let us assume that the elements in X
are distinct, since we can compare elements by a lexicographic
combination of their values and initial index in X . For each
element, xi ∈ X , we are given a prediction, p(xi), for the
rank, rank(xi), of xi in X , where rank(xi) is the number of
elements in X that are less than xi. One practical approach to
acquire these ranks can be via learned indexes [12], [16]–[18],
[29]–[31], [33], [34], [36]–[39], [41], [49], [50], [53]–[56] that
learn the CDF of a given input. The high-level idea is to
predict the locations via recursive piecewise linear functions.
For sorting, we could, for example, build such an index based
on a small random sample of the input (e.g.,

√
n elements) and

use its prediction as the ranks for the later sorting algorithm.
Note that even though we may assume that the elements in X
are distinct, we cannot assume that their predicted ranks are
distinct.

Let X ′ denote an ordering of the elements of X according
to their predicted ranks, breaking ties arbitrarily. That is, X ′ is
a possible result of performing an integer sorting of X using
the prediction, p(xi), as the key for each element, xi in X ,
e.g., based on our integer sorting algorithm given above.

Before we present our algorithm for sorting X ′ (and, hence,
sorting X), we observe that we can relate the prediction
alignment error, PAE(X), to a classic metric of disorder for
X ′. Given an array, X ′ = [x1, x2, . . . , xn], we define an
inversion in X ′ to be a pair (xi, xj) such that i < j but
xi > xj . Also, define Inv(X ′) to be the total number of
inversions in X ′; see, e.g., [15]. Then we have the following:

Lemma 6. Let X ′ be a sorted ordering of the elements of X
according to their predicted ranks, breaking ties arbitrarily.
Then Inv(X ′) ≤ PAE(X).

Proof: Let (xi, xj) be a pair of elements that define an
inversion in X ′, i.e., such that i < j but xi > xj . Since
X ′ is sorted by predictions, this implies that p(xi) ≤ p(xj),
which means that this pair is counted in PAEj(X).

Note that it is possible that Inv(X ′) < PAE(X), because
we might have a pair, (xi, xj), such that p(xi) = p(xj) and
xi > xj but (xi, xj) does not define an inversion in X ′

because xi comes after xj in X ′. We analyze our algorithm
with respect to PAE(X) because it is a measure of prediction
error, and we use Inv(X ′) to aid in this analysis, even
though Inv(X ′) is an artifact of our algorithm rather than
the prediction error. For example, we use the above lemma in
our parallel learning-augmented sorting algorithms, which we
characterize in terms of the logarithm of the average prediction
alignment error, log(PAE(X)/n). For example, Lemma 6

implies that log(Inv(X ′)/n) ≤ log(PAE(X)/n). Note that
log(PAE(X)/n) is always O(logn), but it can be as small
as O(1) if our machine-learning predictions are accurate. This
property is useful for showing that our learning-augmented
parallel sorting algorithms are robust and that they degrade
slowly as a function of prediction error, i.e., they achieve a
measure of smoothness.

As a preprocessing step for our parallel sorting algorithms,
we sort the elements of X using their predicted ranks as the
keys, resulting in an array, X ′, which we then use as the input
array. For example, this preprocessing step can be performed
using our parallel integer sorting algorithm given above.

A. Our Base Sorting Algorithm

As a base sorting algorithm, for sorting the array, X ′, of
size n, we use a classic sequential algorithm by Mannila [40],
which we will apply to very small subproblems. Mannila gave
a sorting algorithm that runs in O(n(1+log(Inv(X ′)/n)+1))
time, which, by Lemma 6, implies that this sequential base
algorithm runs in O(n(1 + log(PAE(X)/n) + 1)) time. That
is, considered as an algorithm in the binary-forking model,
this algorithm has O(n(1 + log(PAE(X)/n) + 1)) span and
work.

