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On-Line File Caching!
N. E. Yound

Abstract. Consider the following file caching problem: in response to a sequence of requests for files, where
each file has a specifimizeandretrieval cosf maintain a cache of files of total size at most some spedified

so as to minimize the total retrieval cost. Specifically, when a requested file is not in the cache, bring it into the
cache and pay the retrieval cost, and remove other files from the cache so that the total size of files remaining
in the cache is at mo&t This problem generalizes previous paging and caching problems by allowing objects
of arbitrary sizeand cost, both important attributes when caching files for world-wide-web browsers, servers,
and proxies.

We give a simple deterministic on-line algorithm that generalizes many well-known paging and weighted-
caching strategies, including least-recently-used, first-in-first-out, flush-when-full, and the balance algorithm.
On any request sequence, the total cost incurred by the algorithm is gt fdost h + 1) times the minimum
possible using a cache of sike< k.

For any algorithm satisfying the latter bound, we show it is also the case thamdstchoices ofk, the
retrieval cost is either insignificant or at mostenstant(independent ok) times the optimum. This helps
explain why competitive ratios of many on-line paging algorithms have been typically observed to be constant
in practice.

Key Words. Paging, Caching, On-line algorithms, Competitive analysis.

1. Background and Statement of Results. Thefile cachingproblem is as follows.
Given a cache with a specified sikga positive integer) and a sequence of requests to
files, where each file has a specifigide (a positive integer) and a specifieetrieval
cost(a non-negative number), maintain files in the cache to satisfy the requests while
minimizing the total retrieval cost. Specifically, when a requested file is not in the cache,
bring it into the cache, paying the retrieval cost of the file, and remove other files from
the cache so that the total size of files remaining in the cache is atkkmost

Following Sleator and Tarjan [15], we say a file caching algorithr(ls k)-com-
petitiveif on any sequence the total retrieval cost incurred by the algorithm using a cache
of sizek is at mostc(h, k) times the minimum possible cost using a cache of kizén
algorithm ison-lineif its response to a request does not depend on later requests in the
seguence.

Uniform sizesuniform costs With the restriction that all file sizes and costs are the
same, the problem is callgzhging Paging has been extensively studied. In a seminal
paper, Sleator and Tarjan [15] showed that least-recently-used and a number of other
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deterministic on-line paging strategies kyék — h + 1)-competitive. Sleator and Tarjan
also showed that this performance guarantee is the best possible for any deterministic
on-line algorithm.

A simple randomized paging algorithm called the marking algorithm was shown
to be (2 Ink)-competitive by Fiat et al. [5]. An optimaln k)-competitive randomized
paging algorithm was given by McGeoch and Sleator [14]. In [18] deterministic paging
strategies were shown to beosely Qln k)-competitive. This means roughly that for
any sequence, famostvalues ofk, the fault rate of the algorithm using a cache of
sizek is either insignificant or the algorithm @(In k)-competitive versus the optimum
algorithm using a cache of size Similarly, the marking algorithm was shown to be
loosely(2InInk + O(1))-competitive.

Uniform sizesarbitrary costs The special case of file caching when all file sizes are
the same is calledeighted cachingFor weighted caching, Chrobak et al. [3] showed
that an algorithm called the “balance” algorithmkisompetitive. Subsequently in [18]

a generalization of that algorithm called the “greedy-dual” algorithm was shown to be
k/(k — h + 1)-competitive. The greedy-dual algorithm generalizes many well-known
paging and weighted-caching strategies, including least-recently-used, first-in-first-out,
flush-when-full, and the balance algorithm.

Arbitrary sizes cost= 1 or cost= size Motivated by the importance of filsizein
caching for world-wide-web applications (see comment below), Irani considered two
special cases of file caching: when the costs are either all equal (the goal is to minimize
thenumberof retrievals), and when each cost equals the file size (the goal is to minimize
the total number obytesretrieved). For these two cases, Irani [7] ga®¢log? k)-
competitive randomized on-line algorithms.

Commentthe importance of sizes and castd-ile caching is important for world-
wide-web applications. For instance, in browsers and proxy servers remote files are
cached locally to avoid remote retrieval. In web servers, disk files are cached in fast
memory to speed response time. As Irani points out (see [7] and references therein),
file sizeis an important consideration; caching policies adapted from memory man-
agement applications that do not take size into account do not work well in
practice.

