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Abstract. We introduce the notion of definite inequality constraints in-
volving monotone functions in a finite meet-semilattice, generalizing the
logical notion of Horn-clauses, and we give a linear time algorithm for
deciding satisfiability. We characterize the expressiveness of the frame-
work of definite constraints and show that the algorithm uniformly solves
exactly the set of all meet-closed relational constraint problems, running
with small linear time constant factors for any fixed problem. We give
an alternative technique which reduces inequalities to satisfiability of
Horn-clauses (HORNSAT) and study its efficiency. Finally, we show that
the algorithm is complete for a maximal class of tractable censtraints,
by proving that any strict extension will lead to NP-hard problems in
any meet-semilattice.
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1 Introduction

Many program analysis problems can be solved by generating a set of constraints
over some domain and then solving these. Examples include the binding time
analyses described in [11], [2] and [3], the usage count analysis in [17] and the
region-size analysis described in [1]. See also Section 6 below.

In this paper we show how to solve certain classes of constraints over finite
domains efficiently, and characterize classes that are not tractable. The solution
methods can be used as a tool for analysis designers, and the characterization can
help the designer recognize when an analysis may have bad worst-case behaviour.

Due to space limitations, details of proofs are left out. Full details can be
found in [19].

2 Monotone function problems

Let P be a poset and F a finite set of monotone functions f : P%/ — P witha; >
1 the arity of f. We call the pair ¢ = (P, F') a monotone function problem (MFP
for short.) Given & = (P, F) we let Ty denote the set of @-terms, ranged over by
7,0 and given by 7 = a|e| f(m1,...,7a,), where ¢ ranges over constants in P,
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and «, B, v range over a denumerably infinite set V of variables and f is a function
symbol corresponding to f € F. Constants and variables are collectively referred
to as atoms, and we let A range over atoms. We assume a fixed enumeration of
V,V =uvy,va,...,0,,... For each number m > 0 we let V,,, denote the sequence
of the m first variables in the enumeration of V. Let p € S™ for some set S. We
write [p]; for the ©’th coordinate of p, i € {1,...,m}. Any p € S™ is implicitly
considered a mapping p : Vi — S by defining p(v;) to be [pl;, fori € {1,...,m}.
ForpeS™,1<k<mwelet plk={([p],...,[ols) €5~

A constraint set C over @ is a finite set of formal inequalities of the form < v/
with 7,7' € Ts. The set of distinct variables occurring in a term 7 is denoted
Var(r), and if C is a constraint set, then Var(C) denotes the set of distinct
variables occurring in C. In this paper, we always assume that Var(C) = Vy, for
some m. If p € P™, 1 a (P, F)-term with Var(r) C Vn, then [r]p is given by
[ode = ple), [p = ¢, [f(n, ..., m}le = F([nlp, - .., [7]p). The function [r] is
monotone for every (P, F')-term .

If C is a constraint set over (P, F), Var(C) C Vm, p € P™, we say that pis a
valuation of C in P; we say that p satisfies C, written P, p |= C, iff [+]p < [']p
holds in P for every 7 < 7’ in C. We say that C is satisfiable if and only if there
exists a valuation p of C in P such that P,p = C. The set of solutions to C,
denoted Sol(C), is the set {p & P™ | P,p = C,Var{C) = V. }.

If & = (P, F) is an MFP, then we define the decision problem $-sAT to be the
following: Given a constraint set C over &, determine whether C is satisfiable.
We measure the size of a term by {r{, the number of occurrences of symbols (con-
stants, variables and function symbols) in 7; the size of a constraint set C, |C|,
is the number of occurrences of symbols in C. We assume that f € F are given
by as-dimensional operation matrizes My with My{z:, ... 2q,] = f(21,...,24,).
Under this representation, evaluating a function f at given arguments z1,. .., z,,
is a constant time operation, and hence evaluating an arbitrary functional term
7 is O{lr]). If P is a lattice, the component F is assumed to be given as the
set of elements of P together with an additional operation matrix, M\, defining
the least upper bound of L, i.e., My[z,y] = £ Uy. From this we can recover the
order relation of P, using that ¢ < y iff Uy = y. This representation will be
referred to as the matriz representation. As we shall see, this is also an appro-
priate representation when P is a semilattice, since this case will be reduced to
the case where P is a lattice.

There are many problems & for which #-sAT is NP-hard (every problem
P-sAT is obviously in NP, since we can guess and verify a solution non-deter-
ministically in polynomial time.} For instance, for any non-trivial finite lattice
L, the problem ¢ = (L,{Mn,u}} is NP-complete, by reduction from CNP-SAT
(propositional satisfiability, [9]), since (Py A ... A Py} = (Q1 V...V Q) is
logically satisfiable if and only if (P M...MP) < (@1 U...UQp) is satisfi-
able in a two-point chain. Also, the structure of the poset P is important for
complexity, see [18]. Hence we need to impose restrictions on problems to make
them tractable. In the following development we shall generally assume that P
is a meet-semilattice. Note, though, that the whole development transfers to

Jjoin-gemilattices by lattice-theoretic dualization.
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3 Definite problems

Let = (P, F) be an MFP. A constraint set C over  in which every inequality
is of the form 7 < A, with an atom on the right hand side, is called definite. A
definite set C = {r; < A;}ier can be written C = Cygr U Censt Where Cugr =
{rj < Bj}jes are the variable expressions in C, having a variable (f;) on the
right hand side of <, and Censt = {7 < ck}rex are the constant expressions
in C, having a constant {cx) on the right hand side. Note that satisfiability of
definite inequalities over & = (2, {I}), with 2 the two-point boolean lattice, is
exactly the HORNSAT problem (satisfiability of propositional Horn clauses [10],
[7]) since Horn clauses have the form PLA...A P, = Q.

