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Abstract. This paper describes a greedyapproximation algorithm foMONOTONE COVERING a generalization

of many fundamental NP-hard covering problems. The appration ratioA is the maximum number of variables
on which any constraint depends. (For example, for verteerca\ is 2.) The algorithm unifies, generalizes, and
improves many previous algorithms for fundamental cogeproblems such as vertex cover, set cover, facilities
location, and integer and mixed-integer covering lineagpams with upper bound on the variables.

The algorithm is also the firgh-competitive algorithm foonlinemonotone covering, which generalizes online ver-
sions of the above-mentioned covering problems as well ay flodamental online paging and caching problems.
As such it also generalizes many classical online algostlintludingLRU, FIFO, FWF, BALANCE , GREEDY-DUAL ,
GREEDY-DUAL SIZE (a.k.a.LANDLORD), and algorithms for connection caching, whekés the cache size. It also
gives newA-competitive algorithms foupgradablevariants of these problems, which model choosing the cgchin
strategyand an appropriate hardware configuration (cache size, CPUnetsork, etc.).

1 Introduction

The classification of general techniques is an importaeneh program within the field of approximation algorithms.
What are the scopes of, and the relationships between, tleeigalgorithm-design techniques such as the primal-dual
method, the local-ratio method [5], and randomized roug@Within this research program, an important question is
which problems admit optimal and fagiteedyapproximation algorithms, and by what techniques[25,11]?

We give here a single online greedy~approximation algorithm for a combinatorially rich clasEmonotone
covering problems, including many classical covering pgots as well as online paging and caching problems. The
approximation ratio4, is the maximum number of variables on which any constraépieeds. (FOVERTEX COVER,
A=2)

For some problems in the class, no greedy (or othegpproximation algorithms were known. For others, previ-
ous greedyA-approximation algorithms were known, but with non-trhaad seemingly problem-specific analyses.
For VERTEX covER and seT coveR in the early 1980’s, Hochbaum gave an algorithm that roundslution to the
standard LP relaxation [33]; Bar-Yehuda and Even gave alitieme greedy algorithm [6]. A few years later, fegT
MULTICOVER, Hall and Hochbaum gave a quadratic-time primal-dual élgor [26]. In the late 1990’s, Bertsimas and
Vohra generalized all of these results with a quadrati@fimmal-dual algorithm for covering integer prograrasg),
restricted to{0, 1}-variables and integer constraint matrlx and with approximation ratimax; »_; A;; > A [10].
Most recently, in 2000, Carr et al. gave the first (and onlyjmes) A-approximation for generatiP with {0, 1}
variables [[IBEI They state (without details) that their result extends tovalgeneral upper bounds on the variables
(restrictingz; € {0,1,2,...,u,}). In 2009 (independently of this work], [46] gives detaifsam extension to CIP
with general upper bounds on the variables. Both [15] anliidé exponentially many valid “Knapsack Cover” (KC)
inequalities to reduce the integrality gapAo Their algorithms solve the LP using the ellipsoid methadhe running
time is a high-degree polynomial.

Online paging and caching algorithms are also (online) nmm®covering problems, as they can be formulated as
onlineseT cover[2]. These problems also have a rich history (seelBig. 1,&PH.[

All of the classical covering problems above (vertex coset,cover, mixed integer linear programs with variable
upper bounds (CMIP) and others (facility location, profiati¢ variants of these problems, etc.), as well as online
variants (paging, weighted caching, file caching, (geiegd) connection caching, etc.) are special cases of what we

* Partially supported by NSF awards CNS-0626912, CCF-07R907
! The standard LP relaxation has an arbitrarily large intégrgap (e.g.min{z; : 10z1 + 10z2 > 11;z» < 1} has gap 10).


http://arxiv.org/abs/0807.0644v3

problem approximation ratio method where comment

VERTEX COVER 2—InlnA/InA local ratio 28] see alsq321M44.27.25.20.37)

SET COVER A greedy; LP Bl; BI32] A = max; |{j: Ai; > 0} *
CIP, 0/1-variables max; y_; Aij greedy [10I2€] *
CIP A ellipsoid [i5148] KC-ineq., high-degree-poly time *
MONOTONE COVER A greedy our 2] min{c(z):xz € S(VSeC)} new
CMIP A greedy lourgd] near-linear-time implementation new
FACILITY LOCATION A greedy [ourgd linear-time implementation ne
PROBABILISTICCMIP A greedy lour§d quadratic-time implementation new
online problem competitive ratio deterministic online