Allowing arbitrarycostsis likely to be important as well. In many cases, the cost (e.g.,
latency, total transmission time, or network resources used) will neither be uniform across
files nor proportional solely to the size. For instance, the cost to retrieve a remote file can
depend on thdistancethe file must travel in the network. Even accounting for distance,
the cost need not be proportional to the size, e.g., because of economies of scale in
routing files through the network. Further, in some applications it makes sense to assign
differentkindsof costs to different kinds of files. For instance, some kinds of documents
are displayed by web browsers as they are received, so that the effective delay for the
user is determined more by the latency than the total transmission time. Other documents
must be fully transmitted before becoming useful. Both kinds of files can be present in
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Algorithm LANDLORD

Maintain a real value credif]] with each file f in the cache.

When a fileg is requested:

1. if gis not in the cachéhen

until there is room fog in the cache:

3 For each filef in the cache, decrease creditby A - size[f],

4, whereA = mins ccachecredit[f]/size[f].

5. Evictfromthe cache any subset of the fifesuch that creditf] = 0.
6

7.

n

Bring g into the cache and set credji[<«— cos{g).
elseReset creditf] to any value between its current value and ¢gst

Fig. 1. The on-line file caching algorithmANDLORD. Credit is given to each file when it is requested. “Rent”

is charged to each file in the cache in proportion to its size. Files are evicted as they run out of credit. Step
7 is not necessary for the worst-case analysis, but it is likely to be important in practice: raising the credit as
much as possible in step 7 generalizes the least-recently-used paging strategy; not raising at all generalizes the
first-in-first-out paging strategy.

a cache. In all these cases, assigning uniform costs or assigning every file's cost to be its
size is not ideaf.

This paperarbitrary sizesarbitrary costs This paper presents a simple deterministic
on-line algorithm called _NDLORD (shown in Figure 1). BNDLORD handles the
problem of file caching with arbitrary costs and integer sizes. The first result is:

THEOREM1. LANDLORD is k/(k — h 4+ 1)-competitive for file caching

This performance guarantee is the best possible for any deterministic on-line algbrithm.
File caching is not a special case of theerver problem, although weighted caching is
a special case of both file caching and khgerver problem.

LANDLORD is a generalization of the greedy-dual algorithm [18] for weighted caching,
which in turn generalizes least-recently-used and first-in-first-out (paging strategies), as
well as the balance algorithm for weighted caching. The analysis uses the potential
function® = (h—1) Y, credit[f] + k> ; _oprCcOS( ) — credit[f]. The analysis is
simpler than that of [18] for the special case of weighted caching.

3 In many applications the actual cost to access a file may vary with time; that issue is not considered here,
nor is the issue of cache consistency (i.e., if the remote file changes at the source, how does the local cache
get updated? The simplest adaptation of the model here would be to assume that a changed file is treated as
a new file; this would require that the local cache strategy learn about the change in some way). Finally, the
focus here is on simpliecal caching strategies, rather than distributed strategies in which servers cooperate

to cache pages across a network (see, e.g., [9]).

4 Manasse et al. [13] show that no deterministic on-line algorithm for the well-kikeserver problem on any

metric space of more thanpoints is better thak/(k — h 4+ 1)-competitive. This implies that, at least for any
special case when all sizes are 1 (i.e., weighted caching), no deterministic on-line algorithm for file caching is
better thark/(k — h 4+ 1)-competitive.
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In an independent work [2], Cao and Irani showed thatihi ORD (with step 7 raising
credit[g] as much as possible) kscompetitive. They also gave empirical evidence that
the algorithm performs well in practice.