A term 7 will be called simple if 7 is a constant, a variable or has the form
T = f(4,...,Am) Le., there are no nested function applications; a constraint
set C is called simple if all terms in it are simple. The L-normalization —p
transforms a definite set into a simple and definite set: let C' be definite, C =
C'U{f(...9(7)...) < A} with Var(C) = V,,, and 7 a tuple of terms, and define
L by

C—orCU{f(. . vme1...) S A4,9(7) <vmyr}

Lemmal. The reduction — is strongly normalizing, and if C* is a normal
form of a definite set C, then C* is definite with |C*| < 3|C]|.

Monotonicity guarantees that an L-normalized set is equivalent to the original
set:

Lemma2. IfC = C’ then Sol(C) = {p' { m | p' € Sol(C")} where Var(C) =
V.

Figure 1 of Appendix A gives an algorithm, called D, for solving definite
constraints over an MFP & = (L, F) with L a finite lattice ! Algorithm D ex-
ploits L-normalization to achieve linear time worst case complexity. Later, we
shall change D slightly into an algorithm DT which works for meet-semilattices.
Correctness of algorithm D follows from the properties: (1) after every update
of the current valuation p at 3, p(f8) increases strictly in the order of L, so in
particular, termination follows, since L has finite height; (2) the iteration step
finds the least solution y to the set of variable ezpressionsin C, so if any solution
to C exists, then yu must also satisfy the constant ezpressions, by monotonicity
of all functions [r].

! Algorithm D is similar to the technique of Kildall [16] for fast fixed point computation
in data-flow frameworks and also to the linear time algorithm of Dowling and Gallier
[7] for solving the HORNSAT-problem. In fact, the iteration step is easily seen to be
equivalent to a search for the least fixed point of a monotone operator F on a lattice,
since the least fixed point of F' is identical to the least post-fixed point of F'. We
already observed (beginning of Section 3) that definite inequalities strictly subsume
Horn clauses. See Section 4.1 and Section 4.2 for more on the connection to Horn
clauses.
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Theorem 3. (Correctness) If C has a solution over &, then it has a minimal
solution, and algorithm D outputs p the minimal solution of C, and if C has no
solution, then the algorithm fails.

Linear time complexity for algorithm D can be shown by amortizing the
number of times the test of the conditional in the for-loop, L,p = & < ¥, can
be executed in total on input C, in the worst case. We can assume (Lemma 1)
that C is in L-normal form modulo an expansion by a factor 3. Let (L) denote
the height of a finite lattice L, i.e., the maximal length of a chain in L, then we
have

Theorem 4. (Complexity) For fivred MFP & algorithm D runs in time O(|CY)
and performs at most 3h(L) - |C| basic computations on input C.

Algorithm D operates uniformly in @, so it can be considered a decision pro-
cedure for the uniform problem: Given ¢ and constraint set C over &, is C
satisfiable?. In this case, taking h(L) = |L| in the worst case, |L|*me= the size
of the function matrixes with a,,,, the maximal arity of functions in &, we
have input size N = |L] + |L|*me= 4 |C|. With log-cost for a matrix look-up we
get a maximum cost of O(amq, - log|L]) for a basic computation, resulting in
Olamqz log|L|- |L|- N) worst case behaviour for the uniform problem.

Algorithm D generalizes to the cases where the poset is a finite meet-semi-
lattice, as follows. Let PT denote the lattice obtained from P by adding a top
element T, taking ¢ < T for all ¢ € P. We change algorithm I} by adding the
test if Jo. p(a) = T then FAIL at the beginning of the output step. We extend
the functions in @ such that f(z,,...,24,) = T if any z; = T. This modification
of algorithm D will be referred to as algorithm DT . Algorithm DT is obviously
sound, by soundness of algorithm D, and it is a complete decision procedure for
semi-lattices, since if P has no top element and the least solution to the variable
expressions in C maps a variable to the top element of PT, then clearly C can
have no solutions in P.