PAGING k=A potential function [@gra7  e.g. LRU, FIFO, FWF, Harmonic
CONNECTION CACHING  O(k) reduction to paging [L8IT] *
WEIGHTED CACHING k primal-dual [B2147]  e.g. Harmonic, Greedy-Dual *
FILE CACHING k primal-dual [B3112] e.g. Greedy-Dual-Size, Landlord*
UNW. SET COVER O(log(A)log(n/opt)) primal-dual @3] unweighted

CLP O(log n) fractional @3] min{c-z: Az > bz < u},
MONOTONE COVER A potential function lourg?] includes the above and CMIP... ngw
UPGRADABLE CACHING d + k reduction to mono. covégéur §5]  d componentsk files in cache new

Fig. 1. SomeA-approximation covering algorithms and deterministidrmmblgorithms. *” = generalized or strength-
ened here.

call monotone covering Formally, a monotone covering instance is specified by ectionC ¢ 2R+ of constraints
and a non-negative, non-decreasing, submdﬂimibjective functionc : R} — R,. The problem is to compute
min{c(z) : x € R}, (VS € C) x € S}. Each constraint € C must be monotone (i.e., closed upwards), but can be
non-convex.

Monotone covering allows each variable to take values jinoutR ., but can still model problems with restricted
variable domains. For example, formulate vertex covenag ", c,z,, : 2 € RY, (V(u,w) € E) |2, ] + [2,] > 1}.
Given any 2-approximate solutianto this formulation (which allows:,, € R.), rounding each,, down to its floor
gives a 2-approximate integer solution. Generally, to mpdeblems where each variahte should take values in
some closed séf; C R, (e.9.U; = {0,1} orU; = Z.), one allowsr € R but replaces each monotone constraint
z € S by the monotone constrainte p~'(S5), wherep='(S) = {x : u(z) € S} andu;(z) = max{z € U;,z <
z;}. If x € R is any A-approximate solution to the modified problem, themr) will be a A-approximate solution
respecting the variable domains. (For vertex cover €5ck Z, soy;(x) = |x;] ﬁ

Sectior{2 describes our greedyapproximation algorithni (Alg:]1) for monotone coveringis roughly the fol-
lowing: consider the constraints in any order; to satisfy a consttaiaise each variable in the constraint continuously
and simultaneously, at rate inversely proportional to ibst At termination, round down tou(x) if appropriate.

The proof of the approximation ratio is relatively simpldttweach step, the cost incurred by the algorithm is at
mostA times the reduction in theesidual cost— the minimum possible cost to augment the curretd feasibility.
The algorithm is online (as described below), and admitsidiged implementations (see [39]).

The running time depends on the implementation, which islera specific, but can be fast. Sectidn 2 describes
linear-time implementations for vertex cover, set coved ton-metric) facility location. Sectidd 3 describes anhe
linear-time implementation for covering mixed integeelam programs with variable upper bounds (CMIP). (In con-
trast, the only previougl\-approximation algorithm (for CIP, a slight restriction©MIP) uses the ellipsoid method;
its running time is a high-degree polynomial [15].) Secf#®uescribes an extension topaobabilistic (two-stage)
variant of monotone covering, which naturally has submaduabst. The implementation for this case takes time

2 Formally,c(z) +c(y) > c(zAy)+c(xzVy), wherez Ay (andz V) are the component-wise minimum (and maximumy aid
y. Intuitively, there is no positive synergy between theahblés: e, c(x) denote the rate at which increasingwould increase
c(z); then, increasing; (for i # j) does not increasa;c(z). Any separable function(z) = 3_; c;(z;) is submodular, the
producte(z) = []; z; is not. The maximuna(x) = max; z; is submodular, the minimum(z) = min; z; is not.

% In this setting, if the cost is defined only on the restrictechdin, it should be extended RY? for the algorithm. One way is to
take the cost of € R’ to be the expected cost #f wherez; is rounded up or down to its nearest elementsin U; such that

a < x; < b:takez; = b with probability b,:; , otherwise takez; = a. If a or b doesn't exist, let:; be the one that does.




O(NAAlog A), whereN is the number of non-zeros in the constraint matrix anis the maximum number of con-
straints in which any variable appears. (For comparisadl, §8/es aln(n)-approximation algorithm for the special
case of probabilistic set cover; the algorithm is based dnm&dular-function minimizatiori [45], resulting in high-
degree-polynomial run-tinﬂ).

