
I. A Simple Start:  
Particle Dynamics 

slides: Adam Bargteil



Let’s jump right in and consider the problem of
tracing a particle through a velocity field



octave:1> octave:1> [x,y] = meshgrid(0:.5:2*pi,0:.5:2*pi);
quiver(x,y,x,5*cos(x))



Initial Value Problem

xp(0) = x0
<latexit sha1_base64="ZMFWiuuIWpd2jRliezhsi9rbrGA="></latexit><latexit sha1_base64="ZMFWiuuIWpd2jRliezhsi9rbrGA="></latexit><latexit sha1_base64="ZMFWiuuIWpd2jRliezhsi9rbrGA="></latexit><latexit sha1_base64="WbzJkjQkudkg+5uP1wGpCR4Lg24="></latexit>

Differential EquationOrdinary

Change Difference

First-order

dxp(t)

dt
= v(xp, t)

<latexit sha1_base64="YjYT2hD4i5Rd90zAMuI0nR3FSRw="></latexit><latexit sha1_base64="YjYT2hD4i5Rd90zAMuI0nR3FSRw="></latexit><latexit sha1_base64="YjYT2hD4i5Rd90zAMuI0nR3FSRw="></latexit><latexit sha1_base64="+IL/ZaQ+py7y41rUdpWN2pc7e9w="></latexit>



Initial Value Problem

xp(0) = x0
<latexit sha1_base64="ZMFWiuuIWpd2jRliezhsi9rbrGA="></latexit><latexit sha1_base64="ZMFWiuuIWpd2jRliezhsi9rbrGA="></latexit><latexit sha1_base64="ZMFWiuuIWpd2jRliezhsi9rbrGA="></latexit><latexit sha1_base64="WbzJkjQkudkg+5uP1wGpCR4Lg24="></latexit>

Simple

Powerful

Instructive

dxp(t)

dt
= v(xp, t)

<latexit sha1_base64="YjYT2hD4i5Rd90zAMuI0nR3FSRw="></latexit><latexit sha1_base64="YjYT2hD4i5Rd90zAMuI0nR3FSRw="></latexit><latexit sha1_base64="YjYT2hD4i5Rd90zAMuI0nR3FSRw="></latexit><latexit sha1_base64="+IL/ZaQ+py7y41rUdpWN2pc7e9w="></latexit>



Euler’s Method



The Derivative

dxp(t)

dt
= lim

✏!0

xp(t+ ✏)� xp(t)

✏
<latexit sha1_base64="60soe+PD8m6+mLbfSU/jR5F6lkQ="></latexit><latexit sha1_base64="60soe+PD8m6+mLbfSU/jR5F6lkQ="></latexit><latexit sha1_base64="60soe+PD8m6+mLbfSU/jR5F6lkQ="></latexit><latexit sha1_base64="v2ZlseLrAHaJ1+b/GJkH/KnxPBY="></latexit>