4 Relational problems

Inequality constraints are a special case of the much more general framework of
relational constraints. A relational constraint problem is a pair I" = (P, §) with
P a finite poset and § a finite set of finite relations B C P*#, with 1 < ag (the
arity of R.) Any R C PF is called a relation over P. A relational constraint set
C over I' is a finite set of I'-terms of the form R(A;,..., Asz) where A ranges
over variables in V and constants drawn from P. The size of a constraint term
t = R(A1,...,Aqy) is [t| = ap; the size |C] of a constraint set is the sum of
the sizes of all terms in C. We say that a constraint set C is satisfiable if there
exists a valuation p of C' in P such that ([A1]p, ..., [4ax]p) € R for every term
R(A1,...,Asg) in C. If Var(C) = Vm, then Sol(C) is the set of valuations
p € P™ satisfying C. We define the decision problem I'-5AT to be: Given a
constraint set C over I', is C satisfiable? If z € P™ and 1 < i < m then [z];
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denotes the i’th coordinate of 2. We use the vector notation x = (z1,...,2y),
and if R C P™ we write R(x) as an abbreviation for R(z1,...,2,) also when
this expression is considered a term.

4.1 Representability

We are interested in the following question: How many relational constraint
problems can be (efficiently) solved using algorithm D? This translates to the
question: How many problems can be transformed into definite inequality prob-
lems and what is the cost of the transformation?

A relation R C P™ is called representable with respect to a constraint prob-
lem I' = (P,S) if R = Sol(C) for some constraint set C over I'. We say that
a problem [I' is a problem with inequality if the order relation < on P is repre-
sentable with respect to I". We say that a problem I' has minimal solutions if
Sol(C) has a minimal element with respect to < for any constraint set C' over
I’ with Sol(C) # 8. If I' = (P,S) with P a meet-semilattice and it holds for
all R € § that z,y € R implies e My € R, then I' is said to be a meet-closed
problem. A relational problem I" = (P, 8) is representable in definite form if P
is a meet-semilattice and there exists an MFP & such that for all constraint sets
C over I there exists a definite set C’ over @ with Sol(C) = Sol(C").

Suppose that R C P™ is a meet-closed relation, P a meet-semilattice. Then
define the partial function Hg : P™ — P™ by Hg(x) = A Tr (x) where
tr (x) = {y € P™ |y > x,R(y)} and with Hg undefined if tg (z) = #. Then
Hp is monotone when defined, i.e., Vxy € dom(Hg). x <y => Hgp(x) < Hr(y),
and if tg (x) # 0, then x € dom(Hpg). Moreover, for all x € dom(Hp) one has
Hp(x) > x, since every y €1r (x) satisfies y > x, and so we have A tr (x) > x.

Lemmab. x € R if and only if x € dom(HRg) and Hp(x) < x

Using Lemma 5 we can characterize the class of relational problems which
can be solved using algorithm D, i.e., the problems which can be expressed by
definite inequalities, as follows

Theorem 6. (Representability) 1. Let I' = (P,S) with P a meet-semilattice.
Then I' is representable in definite form if and only if I' is meet-closed. In par-
ticular, if I' is meet-closed, then any constraint set C over I' can be represented
by a definite and simple constraint set C’' with |C’| < m(m +2) - |C| where m is
the mazimal arity of a relation in S.

2. Let I'c = (P, S) be a relational constraint problem with inequality, P ar-
bitrary poset. Then the following conditions are equivalent: (i) I'< has minimal
solutions. (if) I' is meet-closed and P is a meet-semilattice. (iii) I'¢ is repre-
sentable in definite form.

Observe that property 1 of Theorem 6 can be seen as a strict generalization
of the well-known fact that a set R C 2% of boolean vectors is definable by a



290

set of propositional Horn-clauses if and only if R is closed under conjunction 2
Under this view, the notion of definite inequalities generalizes the notion of
Horn-propositions from the boolean case of 2 to an arbitrary meet-semilattice. 3

We have seen that any meet-closed problem can be represented by definite,
functional! constraints. Conversely, consider distributive constraint sets over an
MFP, i.e., constraint sets C where all + < 7/ € C have the right hand side 7' built
from distributive functions only * Distributive sets strictly include the definite
ones, but every distributive set can be represented by a relational set over a meet-
closed problem, since the functions in F' can be regarded as relations (graphs),
hence (Theorem 6 (1)) algorithm D can solve any $-SAT problem restricted
to distributive constraint sets. In practice it may be convenient to translate a
distributive set directly into a definite one, using the auxiliary functions Hy,
defined thus: let g : P™ — P with P a meet-semilattice; then Hy : P — P™ is
the partial function given by Hy(z) = A{y € P™ | z < g(y}} with Hy undefined
if no y € P™ satisfies y < g(z). If P is a lattice, then H, is a total function, and
it is always monotone. We have

Lemma7. Let f: P* — P, g: P™ — P with g distributive. Then f(z) < g(y)
if and only if f(z) € dom{H,) and Hy(f(z)) <.