This paper (¢, §)-loosely c-competitivenessIn practice it has been observed that on
“typical” request sequences, paging algorithms such as least-recently-used, using a cache
of sizek, incur a cost within a small constant factor (independek} iines the minimum
possible using a cache of sik§18]. This is in contrast to the theoretically optimal com-
petitive ratio ofk. A number of refinements of competitive analysis have been proposed
to try to understand the relevant factors. Borodin et al. [1], in order to model locality
of reference, proposed tlaecess-grapimodel which restricts the request sequences to
pathsin a given graph (related papers include [4], [8], and [6]). Karlin et al. [10] proposed
a variant in which the graph is a Markov chain (i.e., the edges of the graph are assigned
probabilities, and the request sequence corresponds to a random walk) (see also [12]).
Koutsoupias and Papadimitriou [11] proposed toenparative ratio(for comparing
classes of on-line algorithms) and ttiéfuse adversary modéin which the adversary
chooses a probability distribution, rather than a sequence, from some restricted class of
distributions).

In this paper we introduce a refinement of the aforementidoesely competitive
ratio [18] (another previously proposed alternative model). The model is motivated by
two observations. First, in practice, if the retrieval cost is low enough iatmolute
sense, the competitive ratio is of no concern. For instance, in paging, if the fault rate
drops much below

time to execute a machine instruction
time to retrieve a page from disk’

then the total time to handle page faults is less than the time to execute instructions, so that
page faults cease to be the limiting factor in the execution time. Similar considerations
hold in other settings such as file caching. To formalize this, we introduce a parameter
¢ > 0, and say that “low enough” for a request sequaneeans “no more thasnitimes

the sum of the retrieval costs” (the sum being taken over all requests). This is tantamount
to assuming that handling a file of cost adst requires overhead afcos{ f) whether

it is retrieved or not.

Second, in many circumstances, we do not expect the input sequences to be adver-
sarially tailored for our particular cache sike To model this, rather than somehow
restricting the input sequences, we allow all input sequences but, for each, we consider
what happens attgpical cache sizé. Formally, for each sequence, we consider all the
values ofk in any rang€(1, 2, ..., n}, and we ask that the competitive ratio be at most
some constartfor at least(1 — §)n of these values, whebes a parameter to the model.

Our model, which we dub “loose competitiveness,” combines both these ideas:

DerFINITION 1. A file caching algorithmA is (e, 8, n)-loosely c-competitive, for any
request sequence at least(1 — §)n of the valuek € {1, 2, ..., n} satisfy

1) costA, k,r) < max{c-cos(OprT,k,r), ¢ - Zcostf)} .

fer
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Ais (g, §)-loosely c-competitivé A is (e, 8, n)-loosely c-competitive for all positive
integersn.

Here costA, Kk, r) denotes the cost incurred by algoritiirusing a cache of siZeon
sequence. OPT denotes the optimal algorithm, so that ¢, k, r) is the minimum
possible cost to handle the sequenagsing a cache of sizk. The sum on the right
ranges over all requests in so that if a file is requested more than once, its cost is
counted for each request.

Since the standard competitive ratio grows withit is not a priori clear that any
on-line algorithm can bés, §)-looselyc-competitive for anyc that depends only on
andé. Our second result is the following.

THEOREM2. Every K/(k —h + 1)-competitive algorithm is(e, §)-loosely c-com-
petitive for any0 < ¢,8 < 1,and c= (e/8) In(e/e) = O((1/8) log(1/e)).

(Throughout the paper is the base of the natural logarithm.) The interpretation is
that formostchoices ok, the retrieval cost is either insignificant or the competitive ratio
is constant.

This result supports the intuition that it is meaningful to compare an algorithm against
a “handicapped” optimal algorithm (most competitive analyses consider thh eagg.
A strong performance guarantee, even against a handicapped optimal algorithm, may be
as (or more) meaningful than a weak performance guarantee against a non-handicapped
adversary.

Our proof is similar in spirit to the proof in [18] for the special case of paging, but
the proof here is simpler, more general, and gives a stronger result.

Of course the following corollary is immediate:

COROLLARY 1. LANDLORD is (g, §)-loosely c-competitive for &= (e/8) In(e/e) =
0((1/9) log(1/e¢)).

This helps explain why the competitive ratios of the many on-line algorithms that
LANDLORD generalizes are typically observed to be constant.
For completeness, we also consider randomized algorithms:

THEOREM3. Let0<e¢,8 <1.Any(x + B8 In(k/(k — h + 1)))-competitive algorithm
is (&, §)-loosely c-competitive for

¢ = ew + €8 In[(1/8) In(e/e)] = O(log[(1/8) log(L/e)]).