✏
<latexit sha1_base64="5NL/jpiqmuZXsgUVV/U9LlSWcYA=">AAACGHicbVDJSgNBEK1xjXGLevQyGAVPYUYEPYZ48ahgTCAzhJ5OTWzsZejuUcIwP+FR/Rhv4tWb3+LFznJwe9D0470qquolGWfGBsGHNze/sLi0XFmprq6tb2zWtravjco1xTZVXOluQgxyJrFtmeXYzTQSkXDsJLdnY79zh9owJa/sKMNYkKFkKaPEOqkbYWYYV7JfqweNYAL/LwlnpN7chwku+rXPaKBoLlBayokxvTDIbFwQbRnlWFaj3GBG6C0ZYs9RSQSauJjsW/oHThn4qdLuSetP1O8dBRHGjETiKgWxN+a3Nxb/83q5TU/jgskstyjpdFCac98qf3y8P2AaqeUjRwjVzO3q0xuiCbUuomok8Z4qIYgcFFGr7IVxEY1nMDv9k7Soh2VZVl1a4e9s/pLro0YYNMLL43qzNY0NKrALe3AIIZxAE87hAtpAgcMDPMGz9+i9eK/e27R0zpv17MAPeO9fw56hdQ==</latexit><latexit sha1_base64="5NL/jpiqmuZXsgUVV/U9LlSWcYA=">AAACGHicbVDJSgNBEK1xjXGLevQyGAVPYUYEPYZ48ahgTCAzhJ5OTWzsZejuUcIwP+FR/Rhv4tWb3+LFznJwe9D0470qquolGWfGBsGHNze/sLi0XFmprq6tb2zWtravjco1xTZVXOluQgxyJrFtmeXYzTQSkXDsJLdnY79zh9owJa/sKMNYkKFkKaPEOqkbYWYYV7JfqweNYAL/LwlnpN7chwku+rXPaKBoLlBayokxvTDIbFwQbRnlWFaj3GBG6C0ZYs9RSQSauJjsW/oHThn4qdLuSetP1O8dBRHGjETiKgWxN+a3Nxb/83q5TU/jgskstyjpdFCac98qf3y8P2AaqeUjRwjVzO3q0xuiCbUuomok8Z4qIYgcFFGr7IVxEY1nMDv9k7Soh2VZVl1a4e9s/pLro0YYNMLL43qzNY0NKrALe3AIIZxAE87hAtpAgcMDPMGz9+i9eK/e27R0zpv17MAPeO9fw56hdQ==</latexit><latexit sha1_base64="5NL/jpiqmuZXsgUVV/U9LlSWcYA=">AAACGHicbVDJSgNBEK1xjXGLevQyGAVPYUYEPYZ48ahgTCAzhJ5OTWzsZejuUcIwP+FR/Rhv4tWb3+LFznJwe9D0470qquolGWfGBsGHNze/sLi0XFmprq6tb2zWtravjco1xTZVXOluQgxyJrFtmeXYzTQSkXDsJLdnY79zh9owJa/sKMNYkKFkKaPEOqkbYWYYV7JfqweNYAL/LwlnpN7chwku+rXPaKBoLlBayokxvTDIbFwQbRnlWFaj3GBG6C0ZYs9RSQSauJjsW/oHThn4qdLuSetP1O8dBRHGjETiKgWxN+a3Nxb/83q5TU/jgskstyjpdFCac98qf3y8P2AaqeUjRwjVzO3q0xuiCbUuomok8Z4qIYgcFFGr7IVxEY1nMDv9k7Soh2VZVl1a4e9s/pLro0YYNMLL43qzNY0NKrALe3AIIZxAE87hAtpAgcMDPMGz9+i9eK/e27R0zpv17MAPeO9fw56hdQ==</latexit><latexit sha1_base64="rvyqXSusxnGq7qb+HPjUTik++qc=">AAACGHicbVDLSsNAFJ3UV62vqks3wSK4KokIuix147KCfUATymR60w6dR5iZKCXkJ1yqH+NO3LrzW9w4abvQ1gPDHM65l3vviRJGtfG8L6e0tr6xuVXeruzs7u0fVA+POlqmikCbSCZVL8IaGBXQNtQw6CUKMI8YdKPJTeF3H0BpKsW9mSYQcjwSNKYEGyv1Akg0ZVIMqjWv7s3grhJ/QWpogdag+h0MJUk5CEMY1rrve4kJM6wMJQzySpBqSDCZ4BH0LRWYgw6z2b65e2aVoRtLZZ8w7kz93ZFhrvWUR7aSYzPWy14h/uf1UxNfhxkVSWpAkPmgOGWukW5xvDukCohhU0swUdTu6pIxVpgYG1ElEPBIJOdYDLOgmff9MAuKGdTM/yjOan6e5xWblr+czSrpXNR9r+7fXdYazUVuZXSCTtE58tEVaqBb1EJtRBBDT+gFvTrPzpvz7nzMS0vOoucY/YHz+QMrzqER</latexit>