Sectior[ b discussesnline monotone covering. Following [13], an online algorithm momintain a current;
as constraint$' € C are revealed one by one, the algorithm must increase catediofr to satisfyz € S. The
algorithm can’t decrease coordinates:oAAn algorithm isA-competitive ifc(z) is at mostA times the minimum cost
of any solutionz* that meets all the constraints.

The greedy algorithn{ (Alg.]1) is an online algorithm. Thusgives A-competitive algorithms for online ver-
sions of all of the covering problems mentioned above. Ib glsneralizes many classical deterministic online algo-
rithms for paging and caching, including LRU, FIFO, FWF faging [48], Balance and Greedy Dual for weighted
caching[16.52], Landlord [53], a.k.a. Greedy Dual Siz€][{dr file caching, and algorithms for connection caching
[18[19.20,1]. The competitive ratid is the cache size, commonly denofgabr, in the case of file caching, the maxi-
mum number of files ever held in cache — at most k& + 1, depending on the specification. This is the best possible
competitive ratio for deterministic online algorithms tbese problems.

Sectiorib also illustrates the generality of online monetoovering by describing @& + d)-competitive algorithm
for a new class ofipgradable caching problems. In upgradable caching, the online alyorchooses not only which
pages to evict, but also how to configure and upgrade thearei&ardware components (determining such parameters
as the cache size, CPU, bus, and network speeds, etc.) Irothgetitive ratio,d is the number of configurable
hardware parameters. We know of no previous results foragadrle caching, although the classical online rent-or-
buy (a.k.a. ski rental) problem [36] and its “multislope’nggalization[[4]l] have the basic characteristic (paying a
fixed cost now can reduce many later costs; these are spasis of online monotone covering with= 2).

Sectior{ 6 describes a natural randomized generalizati@gofl], with more flexibility in incrementing the vari-
ables. This yields atatelessonline algorithm, generalizing the Harmorfieserver algorithm (as it specializes for
paging and weighted cachirig [47]) and Pitt's weighted wed®ver algorithm[[4].

Sectiorl ¥ concludes by discussing the relation of the aisdfgse to the primal-dual and local-ratio methods. As a
rule of thumb, greedy approximation algorithms can geieba analysed naturally via the primal-dual method, and
sometimes even more naturally via the local-ratio methd results here extend many primal-dual and local-ratio
results. We conjecture that it is possible, but unwieldygiast the analysis here via primal-dual. It can be recast as
local-ratio analysis, but in a non-traditional form.

For distributed implementations[of Alg]. 1 runningdr{log” n) rounds (orO(log n) for A = 2), see[[39].

We assume throughout that the reader is familiar with atassiovering problems [51,84] as well as classical
online paging and caching problems and algoritims [12].

Alternatives to A-Approximation: log-Approximations, Randomized Online Algorithms. In spite of extensive
work, no(2 — ¢)-approximation algorithm for constant> 0 is yet known for vertex cover [28.82,7)44|27(29.21,37].
For small4, it seems that\-approximation may be the best possible in polynomial time.

As an alternative wher\ is large, many covering problems considered here also ad(tig ﬁ)—approximation
algorithms, wherel is the maximum number of constraints in which any variableuos. Examples include a greedy
algorithm for set cover [35,42.17] (1975) and gre€dflog max; ). A;;)-approximation algorithms for CIP with
{0, 1}-variables and integed [22[24] (1982). Srinivasan gave(log ﬁ)—approximation algorithms for general CIP
without variable upper bounds[#9]50] (2000); these weteraded to CIP with variable upper bounds by Kolliopoulos
et al. [38] (2005). (The latter algorithm solves the CIP xalion with KC inequalities, then randomly rounds the solu-
tion.) The class oO(log(A))-approximation algorithms for general CIP is not yet fullyderstood; these algorithms
could yet be subsumed by a single fast greedy algorithm.

For most online problems here, deterministiconline algorithm can be better thakrcompetitive. But many on-
line problems admit better-thad-competitiverandomizedalgorithms. Examples include rent-or-bliy|[36,40], paging
[2343], weighted cachin@]2,14], connection caching [E8id file caching [3]. Some cases of online monotone cov-
ering (e.g. vertex cover) are unlikely to have better-tisigcompetitive randomized algorithms. It would interestiog
classify which cases admit better-thaneompetitive randomized online algorithms.