Itis known (e.g., [17] and [16]) that the marking algorithm (a randomized on-line algo-
rithm) is(1+2 In(k/(k — h))-competitive for paging andL+2 Ink)-competitive foth =

k. It follows by algebra that the marking algorithm(ls+ 2 In 2+ 2 In(k/(k — h + 1)))-
competitive. Although a stronger result can probably be shown, this simple one and
Theorem 3 imply the following corollary:

COROLLARY 2. The marking algorithm ige, §)-loosely c-competitive for paging for
c=e+ 2eln2+ 2eln[(1/8) In(e/e)] = O(log[(1/8) log(1/e)]).
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Finally, we show Theorem 2 and Corollary 1 are tight up to a constant factor:

THEOREM4. For anye andd with0 < ¢ < 1and0 < § < % LANDLORD is not
(e, 8)-loosely c-competitive for & (1/85) log,(1/2e) = ©((1/8) log(1/e)).

2. Analysis of LANDLORD

THEOREM1. LANDLORD is k/(k — h + 1)-competitive for file caching

ProOF Define potential function

®=(h—1- ) creditff] +k- Y costf)— credit[f].

fellL feOPT

HereLL denotes the cache ofaNDLORD; OPT denotes the cache ofF@. For f & LL,

by convention creditf] = 0. Before the first request of a sequence, when both caches
are empty® is zero. After all requests have been processed (and in fact at all times),
® > 0. Below we show that at each request:

e if OPTretrieves a file of coat, ® increases by at mokt;
e if LANDLORD retrieves a file of cost, ® decreases by at lea® — h + 1)c;
o at all other timesb does not increase.

These facts imply that the cost incurred byNDLORD is bounded byk/(k — h + 1)
times the cost incurred byrd.

The actions affecting following each request can be broken down into a sequence
of steps, with each step being one of the following. We analyze the effect of each step
on .

e OpTevicts afile f.
Since creditf ] < cost f), ® cannot increase.
e OpPTretrieves afileg.
In this step ®@T pays the retrieval cost casp.
Since creditff] > 0, ® can increase by at mokt cos{(g).
e LANDLORD decreasesredit[f] forall f e LL.
Since the decrease of a given cref]t[s A sizg f), the net decrease ib is A times

(h— 1) sizelLL) — ksizegOPTN LL),

where sizéX) denotesy ; _ size(f).

When this step occurs, we can assume that the requesteptfds already been
retrieved by ®@Tbut is notinLL. Thus, sizéoPTN LL) < h — sizgQ).

Further, there is not room fay in LL, so that siz&L) > k — size(g) + 1 (recall
that sizes are assumed to be integers). Thus the decrease in the potential function is at
leastA times

(h — 1k — size(@) + 1) — k(h — siz&Q)).
Since sizég) > 1 andk > h, this is at leasth — 1)(k — 1+ 1) — k(h—1) = 0.
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e LANDLORD evicts afile f.
LANDLORD only evicts f when creditff ] = 0. Thus,® is unchanged.
o LANDLORD retrieves the requested fileg and setscredit[g] to cos{(g).
In this step LANDLORD pays the retrieval cost casp.
Sinceg was not previously in the cache (and creglitjas zero), and because we can
assumetha) € opPT, ® decreases by (h—1) cos(g)+k cost(g) = (k—h+1) cos(Q).
e LANDLORD resetscredit[g] between its current value andcos{(g).
Again, we can assungee OPT. If credit[g] changes, it can only increase. In this case,
since(h — 1) < k, ® decreases. O

3. Upper Bounds on Loose Competitiveness.The following technical lemma is at
the core of Theorems 2 and 3.

LEMMA 1. Let A be anyt (k, k — h)-competitive algorithm for some functierthat is
increasing with respect to k and decreasing with respecttdkForanyh ¢,8,n > 0
(n anintegerb < 8n), Ais (g, 8, n)-loosely c-competitive for

¢ = 7(n, b) g~ b+D/GN-b-D)

PrROOF  Fix any request sequencendb, ¢, §, n > 0. Definec as above. Say a value
ke{l 2, ...,n}isbadif

2) costA, k,r) > max{ c- cos{OpPT, Kk, r), & - Zcos(f) )

fer

We will show that at mosin values are bad.