�t
<latexit sha1_base64="9VqxWDc0soPL45QbrJybVaTNTQU=">AAACGHicbVBNTxsxEJ1N+QxfoT32YhGQOEW7CAmOUeDQI5UaiJRdIa8zm1ixvSt7FhSt9k9wbPkxvVW9cuO39FIn4UChT7L89N6MZualhZKOwvA5aHxYWV1b39hsbm3v7O619j9eu7y0AvsiV7kdpNyhkgb7JEnhoLDIdarwJp1ezP2bO7RO5uYbzQpMNB8bmUnByUuD+BIVcUa3rXbYCRdg70n0QtrdQ1jg6rb1Jx7lotRoSCju3DAKC0oqbkkKhXUzLh0WXEz5GIeeGq7RJdVi35odeWXEstz6Z4gt1NcdFdfOzXTqKzWniXvrzcX/ecOSsvOkkqYoCY1YDspKxShn8+PZSFoUpGaecGGl35WJCbdckI+oGRu8F7nW3IyquFcPo6SK5zMkLf80q9pRXddNn1b0Npv35PqkE4Wd6Otpu9tbxgYb8BkO4BgiOIMufIEr6IMABQ/wAx6D78HP4Ffwe1naCF56PsE/CJ7+AvJmoPk=</latexit><latexit sha1_base64="9VqxWDc0soPL45QbrJybVaTNTQU=">AAACGHicbVBNTxsxEJ1N+QxfoT32YhGQOEW7CAmOUeDQI5UaiJRdIa8zm1ixvSt7FhSt9k9wbPkxvVW9cuO39FIn4UChT7L89N6MZualhZKOwvA5aHxYWV1b39hsbm3v7O619j9eu7y0AvsiV7kdpNyhkgb7JEnhoLDIdarwJp1ezP2bO7RO5uYbzQpMNB8bmUnByUuD+BIVcUa3rXbYCRdg70n0QtrdQ1jg6rb1Jx7lotRoSCju3DAKC0oqbkkKhXUzLh0WXEz5GIeeGq7RJdVi35odeWXEstz6Z4gt1NcdFdfOzXTqKzWniXvrzcX/ecOSsvOkkqYoCY1YDspKxShn8+PZSFoUpGaecGGl35WJCbdckI+oGRu8F7nW3IyquFcPo6SK5zMkLf80q9pRXddNn1b0Npv35PqkE4Wd6Otpu9tbxgYb8BkO4BgiOIMufIEr6IMABQ/wAx6D78HP4Ffwe1naCF56PsE/CJ7+AvJmoPk=</latexit><latexit sha1_base64="9VqxWDc0soPL45QbrJybVaTNTQU=">AAACGHicbVBNTxsxEJ1N+QxfoT32YhGQOEW7CAmOUeDQI5UaiJRdIa8zm1ixvSt7FhSt9k9wbPkxvVW9cuO39FIn4UChT7L89N6MZualhZKOwvA5aHxYWV1b39hsbm3v7O619j9eu7y0AvsiV7kdpNyhkgb7JEnhoLDIdarwJp1ezP2bO7RO5uYbzQpMNB8bmUnByUuD+BIVcUa3rXbYCRdg70n0QtrdQ1jg6rb1Jx7lotRoSCju3DAKC0oqbkkKhXUzLh0WXEz5GIeeGq7RJdVi35odeWXEstz6Z4gt1NcdFdfOzXTqKzWniXvrzcX/ecOSsvOkkqYoCY1YDspKxShn8+PZSFoUpGaecGGl35WJCbdckI+oGRu8F7nW3IyquFcPo6SK5zMkLf80q9pRXddNn1b0Npv35PqkE4Wd6Otpu9tbxgYb8BkO4BgiOIMufIEr6IMABQ/wAx6D78HP4Ffwe1naCF56PsE/CJ7+AvJmoPk=</latexit><latexit sha1_base64="oU3+2kuDB0uJwsnaWR3dKRWWSgY=">AAACGHicbVDLSgMxFM34rPVVdekmWARXZUYEXYq6cFnBPqAzSCa9o8EkMyR3lDLMT7hUP8aduHXnt7gxfSy09UDI4Zx7ufeeOJPCou9/eXPzC4tLy5WV6ura+sZmbWu7bdPccGjxVKamGzMLUmhooUAJ3cwAU7GETnx/PvQ7D2CsSPU1DjKIFLvVIhGcoZO64QVIZBRvanW/4Y9AZ0kwIXUyQfOm9h32U54r0Mgls7YX+BlGBTMouISyGuYWMsbv2S30HNVMgY2K0b4l3XdKnyapcU8jHam/OwqmrB2o2FUqhnd22huK/3m9HJOTqBA6yxE0Hw9KckkxpcPjaV8Y4CgHjjBuhNuV8jtmGEcXUTXU8MhTpZjuF+FZ2QuiIhzOEDj+46SoB2VZVl1awXQ2s6R92Aj8RnB1VD89m+RWIbtkjxyQgByTU3JJmqRFOJHkibyQV+/Ze/PevY9x6Zw36dkhf+B9/gBalqCV</latexit>

dxp(t)

dt
⇡ xp(t+�t)� xp(t)

�t
<latexit sha1_base64="LYGY0/6OeRpOTeAAY63zE19QmRc="></latexit><latexit sha1_base64="LYGY0/6OeRpOTeAAY63zE19QmRc="></latexit><latexit sha1_base64="LYGY0/6OeRpOTeAAY63zE19QmRc="></latexit><latexit sha1_base64="U2ZduUQhzupImTOaTtgHPnbSw5s="></latexit>



Euler’s Method
dxp(t)

dt
⇡ xp(t+�t)� xp(t)

�t
<latexit sha1_base64="LYGY0/6OeRpOTeAAY63zE19QmRc="></latexit><latexit sha1_base64="LYGY0/6OeRpOTeAAY63zE19QmRc="></latexit><latexit sha1_base64="LYGY0/6OeRpOTeAAY63zE19QmRc="></latexit><latexit sha1_base64="U2ZduUQhzupImTOaTtgHPnbSw5s="></latexit>

xp(t+�t)� xp(t)

