


[Ci]C: Cs BN
20s { white| married |z,
20s | white | widowed | 25
20s | black | married {z3
[Ci]C2 511 [C2 ICa R 20s | black | widowed | 4
20s[white] 7 white[married | 6 30s [ white| married |z 5
20s | black] 7 white | widowed | 6 30s | white | widowed | z¢
30s | white| 5 black | married | 5 30s | black | married |z~
30s |black | 8 black  widowed | 10 30s | black  widowed | z 5
Ry Ro T

Figure 2: Evaluating query Q> = (A4, 4,8, 2) where A is
equal to the union of category domains of the 2 candidate
tables Ry, R;. T3 is the output summary table for Q.

theorem and provide an example for illustration:

Theorem 1: Given a complete order-n query Q
(A,%,84,¢), if there exist w > 1 complete order-m can-
didate tables R, = (C,, 8,), 1<i<w, then Q is

(1) solvable if and only if its induced system of linear equa-
tions is solvable.

(ii) uniquely satisfiable if and only if the induced system is
solvable and the rank of the coefficient matriz is equal
to || Al

(i) norl-ulrlziquely satisfiable if and only if the induced sys-
tem is solvable and not uniquely satisfiable.

Example 3: Suppose a demographer wishes to cross tab-
ulate the number of people with respect to age group, race
and marital status. We may formulate the query as: Q, =
({C1,C2,Cs},4,81,p2). Let the candidate tables for Qs
be R1 = ({Cl,Cz},Sl) and R2 ({Cg,Cg},Sl) as shown
in Figure 2, where the category domains are defined as
Ci= {20s, 30s}, C; = {white, black}, C3 = {married, wid-
owed}, and 8; represents frequency. The size of the category
space A is 8. Observe that T, the output summary table
for Q> is defined, except for the unknown summary values
X = {z1,22,...,7s}. There are 8 summary tuples in all in
the candidate tables from which we may form the following
system of 8 linear equations in 8 unknowns:

T1+zZ2=T T3+ 24 =7 Zs+26=5 7 +25 =8
T1+T5 =6 z24+26 =6 T3+27 =5 24+ 25 =10

The first equation z3 + z2 = 7 comes from the first tu-
ple of Ry, (20s,white,7). From T3, the first two tuples
(20s, white, married, £1) and {20s, white, widowed, z2) have the
same Cp, C; values. The equation is obtained by adding the
unknown variables of the two tuples and eliminating Ca.
The other equations are similarly obtained. The system of
linear equations thus derived is:
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Thus, rank[A]=rank[A|B*] and the system of linear equa-
tions is solvable. However, since rank[A] = 6 < 8, there is
no unique solution.

This example illustrates a case where the system of linear
equations does not yield a unique solution. Taking z¢,zs as
the free variables, the general solution is given by: X =
[1+ 26,6 —z6,2z8 — 3,10 — 25,5 — 6, T6, 8 — g, Tg).

From table T} (Figure 2), z¢ is described by attributes
30s, white, widowed. Assuming that each of these attributes
is a set, zs = |30s| N |white] N |widowed|. Moreover, zs <
[30s] N [white] = 5 and z¢ < |white| N |widowed| = 6 from
tuples 3 and 2 of tables R; and R; respectively. Thus, we
have 0 z6 €5 assuming z > 0. Likewise, we have 023 <8
for the free variable zg. Therefore, there are 5 x 8 possible
instantiations of the above general solution.

In the absence of other information, the user will have
to make a choice among a subset (possibly one) of the set of
possible solutions. Thus, the smaller the size of the solution
set, the fewer the choices a user must make. As the number
of free variables is equal to the total number of variables
less the rank of the augmented matrix, one would prefer
a set of candidate tables that yield fewer (preferably no)
free variables. That is, we can make use of the rank of the
augmented matrix as a measure of the degree of goodness of
a set of candidate tables. For this measure to be practical,
we need to be able to compute the rank given any arbitrary
set of tables without solving the system of linear equations
it induces.