B. Estimating Inv(X ′)

As it turns out, an important common step in our parallel
sorting algorithms is to estimate Inv(X ′). Our probabilistic
decision algorithm independently chooses cn pairs, (xi, xj),
from X ′, for constant, c ≥ 5/4, and with i < j, and counts
the number of inversions, that is, we count when xi > xj . Let
Y denote the number of inversions that are found in this way
and observe that Y is defined as a sum of cn independent 0/1
random variables and

µ = E[Y ] = cn · Inv(X
′)(

n
2

) =
2c · Inv(X ′)

n− 1
.

The random sample and computation of Y can easily be
done with O(logn) span and O(n) work in the binary-forking
model.

We take as our first test to probabilistically test whether
Inv(X ′) is small, which we do by testing whether

Y < 2c log2 n,

and we accept Inv(X ′) as being small if this is true. Note
that if Inv(X ′) = 0, then Y = 0; hence, our test never fails
for this boundary case. So, to bound our error probabilities,
let us conservatively assume that Inv(X ′) > 0, and consider
the possible error probabilities. We begin by bounding the
probability that our test underestimates the size of Inv(X ′).

Lemma 7. If Inv(X ′) ≥ 2n log2 n and if c ≥ 5/4, then
Pr(Y < 2c log2 n) < n− logn, which is negligible.

Proof: Since Inv(X ′) ≥ 2n log2 n, let us conservatively
assume, for the sake of the analysis for this proof, that



Inv(X ′) = 2(n − 1) log2 n. So µ = 4c log2 n. Then, by a
Chernoff bound (Case (3) in Theorem 1),

Pr(Y < 2c log2 n) = Pr(Y < µ/2) < 2−µ/5 = n−(4c/5) logn,

which is at most n− logn.

Our next lemma bounds the probability that our test over-
estimates the size of Inv(X ′).

Lemma 8. If Inv(X ′) ≤ ((n − 1)/2) log2 n and c ≥ 1, then
Pr(Y > 2c log2 n) < n−c logn, which is negligible.

Proof: Let us conservatively assume, for the sake of analysis,
that Inv(X ′) = ((n− 1)/2) log2 n. So µ = c log2 n. Then, by
a Chernoff bound (Case (2) in Theorem 1),

Pr(Y > 2c log2 n) = Pr(Y > 2µ) < 2−µ/2 = n−c logn.

Thus, if the outcome of our test is that Y < 2c log2 n, for
c ≥ 5/4, then, with overwhelming probability, Inv(X ′) is at
most 2n log2 n. That is, our test for whether Inv(X ′) is small
succeeds with overwhelming probability.

Moreover, if the outcome of our probabilistic test is
that Y ≥ 2c log2 n, then, with overwhelming probability,
Inv(X ′) is at least ((n − 1)/2) log2 n; hence, in this
case, log(Inv(X ′)/n) is Ω(log log n) with overwhelming
probability. Also, in this case, let us estimate Inv(X ′) as

λ =
Y

cn
·
(
n

2

)
=

Y (n− 1)

2c
.

The following lemma bounds the probability that λ is an un-
derestimate, which would be a bad scenario for our algorithms.

Lemma 9. Suppose Inv(X ′) ≥ ((n − 1)/2) log2 n, c ≥ 1,
and n ≥ 32. Then Pr(λ < Inv(X ′)/2) < n− logn, which is
negligible.

Proof: Note that in this case, using the same µ as above,
µ ≥ c log2 n ≥ 5 log n. Also,

Pr

(
λ <

Inv(X ′)

2

)
= Pr

(
Y (n− 1)

2c
<

Inv(X ′)

2

)
= Pr

(
Y <

c · Inv(X ′)

n− 1

)
= Pr(Y < µ/2).

Then, by a Chernoff bound (Case (3) in Theorem 1),

Pr

(
λ <

Inv(X ′)

2

)
= Pr

(
Y <

µ

2

)
< 2−µ/5,

which is at most n− logn.

To sum up, then, if our test determines that Inv(X ′) is small,
then, with overwhelming probability, Inv(X ′) ≤ 2n log2 n.
Also, if our test determines that Inv(X ′) is not small, then,
with overwhelming probability, Inv(X ′) > ((n− 1)/2) log2 n
and λ ≥ Inv(X ′)/2.