�t
= v(xp, t)

<latexit sha1_base64="HvNYvsfyTSBda9LMZCGCK8PXP08="></latexit><latexit sha1_base64="HvNYvsfyTSBda9LMZCGCK8PXP08="></latexit><latexit sha1_base64="HvNYvsfyTSBda9LMZCGCK8PXP08="></latexit><latexit sha1_base64="XY2jcwwMKqjXAJ2MO19MwvpnQUk="></latexit>

xp(t+�t) = xp(t) +�t · v(xp, t)
<latexit sha1_base64="oofQpTsoLbY/jTqh68VZ0st1ISQ="></latexit><latexit sha1_base64="oofQpTsoLbY/jTqh68VZ0st1ISQ="></latexit><latexit sha1_base64="oofQpTsoLbY/jTqh68VZ0st1ISQ="></latexit><latexit sha1_base64="ga7XMOG04qnnF8V9YZfF4i+P2cw="></latexit>

+
dxp(t)

dt
= v(xp, t)

<latexit sha1_base64="YjYT2hD4i5Rd90zAMuI0nR3FSRw="></latexit><latexit sha1_base64="YjYT2hD4i5Rd90zAMuI0nR3FSRw="></latexit><latexit sha1_base64="YjYT2hD4i5Rd90zAMuI0nR3FSRw="></latexit><latexit sha1_base64="+IL/ZaQ+py7y41rUdpWN2pc7e9w="></latexit>



The Great Tradeoff

dxp(t)

dt
⇡ xp(t+�t)� xp(t)

�t
<latexit sha1_base64="LYGY0/6OeRpOTeAAY63zE19QmRc="></latexit><latexit sha1_base64="LYGY0/6OeRpOTeAAY63zE19QmRc="></latexit><latexit sha1_base64="LYGY0/6OeRpOTeAAY63zE19QmRc="></latexit><latexit sha1_base64="U2ZduUQhzupImTOaTtgHPnbSw5s="></latexit>

the approximation gets better
but

the computational cost increases

�t
<latexit sha1_base64="9VqxWDc0soPL45QbrJybVaTNTQU=">AAACGHicbVBNTxsxEJ1N+QxfoT32YhGQOEW7CAmOUeDQI5UaiJRdIa8zm1ixvSt7FhSt9k9wbPkxvVW9cuO39FIn4UChT7L89N6MZualhZKOwvA5aHxYWV1b39hsbm3v7O619j9eu7y0AvsiV7kdpNyhkgb7JEnhoLDIdarwJp1ezP2bO7RO5uYbzQpMNB8bmUnByUuD+BIVcUa3rXbYCRdg70n0QtrdQ1jg6rb1Jx7lotRoSCju3DAKC0oqbkkKhXUzLh0WXEz5GIeeGq7RJdVi35odeWXEstz6Z4gt1NcdFdfOzXTqKzWniXvrzcX/ecOSsvOkkqYoCY1YDspKxShn8+PZSFoUpGaecGGl35WJCbdckI+oGRu8F7nW3IyquFcPo6SK5zMkLf80q9pRXddNn1b0Npv35PqkE4Wd6Otpu9tbxgYb8BkO4BgiOIMufIEr6IMABQ/wAx6D78HP4Ffwe1naCF56PsE/CJ7+AvJmoPk=</latexit><latexit sha1_base64="9VqxWDc0soPL45QbrJybVaTNTQU=">AAACGHicbVBNTxsxEJ1N+QxfoT32YhGQOEW7CAmOUeDQI5UaiJRdIa8zm1ixvSt7FhSt9k9wbPkxvVW9cuO39FIn4UChT7L89N6MZualhZKOwvA5aHxYWV1b39hsbm3v7O619j9eu7y0AvsiV7kdpNyhkgb7JEnhoLDIdarwJp1ezP2bO7RO5uYbzQpMNB8bmUnByUuD+BIVcUa3rXbYCRdg70n0QtrdQ1jg6rb1Jx7lotRoSCju3DAKC0oqbkkKhXUzLh0WXEz5GIeeGq7RJdVi35odeWXEstz6Z4gt1NcdFdfOzXTqKzWniXvrzcX/ecOSsvOkkqYoCY1YDspKxShn8+PZSFoUpGaecGGl35WJCbdckI+oGRu8F7nW3IyquFcPo6SK5zMkLf80q9pRXddNn1b0Npv35PqkE4Wd6Otpu9tbxgYb8BkO4BgiOIMufIEr6IMABQ/wAx6D78HP4Ffwe1naCF56PsE/CJ7+AvJmoPk=</latexit><latexit sha1_base64="9VqxWDc0soPL45QbrJybVaTNTQU=">AAACGHicbVBNTxsxEJ1N+QxfoT32YhGQOEW7CAmOUeDQI5UaiJRdIa8zm1ixvSt7FhSt9k9wbPkxvVW9cuO39FIn4UChT7L89N6MZualhZKOwvA5aHxYWV1b39hsbm3v7O619j9eu7y0AvsiV7kdpNyhkgb7JEnhoLDIdarwJp1ezP2bO7RO5uYbzQpMNB8bmUnByUuD+BIVcUa3rXbYCRdg70n0QtrdQ1jg6rb1Jx7lotRoSCju3DAKC0oqbkkKhXUzLh0WXEz5GIeeGq7RJdVi35odeWXEstz6Z4gt1NcdFdfOzXTqKzWniXvrzcX/ecOSsvOkkqYoCY1YDspKxShn8+PZSFoUpGaecGGl35WJCbdckI+oGRu8F7nW3IyquFcPo6SK5zMkLf80q9pRXddNn1b0Npv35PqkE4Wd6Otpu9tbxgYb8BkO4BgiOIMufIEr6IMABQ/wAx6D78HP4Ffwe1naCF56PsE/CJ7+AvJmoPk=</latexit><latexit sha1_base64="oU3+2kuDB0uJwsnaWR3dKRWWSgY=">AAACGHicbVDLSgMxFM34rPVVdekmWARXZUYEXYq6cFnBPqAzSCa9o8EkMyR3lDLMT7hUP8aduHXnt7gxfSy09UDI4Zx7ufeeOJPCou9/eXPzC4tLy5WV6ura+sZmbWu7bdPccGjxVKamGzMLUmhooUAJ3cwAU7GETnx/PvQ7D2CsSPU1DjKIFLvVIhGcoZO64QVIZBRvanW/4Y9AZ0kwIXUyQfOm9h32U54r0Mgls7YX+BlGBTMouISyGuYWMsbv2S30HNVMgY2K0b4l3XdKnyapcU8jHam/OwqmrB2o2FUqhnd22huK/3m9HJOTqBA6yxE0Hw9KckkxpcPjaV8Y4CgHjjBuhNuV8jtmGEcXUTXU8MhTpZjuF+FZ2QuiIhzOEDj+46SoB2VZVl1awXQ2s6R92Aj8RnB1VD89m+RWIbtkjxyQgByTU3JJmqRFOJHkibyQV+/Ze/PevY9x6Zw36dkhf+B9/gBalqCV</latexit>