3.2 A Goodness Measure for Candidate Tables

In this section, we derive an expression relating the rank of
the augmented matrix to the set of candidate tables inducing
the algebraic system. Specifically, we show that the ranks
of both the coefficient matrix A and the augmented matrix
[A|B*] are bounded above by e—w-+1, where € is the number
of linear equations and w is the number of candidate tables.
Note that e is a function of the number of tuples in each
candidate table. In order to derive this inequality, we first
investigate some properties of the coefficient and augmented
matrices induced by the candidate tables.

Let summary table R; contribute e; = ||C,|| rows to A.
We may partition A into w submatrices A1, Az, ..., Ay
corresponding to the w summary tables, so that A,, 1 i< w,
consists of rows derived from R, only. We say that sum-
mary table R, induces the submatrix A, of size (e, x k).
Let A.(J,%) be the k-th element in the j-th row in A,.

Let X, , be the set of summary variables in the equation
derived from the j-th tuple of R,, 1<j<e;. We show that
X,,; partition X. .

Lemma 1: For 1<igw, 1<, ke, jJ#k,

(@) |Xi;1>0,

(i) 1X, | = | X0kl

(1) Xy N Xk =&, and
(iv) Ux,,, = X.

%2

Proof: (1) By the definition of T,(2,), y € Ty(¢,) if 7¢,(¥) =
r¢,(t,) for t; € Ry, y € T. Thus, |Ti(t,)| is just the number
{n—m)-ary tuples in 4 —C;, ie., [Ti(t,)]| = HCG{A_C'_} [C|
for 1<j<ei, 1<i<w. By Condition (ii) of Definition 1,
[Cl<|Al, 1€i<w, since w>1, ie., A—C, # &. Therefore,
IT:(t;)] > 0. Since each y introduces one unknown variable



7s,(y) € X, the number of unknown variables in the equa-
tion derived from ¢, is | X, ;| = |T3(t,)| > 0.

(ii) Since all tuples of R, have the same category do-
mains, [T,(¢;)] = |T(t)| for 1<j,k<e, 5 # k. Thus,
1Xi) = 1T(t)] = T2 (k)] = | X k).

(i) Given any t, € R,, tx € Rk and for all y, € T, (t,),
Yk € T.(ik), Kc‘(y_,) * rc,(yk). Thus, ﬂ(i,)ﬂTg(tk) = O,
Since each y € T,(¢,) introduces an unknown variable in the
equation derived from ¢,, X,; N X,x = @ for 1<, k<e,,
J#Ek

iv) Since R, is complete, the number of tuples in R,
is ﬁc ec. [Cl], i.e., all combinations of attribute values from
the category domains in C, appear in the category subtu-
ples in R,. Since |T.(%,)| = Hce{A-c,}lC| for 1< <e;,
the total number of unknown variables in all the equations
derived from R, is [[o., |C| = |T], since T is complete.
Together with the preceding three results, we conclude that

U %, =x. |
1w

We next show that the vector sum of all the rows in any
induced submatrix is equal to the (1 x k) vector 11 --- 1].

Consider the coefficient matrix in Example 3, which consists
of two induced submatrices:

The vector sum of the 4 rows in any of the two submatrices
isequal to [11111111]. We shall state the fact formally
as the following corollary:

2y
Corollary 1: For 1<iSw, 1<k<h, O Ai(G,k) =1
1=1

Proof: The mapping from a system of linear equations to
the matrices A and B® follows the rule:

{ 1 if zx € Xi,

A5, k) (1)

[AlB'),(j,h + 1) (2)

with 1<i<w, 1<j<e, and 1<k<h. This coupled with
Lemma 1 proves the corollary. 1

Finally, we show that the sum of the elements in the last
column of any induced submatrix of the augmented matrix
is equal to the sum of all the unknown summary values of
the ontput table. Consider submatrix {A|B‘]; in Example 3,
which is equivalent to the following system of linear equa-
tions: z1+z2 =7, z3+24 =7, T5s+Zs = 5, 27+z3 = 8. Ob-
serve that the RHS’s form the last column of [A|B*];. Since

the LHS’s contain the entire set of unknown summary values

of T, the last column sum of [A|B*]; is equal to Es T

=1 7

We shall state the fact formally as the lemma below:

0 otherwise

7s,(t;, € Ri)

Lemma 2: For 1<7,k<w,
D IAIBLGR+1) =D 7, (2)
=1 teT
Proof: From the proof of Lemma 1, we noted that a sum-
mary tuple t; € R, introduces a set of unknown variables
Xi;. The sum of =s5,(t;) for all ¢, € R, yields
Z;:__I[A]B‘].(j,h + 1). By property (iii) of Lemma 1, the
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sum of all unknown variables from all X, ,’s is equal to
Yzex T =2 e ¥s.(t). Hence, the lemma follows. .

As the last column sum of any induced submatrix is equal
to the sum of all the unknown summary values of the output
table, the sums of the elements in the last columns of any
two induced submatrices of the augmented matrix are the
same. That is,

Corollary 2: For 1<, k< w,
ey ek
SIAIBLGA+1) =Y _[AIB(,h +1)

=1 =1

We can now show that the ranks of both coefficient ma-
trix A and the augmented matrix [A|B*] are no more than
e —w+ 1, where ¢ is the number of linear equations and w
is the number of candidate tables. That is,

Theorem 2: rank[A] e~ w+1, rank[A|B] < e—w+1

Proof: From Corollary 1, each induced submatrix A; may
be row-reduced so that it contains one row of 1’s. Thus, since
A contains w induced submatrices, it may be row reduced to
a matrix that exhibits w rows of all 1’s using Z:": ei—1 row
operations. Clearly, w—1 of these rows of 1’s can Le reduced
to rows of 0’s by w — 1 row operations. Thus, rank[A] is
no more than e — w + 1. From Corollary 2, [A[B*] may
likewise be reduced to a matrix whose rank is no more than
e—w-+1.

We conclude this section with an example to illustrate
the foregoing concepts.

Example 4: Suppose a demographer would like to know
the distribution of the number of whites and blacks who
are in their 20's or 30’s and who are either single or mar-
ried. This query may be formulated as Q; = (A, ¢, 8;,¢)
where A = {€1,(;,C3,85} and C; = {205,308} C €, C2 =
{white, black} C €;, C3 = {single, married} C C3 and Gs
{male,female}. The number of unknown variables in T} is
Al =2 x2x2x2=16.

Suppose two sets of candidate tables E; = {R1, Rz, Ra},
E; = {R4, Rs} are available with R; = ({C2,C3}, 81), Rz =
({C11C3}781)7 Ra = ({C3785})Sl)y R& = ({61162165}781)
and Rs = ({€1,(2,C3},81). The sizes of the algebraic sys-
tems induced by E;, E; are: Z:Lx IR =(2%x2)+(2x2)+
(2x2)=12and 3., |Ri|=(2x2x2)+(2x2x2)=16
respectively. By Theorem 2, the ranks of the augmented
matrices in the algebraic systems induced by E;, E; are
bounded by 12—3+1 = 10 and 16 -2+ 1 = 15 respectively.
Thus, E; results in more free variables than E, making it
less attractive as the set of candidate tables for sa.tisfyini

Q1.

4 Optimal Selection of Candidate Tables

Given the rank of the augmented matrix as a measure of the
goodness of a set of candidate tables, we formulate the selec-
tion of an optimal set of candidate tables as an optimization
problem and prove that it is NP-complete.

4.1 Problem Formulation

From Theorem 2, )" o\, |R|—|M|+1is an upper bound on
the ranks of the coefficient and augmented matrices. Since
JlA]] is the number of unknown variables, "'A"—ERGM | ’|+
[M] — 1 is a lower bound on the number of free variables.
Therefore, we can define the Candidate Table Selection prob-
lem (CTS) as:



Definition 2: Given a complete order-n query Q=
{A,v,8,,¢} and a database D = {Ry, Rz, ..., Ry} of
complete summary tables, find an optimal subset M C D of
candidate tables such that || A} — ZRGM [Rl+|M|—120 s

minimized. |

This definition can be simplified as follows: We note that
the summary tables in M must satisfy the two candidacy
criteria in Definition 1. However, restricting the database
to summary tables whose summary domains are all identi-
cal to that desired by the query will not make the problem
harder. Thus, we can omit the first condition. In addition,
by condition (ii) of Definition 1, we can discard those R;’s
that have category domains that are not in A.