Denote the bad values (in increasing ordgrks, . . ., kg. The form of the argument
is this: on the one hand, we show that ¢@stk;, r) decreases exponentially withon
the other hand, we know that (for eaighcost A, k;, r) is not too small (e.g., smaller
thane times costA, ko, r)); together, these will imply thaB cannot be too large.

From the sequence of bad values, select the subsegkighkag, ko, . . . and denote
it kg, K, ..., Kg. The properties of this sequence that we useésarek{_, > b for each
i andB’ > B/(b+1).

SinceAis t(k, k — h)-competitive, choosing = k' andh = k/_; shows that

cos(A, ki, r) < z(ki,kl —k_,) costOPT, ki_,,T).

From the first term in the maximum in (2), co8t ki_,,r) > c-cos(OpPT, ki_,,r). The
condition ont impliest(k/, k' — k{_;) < (n, b). Thus,

cosi(A ki, r) < (z(n,b)/c) cos(A k_,,r).

Inductively,

COS(A, Ky, 1) < (z(n, b)/c)® cos(A, kj, ).



378 N. E. Young

That is, for everyb bad values, coéA, ki, r) decreases by a factor ofn, b)/c. The
rest is algebra. As noted before, a@stky,, r) > ¢ cost(A, k;, r). Combining with the
above inequality giveér (n, b)/c)® > &, which (by substituting foc and simplifying)
gives

B <sn/(b+1)—1

Combining this withB’ > B/(b+ 1) givesB + 1 < én. That s, there are fewer than
bad values. O

THEOREM2. Every K/(k —h+ 1)-competitive algorithm is(e, §)-loosely c-com-
petitive for any0 < ¢,8 < 1,and c= (e/38) In(e/e) = O((1/8) log(1/e)).

PrROOF Fix anye, §,n > 0 (n integer). We need to show the algorithm(is §, n)-
loosely c-competitive. Letr(k, k — h) = k/(k — h + 1) andb = én/In(e/e) — 1. If
b < 0, then an easy calculation shows n, and since the algorithm lscompetitive,
the conclusion holds trivially.

Otherwise b > 0), we apply the technical lemma. With this choice lof
g~®+D/6n-b-1) — o soc = etr(n, b). For thist and b, v(n, b) simplifies to
(1/8) In(e/e). O

THEOREM3. LetO<e¢g,8 < 1.Any(x + B In(k/(k — h + 1)))-competitive algorithm
is (¢, §)-loosely c-competitive for

c=ex+esIn[(1/8)In(e/e)] = O(log[(1/3) log(1/e)]).

ProOF Much as in the preceding proof, takék, k — h) = a + B In(k/(k — h + 1))
andb = én/In(e/e) — 1. If b < 0, then an easy calculation shows « + 8 Inn, so the
conclusion holds trivially.

Otherwise § > 0), we apply the technical lemma. With this choice lof
g=(0+D/Gn-b-1) — @ soc = er(n,b). For thist andb, t(n, b) simplifies toa +
BIn[(1/8) In(e/e)]. O

4. Lower Bound on Loose Competitiveness. In this section we show the following
theorem.

THEOREM4. Foranye ands withO < ¢ < 1and0 < § < % LANDLORD is not
(e, 8)-loosely c-competitive for & (1/83) log,(1/2¢) = ©((1/8) log(1/e)).

PrOOF For the proof we adapt an unpublished result from [16]. We consider the least-
recently-used (Ru) and flush-when-full (#F) paging strategies. (Recall that paging is

the special case of file caching when each size and retrieval cost is 1.) We assume the
reader is familiar with iF and LRu, but just in case here is a brief description of each.
When an item not in the cache is requested and the cache isvitdlefpties the cache
completely. In contrast, RU evicts the single item that was least recently requested.
Figure 2 describes how each is a special casexebLORD.



On-Line File Caching 379

Algorithm LANDLORD for the special case of paging

Maintain a value credit{] € [0, 1] with each itemf in the cache.

When an iteng is requested:

1. if gis not in the cachéhen

2. if there are no O-credit items in the cache,

3 then decrease all credits by the minimum credit.