As decreases



Let’s consider another problem



In the real world
f = ma

<latexit sha1_base64="JZqNhqouDC1RC8qWOg8I+2tu1zI="></latexit><latexit sha1_base64="JZqNhqouDC1RC8qWOg8I+2tu1zI="></latexit><latexit sha1_base64="JZqNhqouDC1RC8qWOg8I+2tu1zI="></latexit><latexit sha1_base64="d1z9SfnBynHKrj9ktbw3Iwu4EQM="></latexit>



Another Initial Value Problem

xp(0) = x0
<latexit sha1_base64="ZMFWiuuIWpd2jRliezhsi9rbrGA="></latexit><latexit sha1_base64="ZMFWiuuIWpd2jRliezhsi9rbrGA="></latexit><latexit sha1_base64="ZMFWiuuIWpd2jRliezhsi9rbrGA="></latexit><latexit sha1_base64="WbzJkjQkudkg+5uP1wGpCR4Lg24="></latexit>

Second-order Ordinary Differential Equation

d2xp(t)

dt2
=

f(xp, t)

mp
<latexit sha1_base64="6SNEh1yyNBjjYT4WBVTZr27XQDs="></latexit><latexit sha1_base64="6SNEh1yyNBjjYT4WBVTZr27XQDs="></latexit><latexit sha1_base64="6SNEh1yyNBjjYT4WBVTZr27XQDs="></latexit><latexit sha1_base64="WQxy99FdGNCKPaWpioIVYHXoon4="></latexit>



Another Initial Value Problem

Coupled First-order Ordinary Differential Equations

vp(0) = v0
<latexit sha1_base64="BUGqKGnWK5d/VJp1nx8AksgqnKc="></latexit><latexit sha1_base64="BUGqKGnWK5d/VJp1nx8AksgqnKc="></latexit><latexit sha1_base64="BUGqKGnWK5d/VJp1nx8AksgqnKc="></latexit><latexit sha1_base64="2ik2TcRjvR47H+/Z9Vyd5sSI9bY="></latexit>

xp(0) = x0
<latexit sha1_base64="ZMFWiuuIWpd2jRliezhsi9rbrGA="></latexit><latexit sha1_base64="ZMFWiuuIWpd2jRliezhsi9rbrGA="></latexit><latexit sha1_base64="ZMFWiuuIWpd2jRliezhsi9rbrGA="></latexit><latexit sha1_base64="WbzJkjQkudkg+5uP1wGpCR4Lg24="></latexit>

dxp(t)

dt
= v(xp, t)