“ [30] also mentions a 2-approximation for probabilistictegrcover, without details.



greedy algorithm for monotone covering(monotone constraints, submodular objective) alg. 1
output: feasibler € S (VS € C), A-approximately minimizing:(z) (see Thm[1L)

1. Letz < 0. ... A =maxgec |vars(S)| is the max # of vars any constraint depends on
2. While3 S € C such thatr ¢ S, dostep(x, S) for any S such that: ¢ S.

3. Returnz. ...or u(x) in the case of restricted variable domains; see the introidng
subroutine step.(z, S): ... makes progress towards satisfyinge S.

1. Choose a scalatep size5 > 0. ... choose3 subject to restriction in Thril] 1.

2. Forj € vars(S), letz; € R, U {oo} be the maximum such that raising to z; would raisec(x) by at mosts.

3. Forj € vars(S), letx; « x. ...if cislinear, thenw; = x; 4 3/c; for j € vars(S).

2 The Greedy Algorithm for Monotone Covering (Alg. 1))

Fix an instance of monotone covering. kats(S) denote the variables inthat constraint: € S depends on, so that
A = maxgec |vars(9)].

The algorithm([(Alg. 1) starts witlr = 0, then repeats the following step until all constraints atésfied:choose
any unmet constraint andstep size3 > 0; for each variablez; that the constraint depends op € vars(S5)), raise
that variable so as to increase the cesi:) by at most3. (The step increases the total cost by at m®st)

The algorithm returns (or, if variable domains are restricted as described infilre@duction ().

The algorithm returns a\-approximation, as long as each step sizis at mostthe minimum cost to optimally
augmentz to satisfy S, that is,min{c(z) — ¢(z) : & € S,& > x}. Denote this costlistance.(z,.S). Also, let
residual.(x) be theresidual cosbf  — the minimum cost to augmentto full feasibility, i.e.,distance.(z, NgecS).

Theorem 1. For monotone covering, the greedy algorithm (Alg. 1) retuenA-approximate solution as long as it
chooses step size < distance.(z, S) in each step (and eventually terminates).

Proof. First, a rough intuition. Each step starts withg S. Since the optimal solution* is in S and.S is monotone,
there must bat least onek € vars(S) such thate, < zj. By raising allz; for j € vars(S), the algorithm makes
progress “covering” at least that coordinafeof «*. Provided the step increasegto xj, < z}, the cost incurred can
be charged to a corresponding portion of the costiofintuitively, to the cost of the part af; in the intervalzy,, «/ |;
formally, to thedecrease in the residual cosbm increasingey,, provably at least). Since the step increases) by
at most8A, and results in a charge t9z*) of at least3, this proves theA-approximation.

Here is the formal proof. By inspection (using tkkas submodular) each step of the algorithm increaéesby at
mostS|vars(S)| < BA. We show thatesidual(x) decreases by at leg$tso the invariant(x)/A + residual(x) < opt
holds, proving the theorem.

Let z andz’, respectively, be: before and after a given step. Let feasible > = be an optimal augmentation
of « to full feasibility, soc(x*) — c(x) = residual(z). Letz A y (resp.z VV y) denote the component-wise minimum
(resp. maximum) of andy. By the submodularity of, c(z’) + c(x*) > c(z’ V 2*) + c¢(2’ A z*). (Equality holds ifc
is separable (e.g. linear).)

Rewriting givesc(z*) — c(x)] — [c(z' V 2*) — ¢(2')] > c(z’ A z*) — c(z).

The first bracketed term igsidual(z). The second is at leastsidual(2’), because* v o’ > 2’ is feasible. Thus,

residual(z) — residual(z’) > c(2’ A 2*) — c(x). 1)

To complete the proof, we show the right-hand siddbf (1) Isats.
Case 1.Supposer;, < z; for somek € vars(S). (In this case it must be that increasingto «. costs3.)
Lety bex with justzy, raised taz),. Thenc(z' A z*) > ¢(y) = c(x) + 6.
Case 2. 0therwiser’ A z* € S, because* € S and:z:;- > ] forall j € vars(S). Alsox’ A z* > .
Thus, the right-hand side dfl(1) is at ledsttance.(z, S). By assumption this is at least O

