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Given customers and facilities, choose k facilities to open.

Minimize sum, over all customers c,
of distance from ¢ to nearest open facility.

(3+€)-approximation algorithm for metric case. [Araya et al, 2001]
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|. Let Fn = all facilities

2. Fork=n,n-1,n-2,...,2 do

3. Choose facility f in F,_to minimize cost(F, - { }).

4. F_ =F -{f}

upper bound: 2log(n)-competitive

lower bound: Q)(log(n)/log log n) (won’t show today)




For any F, and any h there exists P, < F of size h

such that cost(P, ) =< cost(F ) + 2 OPT,.
expected cost

. gather on OPT,

cost = OPTh

customers: ( 5 ¢ 2.return in h grOUPS

cost = OPTh

* 3. move groups to F,

> cost = cost(Fk )




For any F, and any h there exists P, < F of size h

such that cost(P, ) =< cost(F ) + 2 OPT,.
expected cost

. gather on OPT,

cost = OPTh

customers: © § *2. return in h groups

cost = OPTh

* 3. move groups to F,

> cost = cost(Fk )




For any F, and any h there exists P, < F of size h

such that cost(P, ) =< cost(F ) + 2 OPT,.
expected cost

. gather on OPT,

cost = OPTh

customers: © § *2. return in h groups

cost = OPTh

* 3. move groups to F,

> cost = cost(Fk )




For any F, and any h there exists P, < F of size h

such that cost(P, ) =< cost(F ) + 2 OPT,.
expected cost

. gather on OPT,

cost = OPTh

customers: © § *2. return in h groups

cost = OPTh

* 3. move groups to F,

> cost = cost(Fk )




For any F, and any h there exists P, < F of size h

such that cost(P, ) =< cost(F ) + 2 OPT,.
expected cost

. gather on OPT,

cost = OPTh

customers: | ¢ 2.return in h groups

cost = OPTh

* 3. move groups to F,

> cost = cost(Fk )




For any F, and any h there exists P, < F of size h

such that cost(P, ) =< cost(F ) + 2 OPT,.
expected cost

. gather on OPT,

cost = OPTh

customers: © § *2. return in h groups

cost = OPTh

* 3. move groups to F,

> cost = cost(Fk )




For any F, and any h there exists P, < F of size h

such that cost(P, ) =< cost(F ) + 2 OPT,.
expected cost

. gather on OPT,

cost = OPTh

customers: © § *2. return in h groups

cost = OPTh

* 3. move groups to F,

> cost = cost(Fk )




For any F, and any h there exists P, < F of size h

such that cost(P, ) =< cost(F ) + 2 OPT,.
expected cost

. gather on OPT,

cost = OPTh

customers: © § *2. return in h groups

cost = OPTh

* 3. move groups to F,

> cost = cost(Fk )




For any F, and any h there exists f in F, with

cost(F.-{f}) =< cost(F )+ 2 OPT / (k-h).

AN y -

NP

Projection lemma = removing all k-h facilities in

Fk - Ph would increase cost by at most 2 OPTh...

So there must be one to remove
that increases cost by at most 2 OPT,_ over k-h.




1. Showed there exists f 1n F; with
2 0OPT,,
k—h
2. Thus (taking k =n,n—1,n—2,....h+1),
1 | 1
_n—hln—l—h

cost(Fp,—{f}) < cost(Fy) A

cost(Fy,) < 20PT,
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for k=9 we use F(6), of cost at most
2 opt(6) + 2 opt(10) + 2 opt(14) + 2 opt(20)
<4 opt(9) + 2 o0pt(9) + opt(9) + opt(9)/2




result (ubper bound on competitive ratio)

exponential time  polynomial time

8(3+¢)
= 24+¢

deterministic

randomized




instance: an unknown threshold T > |.
to play: submit bids until threshold is exceeded.

competitive ratio: max over T of (sum of bids submitted) / T

Intuition

Consider possible bids b € [1,)

Have to choose larger and larger bids.

T can be as small as last bid, so next bid can’t be too large.
But bids that are too close together give high aggregate cost.




eg. k=9 & threshold opt(9)

Pay bids opt(20), opt(14), opt(10), opt(6).

Competitive ratio is (twice)

opt(20) + opt(14) + opt(10) + opt(6)
opt(9)




Doubling strategy: Submit bids 1, 2,4, 8, |6, ...

Doubling strategy is 4-competitive.
proof:
Sum of bids is at most | +2+4+8+..+2T < 4T .

This is the best possible competitive ratio.




strategy: submit bids ex, e!*™, e e3> e*™ ..
where x is chosen uniformly in [0, 1]

Randomized strategy is e-competitive.

This is best possible for any randomized strategy.




optimal strategy is solution to linear program:

x(t,b) = probability b is first bid that is 7 or larger

B = competitive ratio

minimizeg , G subject to




lower bound follows from analytic solution to dual:

<

n
maximize,, Z u(T) subject to

1 0 (Vt,be€ [n])

0 (VT € [n]).

) {a/T ifU < T <U? {I/T if U< T <U?logU
“ = = .

0 otherwise.

otherwise




result (upper bounds on competitive ratio)

deterministic

randomized

exponential time

polynomial time

8(3+¢)
= 24+¢

2e(3+¢€)
< 16.31




thank you
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