
Tech report: augmented MPM for phase-change and varied

materials

For our constitutive model we use Ψ̂µ(F ) = Ψµ(J− 1
dF ), where plasticity does not matter and is ignored

for the purposes of computing these derivatives. For convenience, let a = − 1
d , and µ subscripts are ignored.

Then, Ψ̂(F ) = Ψ(JaF ). We begin by computing Ψ̂µ(F ). We will use index notation for precision during the
derivations. Differentiation by the matrix Fij is indicated by enclosing the index pair in parenthesis after a
comma, as in J,(ij). Let H = F−T . We begin with some preliminary derivatives for J and H.

HjiFjk = δik

J,(ij) = JHij

(Ja),(ij) = aJa−1J,(ij)

= aJa−1JHij

= aJaHij

(HjiFjk),(rs) = 0

Hji,(rs)Fjk +HjiFjk,(rs) = 0

Hji,(rs)Fjk = −HjiFjk,(rs)

Hji,(rs)δjm = −HjiδjrδksHmk

Hji,(rs) = −HriHjs

The derivatives of the quantity JaF will occur frequently, so we begin by naming them and evaluating
them.

Bkmij = (JaFkm),(ij)

= JaFkm,(ij) + (Ja),(ij)Fkm

= Jaδikδjm + aJaFkmHij

BkmijZij = JaδikδjmZij + aJaFkmHijZij

BkmijZij = JaZkm + aJaFkmHijZij

B : Z = Ja(Z + a(H : Z)F )

ZkmBkmij = JaδikδjmZkm + aJaFkmHijZkm

ZkmBkmij = JaZij + aJaFkmZkmHij

Z : B = Ja(Z + a(F : Z)H)

Bkmij,(rs) = (Ja(δikδjm + aFkmHij)),(rs)

Bkmij,(rs) = (Ja),(rs)(δikδjm + aFkmHij) + Ja(δikδjm + aFkmHij),(rs)

Bkmij,(rs) = aJaHrs(δikδjm + aFkmHij) + aJa(Fkm,(rs)Hij + FkmHij,(rs))

Bkmij,(rs) = aBkmijHrs + aJa(δkrδmsHij − FkmHrjHis)
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With the operator B, we can express the relationship between Â = ∂Ψ̂
∂F (F ) and A = ∂Ψ

∂F (JaF ).

Ψ̂(Fij) = Ψ(JaFij)

Ψ̂,(ij) = Ψ,(km)(J
aFkm),(ij)

= Ψ,(km)Bkmij
Â = A : B

Finally, we relate C = ∂2Ψ
∂F∂F (JaF ) to Ĉ = ∂2Ψ̂

∂F∂F (F ).

Ψ̂,(ij)(rs) = (Ψ,(km)Bkmij),(rs)
Ψ̂,(ij)(rs) = Ψ,(km)(tu)BtursBkmij + Ψ,(km)Bkmij,(rs)
Ψ̂,(ij)(rs) = Ψ,(km)(tu)BtursBkmij + aΨ,(km)BkmijHrs + aJaΨ,(rs)Hij − aJaΨ,(km)FkmHrjHis

Ψ̂,(ij)(rs)Zrs = Ψ,(km)(tu)BtursBkmijZrs + aΨ,(km)BkmijHrsZrs + aJaΨ,(rs)HijZrs − aJaΨ,(km)FkmHrjHisZrs

Ĉ : Z = (C : (B : Z)) : B + a(H : Z)A : B + aJa(A : Z)H − aJa(A : F )HZTH
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