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GIVEN: Slots with costs c(1)<c(2)< -+ <¢(n), defn of OSA
vequests 1 1, T3 - LL.d Qrowx unknowwn distvibution p.

ALLOCATE: own §irSt vequest of edch item 1 unique Slot j; fov item,
OBIECTIVE: Minimize coSt 2,‘:1 pi C(Ji)

FCFS = use cheapest available slot

COSt 1><E’> + 1><4 + 1><12 = 5
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mamw vesults

THM [ FCFS 1S optimadlly competitive Sor online Slot Allocaticn, TovAY

THM 2: OPptiwadl competitive vatios:

(3) A\(b'\-l;\fa\f\j Slot costs: 1+Hn_1 TODAY (wost technically ‘\V\teve%ﬁm)

(b) concave slot costs: 2

*

(c) Logavithwic Slot costs: 1
*as\ij?totica\\\j: FCFS quarantees cost OPT + Oflog OPT).

THM 3: For ownline HuSfwan cod‘wxg, ownline a\gor‘\thwx with cost

OPT + 2 logz2 (1 + OPT) + 2.




(some) velated work

competitive andlysis w. STATIC OPT & unknown itewm distvibution
LSt wmanadgement ~ O0SA with linedr cost function [34]

Y3qing ~ OSA with 0/ cost Sunctiown
(Independent Reference wodel — IRM) e.q. [I,12]



(some) velated work

competitive andlysis w. STATIC OPT & unknown itewm distvibution
LSt wmanadgement ~ O0SA with linedr cost function [34]

Y3qing ~ OSA with 0/ cost Sunctiown
(Independent Reference wodel — IRM) e.q. [I,12]

ADAPTIVE Huf§wan coding (8,14 26 37,38 39]
also one-p3ss, but codewovds change 3daptively
text can be arbitrarily ovdeved



“WORST-DISTRIBUTION” COMPETITIVE ANALYSIS:
Oh no! worst-case 3nalysis 1S too pesSimistic!
oh wol Average-case analysis 1S too oPtiwmistic!

Show that youv a\gorithm does well d9ainst
any distvibution wn 3 class of distvibutiowns,

o« cowmpetitive Paqing [23 28 33 42]
(6.3. Mavkov Paqing, diffuse ad\/e\rsa\ﬁj)

+ owline bin packing [4 11]; online knapsack [30]
+ owline facility location, Steiner tree [32]
» Secvetadvry problem [6,16]; online ductions [z 9, 13]

. adwovds [3( 2( 5]



sampling w/o veplacement for poker ftourwaments
va\mv\9 chips = es-l;’\matihg’ Sov SQW\?\’\V\9 without veplacewment:

Pr(item i ends in slot j]

your expected §inal payout, given your curvent chips:

Pr[ first place | * (payout for first place)
+ Pr[second place ] * (payout for second place)

+ Pr[ last place ] * (payout for last place)

randowm wodel fov youvr §inal placement given curvent chips:
vound (: Select §ivst-place player by vandowm dvaw wheve

Pr(player i wins first place] = players chips / total chips

vound 2: Select Second-place player from REMAINING players 3gain

Pr(player i wins second place] = players chips / total chips of remaining players

etc:-- = sampling Players without veplacement using curvent chip counts as probabilities

You finish in j'th place in tournament <==> You are the j'th sample
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? op Whew 3llocating slot Sov broccoli the subproblew that vewaing is:
() 9 :

allocate slots to broccoli and apple. For this subproblem all that
wmatters 1S which Slots vemain and the relative frequencies of
broccoli and apple. Frequency of banana 1S irvelevant. Given that
broccoli was sampled befove apple, broccoli 1S wove [ikely to have
higher §vequency, So you Should put it tw cheapest available slot.
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?‘(oof’ attempt |

? . Whew allocating slot §ov broccoli, the Subproblem that vemains is:
adllocate slots to broccoli and apple. Fov this subproblem 3ll that
wmatters 1S which slots vewmain 3and the relative frequencies of
broccoli and apple. Frequency of banana 1S irvelevant. Given that
broccoli was sampled befove apple, broccoli 1S wove [ikely to have
highev -?Vequemc\j’ SO you should Put i+ w cheapest available slot.

cAREFUL! (1) What does “wovre likely to have highev §vequency’ wean? P is fixed!
(2) vedl objective 1S to minimize comPetitive vatio (wot absolute cost)
Fix: Prove Strownger vesult: FCFS best among WEAKLY ONLINE 3lgovithws.

WEAKLY ONLINE = 3lg. kNOWS P but chooses wext Slot just BEFORE next request.
Now “wove likely” is well-defined:-- (Rest of Proof s technical but nwot Surprising.)