The transformation —g given by
CU{ALg(...h(r).. )} =2rCU{A<g(.. . ¥me1..),Ums1 S R(T)}

is analogous to L-normalization and satisfies properties corresponding to Lemma 1
and Lemma 2. For MFP & = (L, F'), L meet-semilattice, let &' = (L, F') with
Fl'= FUUyep,{Hy|i=1...05} where Fy is the set of distributive functions

in F and Hy(z) = [Hg(e));. Using —1, and — one has by Lemma 7

Proposition8. Let & = (P, F) be an MFP, P a meet-semilattice. Then for any
distributive constraint set C over & there exists a definite and simple constraint
set C' over @ with Sol(C) = {p' L k| p € Sol(C")}, where Var(C) = Vi, and
with |C'} < 3|C|+ 2n(m + 2) where n is the number of inequalities in C and m
is the mazimal arity of a function in F,

2 The definability condition for propositional Horn-clauses is a special case of a much
more general model theoretic characterization of Horn-definability in first order pred-
icate logic, by which an arbitrary first order sentence ¢ is logically equivalent to a
Horn-sentence if and only if ¢ preserves reduced products of models; see [4] or {12]
for in-depth treatments of this result. See also [6]

® Note that in definite inequalities we are allowed to use any monotone functions,
whereas in the special case of Horn-implications we may use only one function, the
meet operation. It is easy to see that one cannot, in general, define an arbitrary meet-
closed relation using only the meet operation of the semi-lattice, since, for instance,
any set C of inequalities in one variable using only the meet function must be convez
{ie, z,4 € Sol(C) and v < z < y imply z € Sol(C}.} 8o, for instance, taking L
to be the three element chain 0 < 1 < oc, the subset {0, 0} is meet-closed but not
convex and hence it cannot be defined using just the meet operation.

4 A function f is distributive if f(z My) = f{z) M f(y)
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4.2 Boolean representation

We show how sets of definite inequalities over finite lattices can be translated
into propositional formulae, such that there is a direct correspondence between
solutions to the propositional system and solutions to the lattice inequalities.
Given a lattice L with n+ 1 elements, we represent each element of L by an
element in 2”. First we number the elements in L\ {L} = {1, ...,l,}. We then
represent each element « in L by a vector of boolean values ¢(z) : L — 2" where

#(z) = (b1,...,b,), where b; = 1iff|; <=z
We also define a mapping ¢ : 2® — L:

B((br, b)) = Vil 18 = 1)

It is clear that z = ¥(¢(z)) and v < ¢(¥(v)). Moreover, both are monotone.
Hence, ¢ and ¢ form a galois connection between L and 2". We will translate
definite inequalities over lattice terms into sets of definite inequalities over 2".
We will assume that we have already transformed the constraints to the form
f(As,.. ., Ag,) < Ap. We translate constraints over the L-variables vy,..., v
into sets of constraints over the boolean variables vi1,..., %10, ..., U1, .., Ukn.
We extend ¢ to variables by setting ¢(v;) = (vi1, ..., vin) and define ¢;(z) to be
the ©’th component of ¢(z).

Even though we don’t use an index for L in our representation, we will for
convenience assign it index 0 and define ¢o(z) = 1for all # € L. This corresponds
to extending the representation vector with an extra bit, which is always 1 (since
L is < all elements in L).

We first generate, for each variable v;, the set of constraints vix < v;; when-
ever I; < I (we actually need only do so for a set of pairs [; < lx whose
transitive and reflexive closure yields the ordering on L). These constraints will
ensure that any solution to the constraint set will be in the image of ¢. Note
that this only works because we are in a lattice, as when we have two solutions
to the constraints for a variable, the meet and join of these are also solutions.
Even if we use more general Horn-clauses to model the ordering relation, it will
be meet-closed, so at best we can extend the construction to meet semi-lattices.

Let the i’th frontier of f, F;(f) be the smallest subset of L% such that
¢i(f(y1,--,¥a,;)) = 1 iff there exist (21,...,24,) € Fi(f), (21,...,%q,) <
(Y1,-..,¥a,). This is well-defined, because the set of all (z4,...,24 ;) such that
éi(f(z1,...,24,)) = 1 is one such, and since the intersection of two such sets
is also one. While F;(f) in the worst case may be of size O(]L%]), it is often
smaller. If f is distributive, |F;(f)] < 1.

For each ¢ between 1 and n and for each (z1,...,24,) € Fi(f), we generate
from the constraint f(Ai,...,As,) < Ao a new constraint:

G5 (A) 1. N5, (As,) < $i(40)

where ji is the index of z in L.
The translation of f(A;,..., As,) < Ao is the set of all these new constraints.
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Theorem 9. The constraint f(Ai,...,Aq,) < Ao is satisfiable iff all the con-
straints in the translation and all the ordering constraints between the compo-
nents of the variables are. Moreover, any solution to the translation is in the
image of ¢ and maps by ¥ to a solution of f(Ai,...,Aqs,) < Ap. Since ¢ and ¢
are order-preserving, least solutions map to least solutions.

Complexity. We have translated a set C of constraints over an n + 1-point
lattice L into a set O’ of constraints over the boolean 2-point lattice. The size
of the translated constraint sei can be calculated as follows:

For any variable v; in C, we introduce n variables v;1, ..., vy, in C'. For each
v;, C’ contains at most n? constraints to ensure that any solution to C’ will map
Vi1, - - ., Vin to an image of an element in L.