4 Evict from the cache any subset of the itehsuch that creditf] = 0.
5. Bringg into the cache and set credjj[ < 1.

6. elseReset creditf] to any value between its current value and 1.

Fig. 2. LANDLORD as it specializes for paging. To gerU, reset creditf] to 1 in line 6 and evict the single
least-recently-requested O-credit item in line 4. To getHeave credit] unchanged in line 6 and evict all
O-credit items in line 4. To getiFo, leave creditfj] unchanged in line 6 and evict the single 0-credit item that
has been in the cache the longest in line 4. All of these strategies maintain crg@it$}in

We give the desired lower bound forF. Since LANDLORD generalizesWr, the result
follows. This appears unsatisfactory, because it would be natural to restNCLDRD
(in line 5) to evict only one file at a time (unlikeA). However, the same lower bound
proof applies even to a version oRANDLORD that has this behavior. (We discuss this
more after the proof.) Interestingly, the lower bound deesapply to LRu. In fact, for
the sequences constructed for the lower boumd, ik a near-optimal algorithm.

The proof uses the conceptlofphasedrom the standard competitive analysis frame-
work. We definek-phases as follows. Let = 5,5, - - - &, be any sequence of requests.
Consider running WF with a cache of siz& on the sequence, and break the sequence
into pieces (callephase®r k-phaseyso that each piece starts with a request that causes
Fwr to flush its cache. Thus, each phase (except the last) contains requedtstinct
items, and each phase (except the first) starts with a request to an item not requested in
the previous phase. U

The adversarial sequenceFix anye,§ > O withe < 1 and§ < % Define (with
foresight)c as in the theorem and Ietbe some sufficiently large integenVe will show
that LANDLORD is not (e, §, n)-loosely competitive.

Definekg = [(1—68)n7. We focus ork inthe rangé, . . ., n, inductively constructing
a sequence such that each cache size in this range is bad\iarih the sense of condi-
tion (2). That is, for each sudf we will show costFwF, k, s) > maxc cos(orT, k, s),
g|s|}. The number ok’s in the range is 1 n — kg > §n, so this will show the desired
result.

In the construction we build sequences that contain a special requeB&ath oc-
currence ok represents a request to an item that is not requested anywhere else (so all
occurrences refer to different items).

For the base case of the induction, we dgtbe a sequence containitkg special
requestx. For the inductive step we do the following. Hoe= 0,1, 2, ..., letki;, =
[ko(1 + 1/(4c))' 1 and lets ;1 be obtained frons by choosing ank;1 — ki special
requestx (including the first one) irs, replacing each non-choserwith a regular
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request not occurring elsewheresn and then appending two copies of the modified
string.

For example, ikg = 4 andk; = 5, thensy = xxxx ands; = x123x123

We let the final sequenabe anys such thak; > n. This describes the construction.
The basic useful properties sfare the following:

LEMMA 2.

(1) Each s has length k2' and references;ldistinct items

(2) Any item r introduced in theth inductive stegbuilding s.1) hasperiodicity ko2
ins. That is for some j withl < j < ko2, the positions in s at which r is requested
are j, j +ko2,j+2-ko2,j+3-k?,....

(3) Foreachi eachlength-§2' contiguous subsequence of s referengestinctitems

PrROOF  Properties (1) and (2) above are easy to verify by induction. Property (3) follows
from properties (1) and (2). In particular, in each lengil- contiguous subsequence
of s, each item of periodicitkg2! (for j < i) is requested 2" times, and each other
request is to an item of periodicity larger thig?' that is requested only once in the
subsequence. Since each lenigB- contiguous subsequence has this structure, each
such subsequence references the same number of distinct items as theg-sttivad is,

ki distinct items. O

Using these properties, we show the following:

LEMMA 3. Suppose n is larger thadc/(1 — §). Using any cache size k such that
ko < k < n, the fault rate ofFwF on s is more than ¢ times that bRu.

PROOF In the construction o§ 1 from s, we were careful to leave tHest special
requesk in s alone. This ensures that edgkphase ok is of lengthk,2' and starts with
a symbol of periodicity greater thag2'.

From these properties it is easy to calculate the fault ratesvefusing a cache of
sizek; ons. The fault rate of WF isk; / (ko2 )—eachk; -phase has leng#p2' and causes
ki faults.

