1 Gram-Schmidt orthogonalization

e Given: a set of vectors up, us, us, ..

e Construct: as set of unit-length orthogonal vectors wi, wa, ws, ...

— unit-length: ||w;|| =1

— orthogonal: w; - w; =0 for i # j

e Tool: projection

— proj,(v) = (u)u

u-u

— W =V — proj,(v)

— Note:

.,uy in R™.

— Note: if ||u|| = 1 then proj,(v) =v —(u-v)u

e Works with multiple vectors at once

— Assume u; - u; =0

— Let w = v — projy, (v) = proju, (v) = projyu, (v)

u; -v U
— Then: w=v — u; —
u; - u -

u; Vv
W-ugy =|V—
u; - ug

u; -v
=V -ug —
up - U

=V-uU —UuUg-VvV
=0

— Note: same simplification if |Ju,|| =1

e Algorithm

Vi = U
Vo = U2 — (Wl . llQ)Wl
V3 = ug — (Wl . llg)Wl — (W2

vy =uy — (W1 - uy)wy — (Wo

. 113)W2

cuy)Wo — (W3 - ug)ws

y Wk

-V us-v
ug — us
ug us - us
Ug -V
u; — ug —
U - U2

U -V
u; - Ug — Uz - U —
N—— uz - Uz
0

usz- Vv
usz | - uz
us - us

usz Vv
us - u2
u3 - uz ) S>—~——
0

Vi

[[v1]]
\p
[[va|l
V3
[[vsll
2

w4l
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Relation to QR

Rearrange the algorithm (eliminate v;)
[villwy =
[vallws = ug — (w1 - uz)wy
[vsllws =us — (W1 - ug)wy — (w2 - uz)ws

[[vallwg = ug — (W1 - ug)wy — (Wa - ug)wo — (W3 - uyg)Ws

Rearrange the algorithm (put w; stuff on one side)

u; = [[viwy
uy = ||va||wae + (w1 - ug)wy
uz = |[v3l|lws + (wy - uz)wy + (wa - uz)ws

uy = [[val[wy + (W1 - ug)wy + (Wa - ug)wy + (W3 - ug)ws

Give the scalars names: 7;; = ||vi]|, rij = w; - u; for i < j

u; = wWiria
Uz = Warge + Wirie
Us = W3r3s + Wiris + Warag

Uy = Wyrgq + Wir14 + Worog + W3T'34

Writing as matrices

it Ti2 Ti3 Ti4
o2 T23 T24

33 T34

A Q T44

Note: QTQ =1 since w; - w; =1 and w;, - w; = 0 otherwise, by construction
A =QR.

— Normally A is square
— What if non-square?
— What if A is not full rank?

Modified Gram-Schmidt orthogonalization

In practice, Gram-Schmidt tends to lose orthogonalization between vectors (numerically unstable).

. . 3 1 1 V4
Original: v4 = uy — projy,, (ug) — projy, (ug) — projy,. (us) Wy = Tval
4
. 3 1 j V
Modified: Vo = Uy — prOle (u4) V3 = Vg — pI'O_]VV2 (V2) V4 = V3 — pI‘OJW3 (V3) Wy = ”T4H
4

Project in sequence, not all at once.



4 Householder QR

e Householder transform: Q =1 — TVVT
vlv

— Want reflection Q such that Qu = ae;, where e; = (1,0,0,...,0)

— v =u— aej, where o = —sgn(uy)||ul|

vVv=u-— e
V-V:u-u—2ael-u+a2el-e1
=2u-u-—2ae; - u
=2(u—cae;)-u
=2v-u

2
Qu = <I — TVVT)u
vliv

2vTu

vTiv

VTV

vTv
=u—v

= e

— Sign of @ matters: u = +e; must not produce v =10 (!

— Note the pattern of zeros

*

o

* X K ¥
ja]

o

— We can also apply to a subset of a vector

* Householder on a smaller vector, with identity on top

* *
Q.= = Q:(lq)
* 0
) [ !
Q. [=1. = Q= 1
*

* Leaves top entries untouched



e Algorithm (key: target entries, modified entries)

% % k% x % % %
% % k% x %k
QA =Q, % % % k| * % %
% ok k% % ok %
x % k% x % % %
ok ok %k ok
Q:2Q1A =Q, R . s
* * * *k *
* % k% % %
x k% x %
Q3Q2Q1A =Q3 . sl = . .| =R
% *
Q3Q:Q:A =R
TATAT
A:Q1Q2Q3R
—_————
Q

5 Frobenius Norm

e Definition

IAle = [> A%
i

IAIE = A%
ij

Looks like L? norm for vectors

Simple

lcAllr = || [|A]lF
|AllF>0
|A|lr =0 if and only if A =0

e Triangle inequqality

|A+Blr=|Alr+|Blr Flatten the matrix into a vector



e Equivalent expression
A7 = tr(ATA)
-y
(ATA);; Z ApiAgj

tr(ATA) = Z Al = |A|%

|A||F = Z Aij
ij
|A|% = tr(AAT) Since tr(AM) = tr(MA)

e Propery of trace:
tr(AM) = tr(MA)
(AM)i = > Aj; My,
J

=D AiMji
i
(MA)ix =Y My Aj

=D M4
ij
|A||%Z = tr(ATA) = tr(AAT)

e Rotation invariance

[UA|% = tr((UA)"(UA))
= tr(ATUTUA)
= tr(ATA)
= |Al%

|AU|% = tr((AU)(AU)T)
= tr(AUUTAT)
= tr(AAT)
= [lA|%

A% = U=V
= [IZVTf5
= |=[I%

_2 2
= o;
i



e Remember Cauchy Schwarz

[u- v < flullflv]

e Matrix-vector

[Aull < [|Al#[ull

T
A=|v;

Au= | vliu

HAu||2 = (vy - u)2 + (va - u)2 + (v3- u)2
< vallPllal® + vl [afl* 4 [[vs][*[lul?
= (Ivall® + [[v2ll” + [[vsl*) ll®

= || A% ][u]?

e Matrix-matrix

|AB| < | All<l|Bl|x
B = (V1 Vo Vg)
AB = (Av1 Av, AV3)
IAB[% = [Ava]* + [|Av2]* + [ Avs|®
< [AIEIvil? + [JAlEv2l® + Al e llvs]?
= [AIE(vall? + (vl + fTvs]?)
= |A[%IBIf