Next, it is possible to abstract Definition 2 to contain
only essential parameters. Specifically, only A in the query
definition and the categories in the R.’s are essential to the
definition. In addition, as the number of tuples in each table
is required in the expression || A] — EReM IRl + |M]| -1,
we may incorporate a weight function u’ for each category
domain C in C, where C is the union of all the categories
in all the summary tables in D, so that the expression is
expressed as a function of 4'(R). That is, 1Al =3 rear | RI+

IMI=1 = A1~ (L ens TTcec, #'(C) - 1M1) = 4] -
1~ ZRGM Hcecﬂ #(C) where Cr is the category of R and
p(R) = u'(R)—1. Generally, the weight function counts the

size of the category domain. With these simplifications, we
derive the following definition of CTS:

Definition 3 (CTS): Given a finite set A, a collection
D = {Ri,Ra,..., Ry} of subsets of A, a positive integer
weight u(C) for each element of A, and a positive integer
A, does there erist a subset M C D such that A = UReM R

and |A]> ZReM HCGR uw(C)=A?

Note that A is now simply a set of elements (category do-
mains) and R is a subset of A because the essential con-
stituents of the problem are the category domains. This
definition expresses CTS as an optimization problem.

4,2 NP-Completeness Proof

In order to show that CTS is NP-complete, we first define
a restriction CTS’ of CTS and show that it is NP-complete.
We then reduce CTS’ to CTS so that CTS is also NP-
complete. The restricted problem CTS' is defined as:

Definition 4 (CTS’): Given a finite set A, a collection
D = {Ri,Rz,..., Ry} of subsets of A, a positive integer
weight u(C) for each element of A, and a positive integer
A, does there exist a subset M C D such that A = URGM R

and ZRGM Hcen w(C) = A?

In order to prove that CTS’ is NP-complete, we reduce
the Minimum Cover (MC) problem to it in the following
theorem. Let U be a collection of subsets of a finite set S
and K be a positive integer. The MC problem asks if there
exist a subset U’ C U with |U’'{ < K such that S = Urev B
The MC problem is known to be NP-complete [3]. Note that
the condition |U’| < K can be changed to |U'| = K without
changing the complexity of the problem (see Appendix B).
This will be the version of MC we use below:

Theorem 3: CTS' is NP-complete.
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Proof: It is easy to verify that CTS’ is in NP since a nonde-
terministic algorithm need only guess a subset M of D and
check in polynomial time that 3 is a solution for CTS’.

We will transform MC to CTS'. Let an arbitrary in-
stance of MC be defined by U, a collection of subsets of
a finite set S, and K, a positive integer. Let the derived
instance of CTS’ be defined by A = 5, D=U, A = K
and u(C) = 1 for all C € A. Since all the weights are 1,
the product of the elements of any subset R of 4 will be
1. Thus, ERGM Hcen #(C) will simply be the number of
subsets in M.

1f the MC instance has a solution U’ C U where |U’| = K
and S = UReU' R, then U’ is also a solution for the CTS' in-

stance since U' C D, A = UREU’ R and ZREU’ HCER s(C)
=|U’| = K = X. Likewise, if the CTS’ instance has a solu-
tion, it will also work for the MC instance. |

We can now reduce CTS’ to CTS and show that CTS is
indeed NP-complete:

Theorem 4: CTS i3 NP-complete.

Proof: Clearly, CTS is also in NP. Now consider an arbitrary
instance of CTS' with parameters A, D, u and A as defined
in Definition 4. We must now construct an instance of CTS
with parameters A’, D', 4’ and )’ as defined in Definition 3.