The fault rate of Iru can be calculated using the following observatiorulwith
a cache of sizd; faults on exactly those items of periodicity greater thg® . This
is because RU evicts an itenr exactly when there have be&nother distinct items
requested since the last requestrfcand we know (property (3)) that between two
requests of any itemwith periodicityky2! there arek; — 1 distinct items (other tharn)
requested.

We can count the frequency of requests to items with periodicity greatekjBaas
follows. Consider any contiguous subsequence of lekght!. Leta andb be the first
and second half of the subsequence, respectively (ealandb has lengttky2'). We
know that there arlg distinct items requested m andk; . ; distinct items requested in
ab. However, the items requestedbrthat are not requested @are exactly the items
of periodicity greater thak,2'. Thus, there ar&_, — k; such items irb. As each is
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requested exactly once by the frequency of such requests (and the fault rateraf L
with a cache of siz&) is (ki1 — ki)/(ko2).

Thus, for anyi, using a cache of size, the ratio of the fault rate ofWwF to that of
LRUis

ki/(Kiz1—ki).
An easy calculation (using the assumptios 4c/(1 — §)) shows this is at leastc2

What about ank such thatk; < k < kj,; for somei? We know that ®F faultsk
times in eactk-phase. The number é&fphases is at least the numberkpf;-phases,
i.e., at leasts|/(ko2' ™). Thus, the fault rate is at lealst/ (ko2 *1)—half the fault rate
of FwrF with a cache of sizé;. For LrRu, the fault rate with a cache of sikes at most
the fault rate with a cache of sikg Together these facts imply that (for akguch that
ki < k < k41 for somei), using a cache of sizle, the ratio of the fault rate of Wr
to that of LRU is at least half the ratio when using a cache of &z&hus, the ratio is
greater thare.

To finish the proof of Theorem 4, we need to show that the fault ratevefrEmains
abovee for all k such thatky < k < n. Reasoning as in the previous proof, the fault
rate of FwF with such a cache sizeis at leastk; /(ko2't1) for somei wherek; < n.
So we need to show / (kg2 +1) > ¢ if k; < n. In fact, we show the stronger result that
1/241 > ¢,

The rest is algebra. In the following we use the inequalitiesxd> 2% for x < 1 and
1-x>22forx < 3.

Thatk; < nimpliesthat < 85c by the following argument. (Each line follows from
the line before it by the reason given.)

ki <n (given)
A-6n(1+ l/4c)i <n (definition ofk;, andx < [x]),
272/4 < 1 (inequalities mentioned above)
i < 85c (algebra)

Using this we will show 12'+* > ¢, which impliesk; / (ko2 *%) > e.

85c < log,(1/2¢) (definition ofc),
i < log,(1/2¢) (i < 85c, proven above)
1241 > ¢ (algebra)
This concludes the proof of Theorem 4. O

We can modify WF so that it does not evict all items from the cache at the beginning
of the phase, but instead evicts the 0-credit items (those not yet requested this phase)
one at a time but pessimally—in the order that they will be next requested. The modified
algorithm only evicts one page at a time, but, since it still inéLiesults perk-phase, the
proof of Theorem 4 applies to the modified algorithm as well. The modified algorithm
is also a special case oRANDLORD. Thus, the lower bound applies talDLORD even if
LANDLORD is constrained to evict only as many items as necessary to handle the current
request.
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5. Further Directions. A main open question here seems to be to characterize the
loose competitiveness ofRU more tightly. A reasonable goal would be to find a non-
trivial lower bound or an upper bound better than the one implied in this paper. The
latter would show that ku is better than ®wF in this model. It would also be nice to
characterize the relative loose competitivenessraf &nd first-in-first-out (F0).

Another direction is to find a non-trivial lower bound for the randomized marking
algorithm for paging. Finally, the lower bounds in this paper apply to particular on-
line algorithms; what lower bounds can be shown ddoitrary deterministic on-line
algorithms, or forarbitrary randomized on-line algorithms?

Acknowledgments. Thanks to Dan Gessel for useful discussions and to Pei Cao for
pointing out to the author the importance of file size in web caching.
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