Choosing the step sizej. In a sense, the algorithm reduces the given problem to a sequ# subproblems, each
of which requires computing a lower bound distance(z, S) for the currentz and a given unmet constraift To
completely specify the algorithm, one must specify how toades in each step.
Thm[1 allowss to be small. At a minimunmdistance(z, S) > 0 whenz ¢ S, so one can tak@ to be infinitesimal.
Ther[Alg. ] raises; for j € vars(S) continuously at rate inversely proportionaldoe(x)/dx; (at most untikc € S).
Another, generic, choice is to takijust large enough to satisfiy € .S. This also satisfies the theorem:



subroutine stepsize,(z, S(I, A;, u, b;)) (for CMIP) alg. 2
1. Order! = (j1, j2,- - -, jx) by decreasingl;;. . S0A;, > Ay, > > Ay
Let J = J(z, S) contain the minimal prefix of such that ¢ S(J, 4;,u, b;).
Let S’ denote the relaxed constrai$it.J, A;, u, b;).
2.LetU =U(z,S) ={j : z; > u;; A;; > 0} contain the variables that have hit their upper bounds.
3.Letf; = minjes_v(1 —x; + |2;])c; be the minimum cost to increase any floored tern§’in
4. Letfz = min; 5 ¢;b;/A;;, whereb; is the slack § minus the value of the left-hand side 8),
be the minimum cost to increase the sum of fractional ternt o satisfyS’.
5. Returng = min{3;, 37}

Observation 1 Let 5 be the minimum step size so thedp(z, S) bringsx into S. Theng < distance.(z, S).

Thm.[3 can also allow to bemorethan large enough to satisfy the constraint. Considier{ z; + 2z5 : z € S}
whereS = {z : x; + 2o > 1}. Start withz = 0. Thendistance(z, S) = 1. The theorem allow$ = 1. A single step
with 3 = 1 givesz; = 1 andzy = 1/2, so thatry + z2 = 3/2 > 1.

Generally, one has to choogesmall enough to satisfy the theorem, but large enough sdhbalgorithm doesn’t
take too many steps. The computational complexity of doimg has to be addressed on a per-application basis.
Consider a simple subset-sum examplén{c - 2 : € S} where the single constraist contains: > 0 such that
>_;¢jmin(1, [2;]) > 1. Computingdistance(0, S) is NP-hard, but it is easy to compute a usefulfor example
f = minj.;; <1 ¢;(1 — ;). With this choice, the algorithm will satist§ within A steps.

As a warm-up, here are linear-time implementations follitgdocation, set cover, and vertex cover.

Theorem 2. For (non-metric) facility location, set cover, and verteaver, the greedyA-approximation algorithm
(Alg. 1) has a linear-time implementation. For facility kt@on A is the maximum number of facilities that might serve
any given customer.

Proof. Formulate facility location as minimizing the submodulajm:tivezj fjmax; x5 + Zij di;x;5 subject to,
for each customer; 3 v ;) [#i;] > 1 (wherej € N (i) if customeri can use facilityj)

The implementation starts with all; = 0. It considers the customei& any order. For each it does the following:
let 8 = minjeng)[di; + f;(1 — max; ;)] (the minimum cost to raise;; to 1 for anyj € N(i)). Then, for
eachj € N(i), raisex;; by min[3/d;;, (8 + f; maxy z;)/(d;; + f;)] (just enough to increase the cost By By
maintaining, for each facility, max; z; ;, the above can be done in linear tind&.> . | N (4)|).

Vertex cover and set cover are the special cases wfjena 0. O

3 Nearly Linear-Time Implementation for Covering Mixed Int eger Linear Programs

Theorem 3. For CMIP (covering mixed integer linear programs with upg®unds), the greedy algorithrn (Alg. 1)
can be implemented to return&-approximation inO(N log A) time, whereA is the maximum number of non-zeroes
in any constraint andV is the total number of non-zeroes in the constraint matrix.

Proof (sketch)Fix any CMIP instancenin{c-z : x € R}; Az > bz < wujx; € Z (j € I)}.
Model each constraim;z > b; using a monotone constraifite C of the form

> Ay min(aj,ug) | + Y Ay min(a;,u;) > b S(I, Ai,u,b;)
jel jeT
where sefl contains the indexes of the integer variables.