<latexit sha1_base64="YjYT2hD4i5Rd90zAMuI0nR3FSRw="></latexit><latexit sha1_base64="YjYT2hD4i5Rd90zAMuI0nR3FSRw="></latexit><latexit sha1_base64="YjYT2hD4i5Rd90zAMuI0nR3FSRw="></latexit><latexit sha1_base64="+IL/ZaQ+py7y41rUdpWN2pc7e9w="></latexit>

dvp(t)

dt
=

f(xp, t)

mp
<latexit sha1_base64="4hxx13/phVIEIxEt6z/F+lxtuS4="></latexit><latexit sha1_base64="4hxx13/phVIEIxEt6z/F+lxtuS4="></latexit><latexit sha1_base64="4hxx13/phVIEIxEt6z/F+lxtuS4="></latexit><latexit sha1_base64="xRcKTbUDYvBu21QgeL1zppzwvMQ="></latexit>



Euler’s Method (Again)

vp(t+�t) = vp(t) +�t · f(xp, t)

mp
<latexit sha1_base64="kwnE/3bcGVrXmC3DtP6H1gC4OL8="></latexit><latexit sha1_base64="kwnE/3bcGVrXmC3DtP6H1gC4OL8="></latexit><latexit sha1_base64="kwnE/3bcGVrXmC3DtP6H1gC4OL8="></latexit><latexit sha1_base64="TAUOTuzptpnq1yo8L3lVJg9v7EM="></latexit>

xp(t+�t) = xp(t) +�t · vp(t+�t)
<latexit sha1_base64="8M3euLDMnHRGrJozmQPDjn2oE5M="></latexit><latexit sha1_base64="8M3euLDMnHRGrJozmQPDjn2oE5M="></latexit><latexit sha1_base64="8M3euLDMnHRGrJozmQPDjn2oE5M="></latexit><latexit sha1_base64="EGAUVQDZ8W1uPSNcAaKnhoGIW+s="></latexit>

Symplectic Euler



struct Particle {
  double mass;
  Eigen::Vector3d pos, vel, frc;
}; 

foreach (p : particles) {
  p.frc = 0.0;
}

foreach (f : forces) {
  foreach (p : forces.affectedParticles) {
    p.frc += f.computeForce(p);
  }
}

foreach (p : particle) {
  p.vel += dt * p.frc / p.mass;
  p.pos += dt * p.vel;
}



Check our Karl Sim’s Particle Dreams



Let’s Add Springs!



Springs

f = �kd
<latexit sha1_base64="+YLxOSOdXBfFqHGzi+4a/X25GuY="></latexit><latexit sha1_base64="+YLxOSOdXBfFqHGzi+4a/X25GuY="></latexit><latexit sha1_base64="+YLxOSOdXBfFqHGzi+4a/X25GuY="></latexit><latexit sha1_base64="jBBTck+f2JUU4TjVsqC5LPwNxWM="></latexit>

fp = �kxp
<latexit sha1_base64="DRMfmqtfdyqoYSIlmN8DrmigElE="></latexit><latexit sha1_base64="DRMfmqtfdyqoYSIlmN8DrmigElE="></latexit><latexit sha1_base64="DRMfmqtfdyqoYSIlmN8DrmigElE="></latexit><latexit sha1_base64="mwQ+cpn7QmM1N/96kdOhtTQ4BC0="></latexit>

non-zero rest length?

fp = �k (kxpk � r)
xp

kxpk
<latexit sha1_base64="2yb4hjFvyCX1kOEFUql7djFVtuI="></latexit><latexit sha1_base64="2yb4hjFvyCX1kOEFUql7djFVtuI="></latexit><latexit sha1_base64="2yb4hjFvyCX1kOEFUql7djFVtuI="></latexit><latexit sha1_base64="e0lMNP6efe2oRLTC3adasgpikQQ="></latexit>

fp = �k (kxpk)
xp

kxpk
<latexit sha1_base64="kZsdEO5rw/kKxvsOvLrrpL7tHSM="></latexit><latexit sha1_base64="kZsdEO5rw/kKxvsOvLrrpL7tHSM="></latexit><latexit sha1_base64="kZsdEO5rw/kKxvsOvLrrpL7tHSM="></latexit><latexit sha1_base64="D9qBgN0Ef39yudQqm1rnyQ4Xs1E="></latexit>