C. Our Level-2 Parallel Sorting Algorithm

In this subsection, we describe our level-2 parallel sorting
algorithm, which has polylogarithmic span and work that is
O(n(1+ log((PAE(X)/n)+1))) w.o.p. Our method is based
on combining our base sorting algorithm with a non-trivial
adaptation of a “block-sort” algorithm by Levcopoulos and
Petersson [35]. Our algorithm is shown in Algorithm 2.

At a high level, our algorithm first divides the input into
a set of blocks of size, L, where our choice of L depends
on whether we determined that Inv(X ′) is small or not. See
Figure 2.

Size 𝐿 = log4 𝑛 each

(a)

Size 𝐿 = 𝜆(log2 𝑛)/𝑛 each, which is at least (𝐼𝑛𝑣 𝑋’ log2 𝑛)/2𝑛 

(b)

Fig. 2. How we divide the array, X′, into blocks of size L. (a) the scenario
when we determine that Inv(X′) is small; (b) the scenario when we determine
that Inv(X′) is not small.

Then, we sort each block using an existing method. If we
are in the scenario where Inv(X ′) was determined to be small,
then we do this using the sequential algorithm of Mannila [40],
which runs in polylogarithmic time, since L = log4 n, and
with work that is proportional to n times the logarithm of the
average number of inversions in the block. Alternatively, if
we are in the scenario where Inv(X ′) was determined not to
be small, then we sort each block using the sorting algorithm
of Goodrich and Jacob [19], which is deterministic and takes
O(logL) span and O(L logL) work.

Next, we order the blocks according to a sorting of
their medians, which we can do in O(log(n/L)) span and
((n/L) log(n/L)) work, by another call to the deterministic
parallel sorting algorithm of Goodrich and Jacob [19] for the
binary-forking model. See Figure 3.

4 8 6 9

4 6 8 9

Fig. 3. Sorting the blocks by their medians.

We follow this step by trimming away a total of R elements,
by removing elements between the medians that are out of
order, which we can do by first performing a set of parallel
binary searches and then doing a parallel prefix computation
and compressing the trimmed and untrimmed elements into
respective lists. Then, we sort the list of R trimmed by yet
another call to the deterministic parallel sorting algorithm of
Goodrich and Jacob [19]. Note that the untrimmed elements
are already in sorted order. So we complete the sorting
algorithm by merging the sorted list of trimmed elements with
the set of sorted untrimmed elements. See Figure 4.



Algorithm 2 Our level-2 parallel sorting algorithm.
1: Perform a parallel integer sorting of X based on using the

machine-learning predictions as keys to give X ′.
2: Use the method of the previous subsection to compute Y

and λ (recall that λ is our estimate for Inv(X ′)).
3: if λ > n3/2 then
4: Sort X ′ using the sorting algorithm of Goodrich and

Jacob [19], which in this case will require O(logn)
span and O(n log n) = O(n(1+log((Inv(X ′)/n)+1)))
work, w.o.p., and we are done.

5: if Y < 2c log2 n then
6: Divide X ′ into n/L blocks of size L each, where

L = log4 n and sort each block using the sequential
algorithm of Mannila [40].

7: else
8: Divide X ′ into n/L blocks of size L each, where

L = λ(log2 n)/n, and sort each block using
the sorting algorithm of Goodrich and Jacob [19],
which will require O(logL) span and O(L logL)
work per block; hence, all together, w.o.p., this step
uses O(n log(Inv(X ′)/n)) work, since, w.o.p., in
this case logL is O(log(Inv(X ′)/n) + log log n) =
O(log(Inv(X ′)/n)).

9: Sort the medians of each block using the sorting algorithm
of Goodrich and Jacob [19], which in this step will require
O(logn) span and O((n/L) log(n/L)) = O(n) work.

10: Permute the blocks so that the block are ordered by non-
decreasing values of their medians. Denote this sequence
of blocks as B1, B2, . . . , Bn/L.