Given such a constrairit and anz ¢ S, the subroutinatepsize(z, S) computes a step sizesatisfying
Thm.[1 as follows. LetS’, J, U, 3, B, and3 be as i Alg. 2. That is5” = S(J, A;,u,b;) is the relaxation of
S(I,A;,u,b;) obtained by relaxing the floors il (in order of increasingl;;) as much as possible, while maintaining
xz ¢ S’; J C I contains the indices of variables whose floors are not relaxed. Increasing satisfy.S’ requires (at
least) either: (i) increasinEje,fU Aij|x;], at cost at leasty, or (ii) increasingzjejfU A;jx; by at least the slack
b; of the constrainty’, at cost at least;. Thus,distance(z, S) > distance(z, S") > min{f3;, 87} = 3. This choice
satisfies Thnll, so the algorithm returndapproximate solution.

® The standard ILP is not a covering ILP due to constraints< ;. The standard reduction to set cover incread@sponentially.



Lemma 1. For anyS,[Alg. ] callsstep(x, S) with 5 = stepsize(z, S) (from[Alg. 2) at mosg|vars(S)| times.

Proof (sketch)Let j be the index of the variable; that determineg in the algorithm (; in case (i) of the previous
proof, or 35 in case (ii)). The step increases by 3/c;. This may bringr; to (or above) its upper bound. If not,
then, in case (i), the left-hand side $f increases by at least;;, which, by the minimality of/(x) and the ordering
of I, is enough to satisfy’. Or, in case (i), the left-hand side increases by the sladklso enough to satisf§’).
Thus the step either the increases thd &et) or satisfiesS’, increasing the sef(z). O

The naive implementations afepsize() andstep() run in time O(|vars(S)|) (after theA;;’s within each con-
straint are sorted in preprocessing). By the lemma, with timplementation, the total time for the algorithm is
O(>-g|vars(S)]?) < O(NA). By a careful heap-based implementation, this time can deced toO(N log A)
(proof omitted). O

4 (Two-Stage) Probabilistic Monotone Covering

An instance ofprobabilistic monotone covering is specified by an instaice&”) of monotone covering, along with
activationprobabilitiesps for each constrain$ € C and a non-decreasing, submoddiest-stageobjectivell’. The
first stage requires the algorithm to commit to a veetore S for eachS € C. In the second stage, the algorithm must
pay to satisfy the activated constraints, where each ains$§ is independently activated with probability;. The
algorithm pays:(#), where# is the minimal vector such that > = for each actives (i; = max{xf : S active}).
The problem is to choose the first-stage vectors to mininfieefitst-stage costV’ (z° : S € C) plus theexpected
second-stage cos[c(#)]. This (expected) cost is submodular as long &s

Observation 2 Probabilistic monotone covering reduces to monotone éoger

Probabilistic CMIP is the special case whé¥eis linear and the paifc, C) define a CMIP.

For example, consider a two-stage probabilistic facgit@cation problem specified by first-stage cgbtsd', an
activation probabilityp; for each customer, and second-stage cost$, ¢2. The algorithm assigns to each customer
i a facility j(i) € N(i) (those that can servg, by settingz;;;) = 1 (satisfying constraintgjeN(i) |zij | > 1),
then _paying the first-stag_e cogj f} max; Tij + Zij dlljx?-j. Then, egch customets gctivqted with probz_;tbility)i.
Facilities assigned to activated customers are openedtiygse;; = 1 if x;; = 1 andi is active. The algorithm then
pays the second-stage c@g ff max; T;j + Zij dfj:%ij. The algorithm should minimize its total expected payment.
The degreed = max; |N ()] is the maximum number of facilities that any given custorsealigible to use.

Theorem 4. For probabilistic CMIP, R R

(a) The greedyA-approximation algorithm can be implemented to run(QN Alog A) time, whereA is the
maximum number of constraints per variable a¥d= ) ¢ |vars(S5)| is the input size.

(b) Whenp = 1, it can be implemented to run in tind& NV log A) (generalizes CMIP and facilities location).

Proof (sketch)Let X = (2%)scc be the matrix formed by the first-stage vectors. Let randonabte & be as
described in the problem definition { = max{fcf : S active}), so the problem is to chooseé subject tar® € S for
eachS to minimizeC(X) = W - X + E[c - z]. This function is submodular, increasing, and continuous i

To satisfy Thm[IL, the subroutireeep(X, S) must compute the step sizeto be at mostlistance(X, S) (the
minimum possible increase i@'(X) required to satisfyS). For a givenX and.S, havestep(X,.S) computes as
follows. For a givenX,, the rate at which increasinzg? would increas&’(X) is

¢y = wf +cj Pr[xf =1y = wf + ¢jps H{l —pr:ay > xf,j € vars(R)}.