Suppose A > |A| = n. Then let 4" = AU {C{,Cs,...,
Cit1-n} and D' = {Ri,R;,..., R'?} where R = R, U
{C1,C3,...,Cop1-n}, 1<i<yq. Let p(C)y=1forall C € A’
and M =X —n.

If the CTS' instance has a solution M C D, then let
M ={R': Re M}. Since A' = UR’eM' R’ and |4’} =
A+1> Y piern Hoer #(C) = M| =2A2X—a =), M’
is a solution for CTS. Likewise, we can construct a solution
M = {R: R € M'} for the CTS’ instance if CTS has
solution M.

For A<n,let A'=A, D' =D, X =X and p'(C) =1 for
all C € A’. Clearly M is a solution of the CTS’ instance if
and only if M is a solution for the CTS instance since A’ =

Urer Band [4]>Y o TTocn b/ (C) = IM| = A= X. I

4.3 Practical Implications

While we have shown that the problem of optimal table
selection is difficult in principle, we do not anticipate that
it will be too hard to handie in practice. For one thing, the
number of query category domains in A is likely to small,
perhaps less than 5 or 10. Thus, an exhaunstive enumeration
1s really quite practical.

In addition, optimal table selection is quite similar to
the Minimal Set Covering problem, for which there are good
approximation algorithms. For example, it is known [2] that
a greedy approximation algorithm for the MC problem has a
ratio bound of (In |S{+1) where S is the finite set of elements
to be covered (corresponding to A in CTS). Since A is likely
to be small, this is really a very satisfactory ratio bound.

We therefore anticipate that the CTS problem may be
reasonably solved in practice.

5 Conclusions

In this paper, we addressed the issue of information synthesis
in statistical databases. We first illustrated the differences
between conventional joins and statistical joins and showed
that the output of a statistical join may not be unique. We
then examined the problem of satisfying a query using sev-
eral summary tables, and derived a goodness measure for



selecting a set of candidate tables for satisfying a query. We
also showed that optimal selection of these tables is NP-
complete.

We are currently designing a statistical query processing
algorithm at the conceptual level for a statistical database
holding 1990 census data from the U.S. Census Bureau. This
algorithm extends conventional statistical query processors
by looking for multiple candidate tables when no single ta-
ble can be found to satisfy a query. The results in this
paper define the general principles governing the design of
this algorithm, though we have made some simplifying as-
sumptions such as the completeness of queries and summary
tables in our discussion of this paper.

A Augmented Matrix

Given an m X n matrix A and an m X p matrix B, we may
join the i-th row of A with the corresponding row of B to
form a larger m x (n +p) matrix denoted as [A|B]. We refer
to [A|B] as the augmented matriz. The following example
illustrates the augmentation:

Example 5: Given two matrices:

11000000 1
_|oc110000 _ 12
A=l00001100] B=|3

00000011 4

The augmented matrix of A and B is
11060000 0]1 110000001
_|oo110000/2| _l0o01100002
[4|B] = 0o0o001100{3] " foo0011003
0000001 1|4 000000114

B Reformulation of Minimum Cover

Given a collection U of subsets of a finite set .S and a positive
integer K <|U], the MC problem asks if there exist a subset
U' C U with |U’| < K such that S = Unev' R. We define
a reformulation of MC which has the same parameters but
asks if there exist a subset U’ C U with |U’| = K such that
S = UReU’ R. For clarity, we refer to these problems as
MCg and MC..

We show that MC- is NP-complete by reducing MCg¢ to
MC-. Let an arbitrary instance of MCg be defined by the
parameters U, 5 and K as above. We construct an instance
of MC= defined by U, S- and K=. Let U = U=, S = S=
and K = K-.

If a solution to MCg exists, then we have a covering
subset U of U with |U| = ¢ for some ¢ < K. Since g is
less than K (and hence K-), we can always add K- — ¢
additional sets from U to the cover U to get a covering of
size exactly K—. Therefore, U is also a covering for MC-.

Suppose a solution does not _exist to MC¢. Then there
is no class of covering subsets [ such that |U| < K. Since
K = K., there is no covering of size exactly K either.
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