For any constraint f(Ai,...,As,) £ Ao, we introduce a number of con-
straints, each of size as -+ 1. The number of constraints is §_ 1 = 1n|F;(f)| < nx
n® . Since the size of the constraint f(A;,..., As,) < Ap is {as + 1), the size of
the translation is less than n!*%s times the size of the original constraint.

Bringing these together, we get that |C'| < nl*9me= x |C|+ n? x |V|, where
@mas 18 the maximal arity of a function symbol in C and |V] is the number of
variables in C. For a fixed lattice and set of function symbols, this is a linear
expansion. For the uniform problem, the input is given as operation matrices for
- the function symbols plus the constraints. The size of an operation matrix for a
function with arity a is n®, so the size of the input is greater than n%me= 4+ |C|.
The size of the output is ni*%mes x {C|+ n® x |V|. The size of the input is
hence the sum of two values and the size of the output is {approximately) the
product of these. Hence, we get a quadratic worst-case expansion for the uniform
problem.

The exponential dependence on the arity of the function symbols may seem
bad, but it can be argued (see [19]) that any reasonable translation to boolean
constraints will expand non-polynomially in the arity of the function symbols.
Comparing with algorithm D (see Theorem 4) we see that D runs in time linearly
dependent on g, for the uniform case, hence boolean representation should,
in general, only be used in case arities are known to be small.

Satisfiability of translation. Fach constraint in the translation is of the form
a1 1. . .MNay, < ap, where the a; are variables or constants ranging over the lattice
{0,1}. These constraints are isormorphic to Horn-clauses, and can hence be
solved in time linear in the size of the constraint set using a HORNSAT-procedure

[7].
5 Intractability of extensions
We have seen that algorithm D efficiently decides the uniform satisfiability prob-

lem (i.e., uniform in both I' and ), when instances I' are restricted to be
meet-closed. It is relevant to ask whether this can be extended to cover more
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relations than the meet-closed ones (perhaps by finding an algorithm entirely
different from D.) The main purpose of this section is to demonstrate that, un-
less P = NP, no such extension is possible for any meet-semilattice L. This
shows that algorithm D is complete for a maximal tractable class of problems,
namely the meet-closed ones. If L is a meet-semilattice, we say that a problem
I' = (L,S) is a mazimal meet-closed problem if I" is meet-closed and for any
R C L* which is not meet-closed, the (particular, non-uniform) satisfiability
problem (L, S U {R})-sAT is NP-complete. We first show that any distributive
lattice has @ mazimal meet-closed problem and deal with the general case after-
wards. The proof is by composing Birkhoff’s Representation Theorem for finite
lattices ® with Schaefer’s Dichotomy Theorem [20] for the complexity of logical
satisfiability problems.

For lattice L, let IdI(L) be the set of order ideals of L and Irr(L) the
set of join-irreducible elements of L. If L is a finite, distributive lattice with
Irr(L) = ¢1,...,¢n any fixed enumeration of Irr(L), then Birkhoff’s Repre-
sentation Theorem entails that, with 5 : L — Idl(Irr(L)) defined by 5(z) =
{y € Irr(L) | y < z}, the map ¢ : L — 2" becomes an order-embedding by set-
ting [@(2)]i = 1, if ¢; € 5(z), and [p(z)}; = 0,if ¢; & p(z), fori=1,...,n.
We refer to ¢ as the canonical embedding of L. For R C LF we let ® o(R) =
{{e(=1),.-.,¢(zk)) | (z1,...,26) € R}, 50 Xx € R & ¢(x) € ¢(R). With I" =
(L, S), L distributive, define the problem ¢(I") = (2, p(8)) with ¢(S) = {¢(R) |
R € 8}. We use ¢(R) to denote the relation symbol corresponding to the relation
¢(R). If C is a constraint set over ("), one has ¢(R) C 25" for all relations
¢(R) € ¢(8), where n = |Irr(L)| and k is the arity of R.

Now, we are interested in problems I" such that ¢(I")-SAT becomes polyno-
mial time reducible to I'-SAT. The problem here is that such reduction is not
possible in general, because the constraint language of ¢(I") is more expressive
than that of I". For instance, a unary relation symbol R may get translated into
a symbol ¢(R) of arity n = |Irr(L)| with n > 1, so we can write (taking n = 3)
constraints with patterns like {¢(R)(z, y, z), p(R)(z,y, &)} expressing that there
exists b € 2% such that both that it and its reversal is in ¢(R); in general this
cannot be expressed in the constraint language of I'. However, if I" has a certain
kind of relations, then this becomes possible. Given distributive lattice L with
canonical embedding ¢ and [Irr(L)| = n we let 1Ty, denote the set of “projection
relations” m;; C L%, 4,5 € {1,...,n}, defined as follows

mi; = {(2,9) € L? | [p(2))i = [p(2)];}

® See [5]. We recall also that, for lattice L, an order idealin L is a down-closed subset
of L; £ € L is join-irreducibleif £ # L and z = y 1)z implies ¢ = y or £ = z for
all y,z € L; L is distributiveif (zUy)MNz=(zNz)U(yNz) forall z,y,z € L; an
order-embedding of lattices is an injective map preserving meet and join.