11: Trim the blocks. Let X1, Y1, X2, Y3, X3, . . . , Xn/L, Yn/L

denote the list of consecutive half blocks (divided by
the medians) such that Bi = XiYi. For each i =
1, 2, . . . , (n/L) − 1, determine the minimum value, di,
such that if we remove di elements from the end of Yi and
di elements from the beginning of Xi+1, the remaining
sequence of elements in YiXi+1 is in sorted order. This
step can be performed by a collection of parallel binary
searches followed by a parallel prefix computation to have
O(logn) span and linear work.

12: Sort the removed elements using the sorting algorithm of
Goodrich and Jacob [19], which will require O(logn)
span and O(R logR) work, where R is the number of
removed elements in the previous step. We will show that
R is O(n/ logn) with overwhelming probability; hence,
this step takes O(n) work w.o.p.

13: Merge the ordered list of removed elements and the
sorted list of elements that were not trimmed. This can
be done using a binary-forking implementation of the
merge algorithm of Bilardi and Nicolau [4] to be done
in O(logn) span and O(n) work.

3 02 1 5 4 9 68 7

3 02 1 5 4 9 68 7

1 20 3 4 5 7 86 9

(a)

(b)

(c)

(d)

merge

sort

trim and compact

Fig. 4. Trimming the blocks and then merging the resulting two sorted
lists. (a) trimming elements in adjacent blocks; (b) compacting the trimmed
elements; (c) sorting the trimmed elements; (d) merging the trimmed and
untrimmed elements.

Lemma 10. All together, Step 6 requires O(L logL) span and
O(n(1 + log((Inv(X ′)/n) + 1))) work.

Proof: If we let Bi denote the i-th block, then sorting Bi

using Mannila’s sequential algorithm in Step 6 requires span
O(L(1+log((Inv(Bi)/L)+1))), which is at most O(L logL).
The work for performing the sorting of Bi is likewise O(L(1+
log((Inv(Bi)/L) + 1))). Let

β =

n∑
i=j

Ij =

n/L∑
i=1

Inv(Bi).

Also, for j = 1, 2, . . . , n, if ⌈j/L⌈= i, then let Ij =
Inv(Bi)/L. Then

n∑
i=j

Ij = β ≤ Inv(X ′).

Let us consider the total work performed in this step for all
the blocks, which is proportional to

n/L∑
i=1

L(1 + log((Inv(Bi)/L) + 1)) (1)

=

n∑
j=1

(1 + log(Ij + 1)) (2)

= n+ log

 n∏
j=1

(Ij + 1)

 (3)

= n+ n log

 n∏
j=1

(Ij + 1)

1/n

(4)

≤ n+ n log

(∑n
j=1(Ij + 1)

n

)
(5)

= n (1 + log((β/n) + 1)) (6)
≤ n (1 + log((Inv(X ′)/n) + 1)) , (7)

where equation (5) is due to the fact that the geometric mean
is never greater than the arithmetic mean. Also, note that L
term is dropped when we go from (1) to (2) because the sum
in (2) goes to n, rather than n/L in (1). This, together with
the definition of Ij , means we are counting the term in the
sum in (2) L times for each i.



Our next set of lemmas are for bounding the size of R.

Lemma 11. Inv(X1X2 · · ·X2n/L) ≤ 3 · Inv(X ′).

Proof: The proof follows by the proof of a similar lemma
(Lemma 3) of Levcopoulos and Petersson [35].

Lemma 12. R is O(n/ log n) w.o.p.

Proof: The proof follows a proof technique of Levcopoulos
and Petersson [35], but with better probability bounds. Note
that, by the definition of the trimming step,

R =

n/L−1∑
i=1

2di.

Also by the definition of the trimming step, for each i =
1, 2, . . . , (n/L)− 1, the di elements we remove from Yi and
the di elements we remove from Xi+1 cause d2i inversions in
X ′. Thus, by Lemma 11,

n/L−1∑
i=1

d2i ≤ 3 · Inv(X ′).

Recall that for two sequences of numbers, (a1, a2, . . . , am)
and (b1, b2, . . . , bm), the Cauchy-Schwarz inequality implies
that (

m∑
i=1

aibi

)2

≤

(
m∑
i=1

a2i

)
·

(
m∑
i=1

b2i

)
.