Springs

Strain
✓
kxpk
r

� 1

◆

<latexit sha1_base64="JMPVV0cd44LUNlsjM+gzYh3ydbo="></latexit><latexit sha1_base64="JMPVV0cd44LUNlsjM+gzYh3ydbo="></latexit><latexit sha1_base64="JMPVV0cd44LUNlsjM+gzYh3ydbo="></latexit><latexit sha1_base64="qurzsnsjwylZUJrO1WS8WvwLFT4="></latexit>

fp = �k (kxpk � r)
xp

kxpk
<latexit sha1_base64="2yb4hjFvyCX1kOEFUql7djFVtuI="></latexit><latexit sha1_base64="2yb4hjFvyCX1kOEFUql7djFVtuI="></latexit><latexit sha1_base64="2yb4hjFvyCX1kOEFUql7djFVtuI="></latexit><latexit sha1_base64="e0lMNP6efe2oRLTC3adasgpikQQ="></latexit>

fp = �k

✓
kxpk
r

� 1

◆
xp

kxpk
<latexit sha1_base64="zVGGSetyovcOpjBd2lGX9EBPjxc="></latexit><latexit sha1_base64="zVGGSetyovcOpjBd2lGX9EBPjxc="></latexit><latexit sha1_base64="zVGGSetyovcOpjBd2lGX9EBPjxc="></latexit><latexit sha1_base64="bk463yRlG1G5UBxLEtmQvee+xVk=">AAACOXicbVHLSsQwFE19jvU5azfBQXA1NG50KerCpYKjwrRImt5qMElLcqszlP6AW3/KX/An3IlbMw9ERw+EHM654d6cm5ZKOoyit2BufmFxabm1Eq6uhesbm1trV66orICeKFRhb1LuQEkDPZSo4Ka0wHWq4Dp9OBn5149gnSzMJQ5LSDS/MzKXgqOXzm+3OlE3GoP+JWxKOmSK23bA4qwQlQaDQnHn+iwqMam5RSkUNGFcOSi5eOB30PfUcA0uqcdzNnTXKxnNC+uPQTpWf76ouXZuqFNfqTneu1lvJP7n9SvMD5NamrJCMGLSKK8UxYKOPk0zaUGgGnrChZV+ViruueUCfTRhbOBJFFpzk9XxcdNnSR2Pekic3Gled1jTNL8LM2zq+BQUcoqz1uDbGjShz5jNJvqXXO13WdRlFxFpkW2yQ/YIIwfkiJyRc9IjgmTkmbwEr8F78DHZxVwwXUqb/ELw+QWsebA2</latexit><latexit sha1_base64="xtys1JgCTun05ViLnTEEFnc6XvM="></latexit><latexit sha1_base64="xtys1JgCTun05ViLnTEEFnc6XvM="></latexit><latexit sha1_base64="dwXDbBqWjDlerkwjfvVegx9OdV8="></latexit><latexit sha1_base64="uW9/Fq9V9OTx+oJftapfgmrIJT4="></latexit><latexit sha1_base64="zVGGSetyovcOpjBd2lGX9EBPjxc="></latexit><latexit sha1_base64="zVGGSetyovcOpjBd2lGX9EBPjxc="></latexit><latexit sha1_base64="zVGGSetyovcOpjBd2lGX9EBPjxc="></latexit><latexit sha1_base64="zVGGSetyovcOpjBd2lGX9EBPjxc="></latexit><latexit sha1_base64="uW9/Fq9V9OTx+oJftapfgmrIJT4="></latexit>



Springs

fp = k

✓
kxq � xpk

r
� 1

◆
xq � xp

kxq � xpk
<latexit sha1_base64="Ja5dU9xIG+7oDMRWJBnItGtX1Lc="></latexit><latexit sha1_base64="Ja5dU9xIG+7oDMRWJBnItGtX1Lc="></latexit><latexit sha1_base64="Ja5dU9xIG+7oDMRWJBnItGtX1Lc="></latexit><latexit sha1_base64="QGGgAyp9sk0OG/pcXvu7K9MB938="></latexit>

fq = �fp
<latexit sha1_base64="gquXY51tdX6fQmvnwzesnd7GXl0="></latexit><latexit sha1_base64="gquXY51tdX6fQmvnwzesnd7GXl0="></latexit><latexit sha1_base64="gquXY51tdX6fQmvnwzesnd7GXl0="></latexit><latexit sha1_base64="tdXgGsLQvCtNEYLSmnXRqWKP30I="></latexit>

arbitrary connection?