® We use the notation (yi,.. .. ¥k), for yi € L™ to denote the “flattened”

kn-vector z obtained by concatenating the tuples yi,...,¥x into a single tu-
ple, in that order; in detail, z = (21,...,2xn) With 21 = [yi]1,...,2, =
[yl]n,...,Z(k-l)n“ = [yk]l,...,zkn = [yk]". For x = (.’L‘l,...,.z‘k) € L* we write

w(x) for {@(z1),...,0(zk)).
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It is easy to check that m;; are all meet-closed relations, since ¢ is an order-
embedding. If L is non-trivial, there must be a,b € L with a < b, so that
w(a) < p(b), and hence [p(a)]; = 0 and [p(b)]; = 1 for some j; we can therefore
express that {p(z)}i = 0 and [p(2)]; = 1 by m;;(z, a) and m;;(z,b), respectively.
Constraints of the form m;;(z, y) will be written as [¢(z)]; = [p(y)]; or [p(z)]i = b
(b € {0,1}). One does not, of course, need explicit reference to ¢ in order to
define the projection relations, so long as one can talk about the join-irreducible
elements in an appropriate way:

Ezample 1. Let = (L, F), Irr(L) = ¢y,. .., tn and suppose we have a function
fe; € F for each ¢; € Irr(L) where f;,(z) = Tife; < z and f;, () = L otherwise.
Then all f, are distributive functions, and since the condition [p(z)]; = [p(¥)];
is equivalent to the condition ¢; € z & ¢; < y, the first mentioned condition
can be expressed by distributive inequalities over &, because ¢; <z =>¢; <y is
equivalent to the distributive constraint f.,(z) < fe,; (¥).

If I' = (L,S) and C is a constraint set over ¢(I"}, we describe a translation
of C, called ¢~1(C), to a constraint set over I = (L, 8§ U ITL), as follows. Let
t1,...,tm be an enumeration of the constraint terms in C. Bach ¢, can be written
as a term of the form t, = ¢(R)((A4, ..., Ag)), where each A; is a vector of n
atomic terms, n = |Irr(L)|, k the arity of R. We let ¢, §(p,1) = [A,}i 1 €p <
- k,1 < i< n.)Foreach termt, welet of, ..., af be k unique, fresh variables to be
used in the translation of term t,. The relational term i, = o{R)({(A1,..., Ag))
then gets translated into the constraint set C; = C, 1 Uy 2 U Cs 3, where

Cs1 = {R(o,...,a})}
Cip2 = {le(a))s = b | [Aj]i = b with b € {0,1}}
Cas = {lp(ep)]i = [l [t 4 (p, ) is variable 2 A3ty € Ctub(g,5) =2 }

For C = t1,...,tm we define ¢~ (C) = |Ji=; Cs. The constraints in ¢~ 1(C)
using 7;; can simulate all patterns in ¢(C'), so we can show

Lemma 10. Let I' = (L, 8) with L non-trivial distributive lattice, and let C be
a constraint set over ¢(I"). Then C is satisfiable over o(I') if and only if ¢~ 1(C)
is satisfiable over I' = (L, S U L).

Since each set C; 3 in ¢~ *(C) contributes at most |C'|* new constraints, because
each new constraint is determined by a distinct pair of occurrences of variables
in C, it is straight-forward to show

Lemma11. For every constraint set C over o(I') one has |~ }(C)| < [C]?-
2|C| + 3).

We now recall the contents of Schaefer’s Dichotomy Theorem [20]. It yields the
following very powerful classification (see also [14]):

Theorem 12 Schaefer [20]. Let I" = (2,8) be any boolean problem. Then the
satisfiability problem I'-SAT is polynomial time decidable, if one of the follow-
ing four conditions are satisfied: either (1) every relation in S is closed under
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disjunction, or (2) every relation in S is closed under conjunction, or (3) ev-
ery relation in S is bijunctive, i.e., it satisfies the closure condition Vz,y, z €
2. 2,9,z € R= (zAy)V(yAz)V(2Az) € R, or (4) every relation in S is affine,
i.e., it satisfies the closure condition Vz,y,2 €2*.2,y,2€ R=>zdy®z € R,
where @ s the exclusive disjunction.

Otherwise, if none of the above conditions are satisfied, the problem I'-sAT
1s NP-complete under log-space reductions.

If L is a meet-semilattice which is not a lattice, we let L7 denote the extension
of L to a lattice under addition of a top element, as earlier. If L is already a lat-
tice, we let LT = L, by definition. We say that L is a distributive meet-semilattice
if L is a meet-semilattice such that L7 is a distributive lattice. If L is a distribu-
tive meet-semilattice we know by previous remarks that L7 has a canonical em-
bedding into 2™, and this map ¢ will be referred to as the canonical embedding
of L also. For any meet-semilattice L we let My = {(z,y,2z) € L3 | z =z Ny},
the meet-relation of L. The following results are proved in detail in [19].

Lemma13. Let L be a non-trivial distributive meet-semilattice, and let ¢ be its
canonical embedding. Then the relation (M) satisfies: ¢(My) is closed under
conjunction, ¢(My) is not closed under disjunction, p(Myr) is not bijunctive,
and (ML) is not affine.