THEOREM 2: 0Ptwal competitive vatios for online Slot Allocation:
(3) aYb'\tYaY\j Slot costs: 14H, - NEXT (UPPER BOUND ONLY)

(b) concave slot costs: 2

*

(c) logarithwic Slot costs: 1
*aS\jW\?tO‘bTCa\\\j: FCFS guavantees cost OPT + O(log OPT).
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THEOREM 2(a) upper bound:  FCFS 1S (1+H,.1)-competitive, PVOO; ded

. Ex3awm?ple: §ive slots of cost O, three slots of cost 1:

Denote five |avrgest probabilities L (l1avge), thvee swallest probabilities S (swall).

2. optwal solution=L|L|L|L|L|S[S|S]| OPT costisS+S+S.
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3, we bound FcFS’'s expected cost Sor \avge itewms by Hs xOPT.
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THEOREM 2(3) upper bound:

FcFS 1S (1+H,.1)-competitive,
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THEOREM 2(3) upper bound:

FcFS 1S (1+H,.1)-competitive,
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L

L

L

L

S

S

S

%]

1

4. REQUEST 1: Pv[vequest 1 swall] 1S at wost

(contivued)
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SEESEES oPT

sum of all probabilities  sum of all probabilities
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THEOREM 2(3) upper bound:  FCFS 1S (1+H,.1)-competitive, "7‘(‘00$ ‘.dea

LjefLfL|{L|{S|S|S (contiviued)

coSTLY

s [x|x]x[x[xx ¢

1 1

4. REQUEST 1: Pvlvequest 1 swall] 1S at wost S+S+S _ oPT
sum of all probabilities  sum of all probabilities

5. LEMMA: I§ vequest 1 1S Swall, thewn the costly lavge item exposed has expected probability

at wost sum of large probabilities
average of large probabilities =
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6. IMPLIES: Expected contvibution of Step 1 to cost of cOSTLY lavge itewms is at wost

oP l iliti
Pr(item 1 small] x E[revealed large item cost] < T x 0 of large probabilities
sum of all probabilities 5
< OPT
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at wost sum of large probabilities
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5
6. IMPLIES: Expected contvibution of Step 1 to cost of cOSTLY lavge itewms is at wost

Pr(item 1 small] X £[revealed large item cost] < oPT o U Sitaigelpsebabilitics
sum of all probabilities 5
_ OPT
5
oPT
7. Secownd step: OpT; Ehivd: OPT 7 Souvth: . ) %i%hﬁ . Total Hg xOPT. QED ?
3 1
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Summ’ar\j

THM (1 FCFS 13 optimally competitive for ownline Slot Allocation.

THM 2: 0Ptiwmal competitive vatios:
(3) Arbitrary slot costs: 14+H,

(b) concave slot costs: 2

*

(c) Logarithwic Slot costs: 1
*as\,m?totica\\\j: FCFS guavantees cost OPT + Oflog OPT).

THM 3: For Huffwan cod‘mg, ownline a\govithm with coSt

OPT + 2 log2 (1 + OPT) + 2.
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sampling w/o veplacement For poker Lourwaments
Va\M’\V\S chips = es—tiwxatihg’ Sov Sawx?\ihg without veplacewment:

Pr(item i ends in slot j]
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\/a\U\’W\Q chips = es—ti\matihg’ Sov Sawx?\TV\9 without veplacewment:

Pr(item i ends in slot j]

your expected §inal payout, given your curvent chips:

Pr[ first place | * (payout for first place)
+ Pr[second place ] * (payout for second place)

Pr[ last place ] * (payout for last place)

5



sampling w/o veplacement for poker ftourwaments
va\mv\9 chips = es-l;’\matihg’ Sov SQW\?\’\V\9 without veplacewment:

Pr(item i ends in slot j]

your expected §inal payout, given your curvent chips:

Pr[ first place | * (payout for first place)
+ Pr[second place ] * (payout for second place)

+ Pr[ last place ] * (payout for last place)

randowm wodel fov youvr §inal placement given curvent chips:
vound (: Select §ivst-place player by vandowm dvaw wheve

Pr(player i wins first place] = players chips / total chips

vound 2: Select Second-place player from REMAINING players 3gain

Pr(player i wins second place] = players chips / total chips of remaining players

etc:-- = sampling Players without veplacement using curvent chip counts as probabilities

You finish in j'th place in tournament <==> You are the j'th sample

5



GIVEN: SlotS with costs c(1)<c(2)< -+ <¢(n), defwn of OSA
vequests 1

ALLOCATE: Slot )
OBIECTIVE: Minimize coSt Z:p- (/)

i

DEFN OF ONLINE HUFFMAN CODING

GIVEN: letters 1, 1, 1 -+ L1d. fvowm unknowwn distvibution p.

ALLOCATE: codewovd j. Sov each letter 1 on §ivst occuvvence,

ORIECTIVE: Minimize coSt 27_1,9. c(j) (c() = log, j) |¢ .

16
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