fp = �k

✓
kxpk
r

� 1

◆
xp

kxpk
<latexit sha1_base64="zVGGSetyovcOpjBd2lGX9EBPjxc="></latexit><latexit sha1_base64="zVGGSetyovcOpjBd2lGX9EBPjxc="></latexit><latexit sha1_base64="zVGGSetyovcOpjBd2lGX9EBPjxc="></latexit><latexit sha1_base64="bk463yRlG1G5UBxLEtmQvee+xVk=">AAACOXicbVHLSsQwFE19jvU5azfBQXA1NG50KerCpYKjwrRImt5qMElLcqszlP6AW3/KX/An3IlbMw9ERw+EHM654d6cm5ZKOoyit2BufmFxabm1Eq6uhesbm1trV66orICeKFRhb1LuQEkDPZSo4Ka0wHWq4Dp9OBn5149gnSzMJQ5LSDS/MzKXgqOXzm+3OlE3GoP+JWxKOmSK23bA4qwQlQaDQnHn+iwqMam5RSkUNGFcOSi5eOB30PfUcA0uqcdzNnTXKxnNC+uPQTpWf76ouXZuqFNfqTneu1lvJP7n9SvMD5NamrJCMGLSKK8UxYKOPk0zaUGgGnrChZV+ViruueUCfTRhbOBJFFpzk9XxcdNnSR2Pekic3Gled1jTNL8LM2zq+BQUcoqz1uDbGjShz5jNJvqXXO13WdRlFxFpkW2yQ/YIIwfkiJyRc9IjgmTkmbwEr8F78DHZxVwwXUqb/ELw+QWsebA2</latexit><latexit sha1_base64="xtys1JgCTun05ViLnTEEFnc6XvM="></latexit><latexit sha1_base64="xtys1JgCTun05ViLnTEEFnc6XvM="></latexit><latexit sha1_base64="dwXDbBqWjDlerkwjfvVegx9OdV8="></latexit><latexit sha1_base64="uW9/Fq9V9OTx+oJftapfgmrIJT4="></latexit><latexit sha1_base64="zVGGSetyovcOpjBd2lGX9EBPjxc="></latexit><latexit sha1_base64="zVGGSetyovcOpjBd2lGX9EBPjxc="></latexit><latexit sha1_base64="zVGGSetyovcOpjBd2lGX9EBPjxc="></latexit><latexit sha1_base64="zVGGSetyovcOpjBd2lGX9EBPjxc="></latexit><latexit sha1_base64="uW9/Fq9V9OTx+oJftapfgmrIJT4="></latexit>



Damping

fp = kd

✓
vq � vp

r
· xq � xp

kxq � xpk

◆
xq � xp

kxq � xpk
<latexit sha1_base64="nNfCDBwQg7MtddUzbOZ6xSJ33dM="></latexit><latexit sha1_base64="nNfCDBwQg7MtddUzbOZ6xSJ33dM="></latexit><latexit sha1_base64="nNfCDBwQg7MtddUzbOZ6xSJ33dM="></latexit><latexit sha1_base64="rgjW+2pA4jq4vMVaLL64uQCIMHE="></latexit>

fp =


ks

✓
kxq � xpk

r
� 1

◆
+ kd

✓
(vq � vp) · (xq � xp)

rkxq � xpk

◆�
xq � xp

kxq � xpk
<latexit sha1_base64="IIaxoVJovn5eI8jzuedqLBStnjA="></latexit><latexit sha1_base64="IIaxoVJovn5eI8jzuedqLBStnjA="></latexit><latexit sha1_base64="IIaxoVJovn5eI8jzuedqLBStnjA="></latexit><latexit sha1_base64="76vaBfWZeWA/wmH/THdg4Vsa9/A="></latexit>

fp = k

✓
kxq � xpk

r
� 1

◆
xq � xp

kxq � xpk
<latexit sha1_base64="Ja5dU9xIG+7oDMRWJBnItGtX1Lc="></latexit><latexit sha1_base64="Ja5dU9xIG+7oDMRWJBnItGtX1Lc="></latexit><latexit sha1_base64="Ja5dU9xIG+7oDMRWJBnItGtX1Lc="></latexit><latexit sha1_base64="QGGgAyp9sk0OG/pcXvu7K9MB938="></latexit>

relative
velocity

spring
direction

{{



foreach (p : particles) {
  p.frc = 0.0;
}

foreach (s : springs) {
  Eigen::Vector3d d = particles[s->j].pos - particles[s->i].pos;
  double l = d.norm();
  Eigen::Vector3d v = particles[s->j].vel - particles[s->i].vel;
  Eigen::Vector3d frc = (params.k_s*((l / s->r) - 1.0) + 
     params.k_d*(v.dot(d)/(l*s->r))) * (d/l);
  particles[s.i].frc += frc
  particles[s.j].frc -= frc
}

foreach (p : particle) {
  p.vel += dt * p.frc / p.mass;
  p.pos += dt * p.vel;
}