Let L be distributive and S = I U {My)}; then the problem I = (L,S) is
meet-closed. We can show that, for any relation R over L which is not meet-
closed, the problem I't-saT with I't = (L, S U {R}) is NP-hard, by reduction
from ¢(I")-sAT, which, in turn, can be shown to be NP-hard by Lemma 10,
Lemma 11, Lemma 13 together with Schaefer’s Dichotomy Theorem. We there-
fore have

Theorem 14. (Intractability of extensions, distributive case) For any non-trivial,
distributive meet-semilattice L the problem I' = (L, Iy U {Mr}) is mazimal
meet-closed.

By Birkhoft’s Theorem we know that L embeds into 2" if and only if L is
distributive, hence the method used to prove Theorem 14 will not work for ar-
bitrary finite lattices. However, if L is an arbitrary meet-semilattice we have the
following weaker result by direct reduction from CNF-SAT:

Theorem 15. (Intractability of extensions, general case) Let L be any non-
trivial meet-semilattice and let R C L* be any relation over L which is not
meet-closed. Then there exists a meet-closed problem I' = (L,S) such that the
problem I'-SAT is NP-complete with I' = (L, S U {R}).

Theorem 15 entails that the uniform satisfiability problem restricted to meet-
closed relations becomes NP-hard no matter how it is extended, since the the-
orem says that there will always be a particular (non-uniform) problem over
such an extension which is NP-hard; here the hard problem depends on the
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given extension. In contrast, Theorem 14 asserts the existence of a particular
(non-uniform) problem which becomes hard no matter how it is extended. The
results given here extend, in the case of finite domains, the results of [13], which
considers totally ordered domains. See also [15].

6 Applications to program analysis

An application of the constraint solving technology shown in this paper is pro-
gram analysis by annotated type systems. In these systems, programs are given
types annotated with elements from a finite lattice. The type rules impose con-
straints between the annotations of the types of a term and its sub-terms. A typ-
ing of a program will generate a set of constraints, which must then be solved.
Often, the constraints will have a form suitable for solution by the methods
presented here.

One such example is the usage count analysis from {17] which has annotations
in the lattice {0, 1, 0o} with 0 < 1 < oo. The constraints use the following binary
operators:

ki + ks ki ks ky ks
kl\kz 0 1o0 kl\kz(} 1 o Ic1\k201oo
0)0 1 oo 000 0 0i60 G
111 oo Ho 1 oo 1101 oo
ooloo 0o o ool 0o 0o o0l 1 co

+ and - are addition and multiplication over counts. ky > kg is 0 if &y = 0,
otherwise k1 > kg = ko.

The constraints are of one of the forms ky = k3, 1 <k, by < ko, ks + ko < k3,
00-ky < kg, k1 -k < ks or k1 ko < k3. Hence (noting that k; = ky is equivalent
to k1 < ko, ks < k1), they are of the kind that can be solved by the methods
shown, either by the direct method or by translation into boolean constraints.
The translation uses the mapping shown below for lattice elements.

Hence, we replace each constraint variable &; by two variables {; and r; over the
binary domain, with the constraint /; < ry.

The constraints are translated using the translation shown in section 4.2. The
table below shows the result after reduction has been made for the constraints
that involve constants.

constraint  translation

ky = ky Li=lyr=r
1<k r=1
ky < ko h<lg,ry <

ky+ky <ks|li €la,ry Sra, Iy <lg,ra<ra, miAre <ls
0k £ky ri &l

ky ke <kg |riArg<rs, iAre <l bAr <l

ky D ko < kgjry Ay < 3, TIW/‘\TQS%

We end this section by giving some further examples of how our results can
be used to reason about problems of interest in program analysis.




297

Ezample 2. The problem @ = (2, {A}) is maximal meet-closed. To see this, repre-
sent @ as relational problem I = (2, {M9, <}). It then follows from Theorem 14
that I' is maximal, because all relations in the set ITo can already be defined in
terms of Mo, by Horn-definability (cf. comment after Theorem 6) together with
the fact that all relations in [Ty are meet-closed.

Ezample 8. Let 3 denote the three-point chain 0 < 1 < co. The distributive lat-
tice 3 occurs in many practical contexts, such as, e.g., program analyses involving
usage counting [17], [21],(1].

Let pred denote the predecessor function on 3, with pred(0} = 0, pred(1) =
0, pred(co) = 1. Then pred is a distributive function. Consider the problem @ =
(3,{N, pred}), it is clearly meet-closed (viewed relationally), and, moreover, it
is maximal. To see this, first note that the join-irreducible elements are {1, cc}.
Now define the function f; by setting fi(z) = 1Mz and define the function
feo by setting foo(2z) = pred(z). Then fi(z) = 1if 1 < z and fi(z) = 0
otherwise; moreover, foo(2) = 1 if 00 < z and feo(2) = 0 otherwise. Recalling
Example 1 we see that the functions f; and f. are sufficient to represent the
projection relations in /T3, since we can express the condition ¢; <z = ¢; <y,
for ¢;, ¢; € Irr(3), by the distributive constraint f;,(z) < f.,(y). It then follows
from Theorem 14 that @ is a maximal problem.