Now, let m = n/L−1 and, for each i = 1, 2, . . . , n/L−1, take
ai = di and bi = 1. Then Lemma 11 and the Cauchy-Schwarz
inequality imply thatn/L−1∑

i=1

di

2

≤

n/L−1∑
i=1

d2i

 ·

n/L−1∑
i=1

12


= (n/L− 1)

n/L−1∑
i=1

d2i

≤ 3(n/L− 1)Inv(X ′).

Thus,

R ≤ 2
√
3(n/L− 1)Inv(X ′) ≤ 2

√
(3n)Inv(X ′)/L.

Accordingly, if we perform Step 6, then, with overwhelming
probability, Inv(X ′) ≤ 2n log2 n; hence, choosing L = log4 n
implies that R is O(n/ logn) w.o.p. Alternatively, if we
perform Step 8, then our choosing L = λ(log2 n)/n implies
that R is O(n/ log n) w.o.p.

Thus, we have the following.

Lemma 13. We can sort X ′ in O(log5 n) span and work
O(n(1 + log(Inv(X ′)/n+ 1))) w.o.p.

D. Our Level-3 Parallel Sorting Algorithm

Our level-3 algorithm is the same as our level-2 parallel
sorting algorithm, except for a couple of modifications. First,
in our level-3 algorithm we perform Step 6 by using our level-
2 sorting algorithm, which will run in polyloglog time and
total work that is at most O(n(1 + log(Inv(X ′)/n + 1))).
These calls succeed with overwhelming probability in terms
of the problem size of L = log4 n, which is admittedly not
necessarily with overwhelming probability in terms of n. So,
we do a simple test in O(log n) span and linear work to
determine which subproblems failed to sort their blocks, and
we then use a simplified failure-sweeping technique for them.
Namely, for each failed subproblem, we use the deterministic
method of Goodrich and Jabob [19] to sort each of them in
O(logL) span and O(L logL) work.

Lemma 14. There will be fewer than 2n/ log8 n failing
subproblems w.o.p.

Proof: Since subproblems succeed with overwhelming prob-
ability in terms of subproblems of size L = log4 n, let us
conservatively assume each subproblem fails (independently)
with probability at most 1/ log4 n. Then the expected number
of failed subproblems is at most µ = n/ log8 n. Thus, by a
Chernoff bound (Case (2) in Theorem 1), with overwhelming
probability, there will be fewer than 2µ such failed subprob-
lems.

Thus, by this lemma, the total size of all failed subproblems
is O(n/ log4 n) w.o.p.; hence, w.o.p. we can sort all of them
by the Goodrich and Jacob algorithm [19] with O(log n) span
and O(n) work. Furthermore, the overhead of compressing
such subproblems and merging the two resulting sorted lists
of (now-sorted) failed subproblems and the successfully sorted
subproblems at the end can be done in O(log n) time and O(n)
work. Thus, all together, this implies the following.

Theorem 15. Suppose we are given an array,
X = (x1, x2, . . . , xn), of elements that come from a
total order, such that, for each element xi in X , we
have a machine-learning prediction, p(xi), for the rank
of xi in X . Then we can sort X with O(log n) span and
O(n(1 + log(PAE(X)/n+ 1))) work w.o.p.

V. CONCLUSION AND FUTURE WORK

We have shown how to solve the integer sorting problem in
O(logn) span and linear work with overwhelming probability
in the binary-forking parallel model. We have also provided
a parallel learning-augmented sorting algorithm that runs in
O(logn) span and work that is proportional to n times the
logarithm of the average prediction alignment error.

For future work, it would be interesting to study the
learning-augmented parallel algorithms for more practical
sorting algorithms such as samplesort. Also, we have taken
the rank predictions as a “black box” in this paper; it would
be interesting to explore parallel algorithms for learning
input distributions, e.g., parallelizing sequential algorithms for
this [12], [16]–[18], [31], [33], [33], [38], [55], [56].
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