Ezample 4. Consider the uniform function problem restricted to distributive in-
equalities. By Theorem 6 this problem contains all meet-closed problems. There-
fore, it follows from Theorem 15 that any uniform extension of the problem be-
comes NP-hard. In other words, if monotone function symbols can occur on
the left side of inequalities and any single non-distributive function symbol can
occur arbitrarily on the right side, then the uniform problem is NP-hard.

Ezample 5. In many applications in program analysis the semilattice L will be
thought of as a domain of abstract program properties with lower elements rep-
resenting more information than higher elements 7 If an analysis can be imple-
mented as a constraint problem with minimal solutions it will have the desirable
property that it is guaranteed to yield a uniquely determined piece of informa-
tion which is optimal relative to the abstraction of the analysis. Theorem 6 says
that all and only inequality constraint problems with this natural property can
be represented as definite inequalities and hence can be solved in linear time
using algorithm D.

7 Conclusion

We have studied efficient solution methods for the following classes of constraint
problems over finite meet-semilattices:

T Alternatively, elements with more information may sit higher in the semilattice. Qur
results still apply, since the whole development in this paper can of course be dualized
in the lattice-theoretic sense to encompass join-semilattices and join-closed problems
over such.
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— Definite inequalities involving monotone functions.
Distributive inequalities.

Boolean inequalities (Horn clauses).

— Meet-closed relational constraints.

|

We have shown that these classes are equivalent modulo linear time transforma-
tions for any fixed problem, and we have estimated the constant factors involved.
For any fixed lattice and any fixed set of function/relation symbols the meth-
ods are linear time in the size of the constraint set, but, in the case of boolean
representation, the time depends non-linearly on the maximal arity of relation
symbols used. Furthermore, we have shown that these classes can be solved uni-
formly in polynomial time and that they are are maximal in the sense that any
extension leads to NP-hard uniform problems.

Acknowledgements We wish to thank Fritz Henglein, Neil Jones, Helmuth
Seidl, Mads Tofte and our referees for helpful discussions and comments.

A Algorithm D

Algorithm D is shown in Figure 1. We outline the data-structures and op-
erations assumed for a linear time implementation (more details are in [19].} A
list Ilist of records representing the inequalities in C. Each record also holds
a boolean variable, called inserted. An array Clist[f] indexed by variables
in Var(C). Each entry Clist{8] holds an array of pointers to inequalities in
Ilist, one entry for each inequality in C in which 8 occurs. Thus, to each item
Clist[B][k] there corresponds a unique occurrence of § in C. Hence, the number
of distinct items Clist[S][k] is bounded by |C|. The structure NS is a doubly
linked list of of pointers to inequalities in [list which are also in Cyqer, and the
item in [list has a back-pointer set to the representing item in N'S. There is a
pointer to the head element of N5. The idea is that NS holds holds pointers
to those inequalities in Cy 4, which are not satisfied under the current interpre-
tation p (see below.) A finite map p mapping each distinct variable of C to an
element in L. The map p holds the current “guess” at a satisfying valuation for
Cuar- The map Lvar(cyr is the map which sends every variable of C to the
bottom element of L. The map p is implemented as an array of lattice elements
indexed by the variables. We write p(8) for p[g]. Evaluating p(8) is a constant
time operation, and so is the operation of updating p at 3.

Operation POP removes the head element of NS and returns it after setting
the corresponding inserted field to false. INSERT (%) inserts an inequality pointer ¢
at the front of NS, updating the inserted field. If the inserted field is true, then
INSERT does nothing. DROP(i), removes i, a pointer to an element in NS, from
NS, using the inserted filed in analogy with INSERT. All these operations can
be implemented as constant time operations, using the data-structures above.
Operation L-NORMALIZE transforms a definite set into an equivalent L-normal
set and runs in time O(]C) (using Lemma 2 and Lemma 1.)
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1. Input
A finite set C = { < Ai}ier of definite inequalities over & = (L, F), F =
{f: L? — L} with each f monotone, L finite lattice, Var(C) = V., for some
m.
2. Initially
C := L-NORMALIZE(C)
pi=l1v, 1
Cuar :={r < A€ C| Ais a variable}
Initialize the lists Clist]a], for every distinct variable a in C.
Initialize [list to hold the inequalities in C.
NS:={r<B€Cwar|LpT<B}
3. Iteration
while NS # 0 do
7 < f:=roP(NS);

p(8) := [r]p U p(B);

for 0 < v € Clist[g8] do
ifp, Lo <7
then INSERT(o <)
else DrROP(0 < )
end; (* for *)

end;(* while ¥)
4. Qutput
IfL,p =7 <cforall  <c & Cepnse then output p else FAILL.

Figure 1: Algorithm D for satisfiability of definite constraints over @

In the algorithm we have followed the convention of writing the pattern of
an inequality pointed to by an inequality pointer instead of the pointer itself.
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