This rate does not change untif reaches; = min{z!* : 2/ > 27 j € vars(R)}.

Take = min(f3;, stepsize,, (2, 5)), wheres, = min{(t; — 27 )¢} : j € vars(S)} is the minimum cost to bring
anyxf to its threshold, anskepsize() is the subroutine from Sectidh 3, using the (linear) costara¢ defined above.
This 5 is a valid lower bound odistance(X, S), because; is a lower bound on the cost to bring a:ﬂﬁ to its next
threshold, whilestepsize, (z°, S) is a lower bound on the cost to satisfywithout bringing anytz:f to its threshold.

If step(X, S) uses this3, the number of steps to satisfyis at mostO(|vars(S)|A). Each step either (i) makes
some:z:f reach its next threshold (and eat;ﬁ crosses at mosh thresholds), or (i) increases the number of “floored”



variables or increases the number of variables at theirruppends (which by the analysis sfepsize() from Sec-
tion[3, can happen at mogjvars(S)| times). Thus, the total number of stepgig) ¢ vars(S)|A), that is,O(N A).
(Implementation details needed to achieve amortized @irfleg A) per step are omitted.) This completes the proof
sketch for part (a).

For part (b) of the theorem, note that in this case the proiuitte equation fol’’s (X) is 1 if 2§ = maxg 2}
and 0 otherwise. Each variable has at most one thresholéadb reo the number of calls seep(X, S) is reduced to

O(Jvars(S)|). This allows an implementation in total tind&(V log A). O

5 Online Monotone Covering and Caching with Upgradable Hardvare

Recall that in online monotone covering, each constréirt C is revealed one at a time; an online algorithm must
raise variables in: to bringz into the givenS, without knowing the remaining constrairfts. Alg. 1 (withysstep(z, S)
taking 3 just large enough to bring € S; see Observatidnl 1) can do this, so it yieldalaompetitive online algo-
rithm

Corollary 1. The greedy algorithni (Alg] 1) gives&-competitive online monotone covering algorithm.

Example: generalized connection cachingAs discussed in the introduction (following the formulatiof weighted
caching as online set cover frond [2]) this result naturaiperalizes a number of known results for paging, weighted
caching, file caching, connection caching, etc. To give grst example, consider connection caching. A request
sequence is given online. Each request = (u:, w;) activates the connectiofu, w;) (if not already activated)
between nodes; andw;,. If either node has more thanactive connections, then one of them other tha(sayr,)
must be closed at costst(r). Model this problem as follows. Let variablg indicate whether connectionis closed
before the next request tg after timet, so the total cost i$ , cost(r;)x;. For each node and each time, for any

(k + 1)-subset) C {r; : s < t;u € rs}, at least one connection € @ — {r,} (wheres is the time of the most
recent request te,) must have been closed, so the following const]ﬂammet:zrsle{n} |zs| > 1.

Corollary[d gives the following:-competitive algorithm for online connection caching. Wkee connection re-
quest(u,w) occurs at time, the connection is activated ang is set to 0. If a node, say, has more thai active
connections, the currentviolates the constraint above for the ggitontainingu’s active connections. Node ap-
plies thestep() subroutine for this constraint: it raiseg for all the connections, € @ — {r;} at ratel/cost(r)
simultaneously, until some, reached. It closes any such connection
Remark on k/(k — h + 1)-competitivenessThe classic ratio ok/(k — h + 1) (versusopt with cache sizér < k)
can be reproduced in such a setting as follows. For an§ setdescribed abovept must meet the stronger constraint
> or.eq—{ry®s] = k= h+ 1. Inthis scenario, the proof of Thidl 1 extends to show a rdtib/0k — h + 1) (use
that the variables arf0, 1}, so there are at least— h + 1 variablesz; such thatr; < z7).

Upgradable online problems. Standard online caching problems model only the cachiragesg}y. In practice other
parameters (e.g., the size of the cache, the speed of thelitBl.hetwork, etc.) must also be chosen welupgrad-
ablecaching, the algorithm chooses not only the caching styabed also the hardware configuration. The hardware
configuration is assumed to be determined by how much hasdpesrn on each of somecomponents. The configu-
ration is modeled by a vectgre IRf, wherey; has been spent so far on component

In response to each request, the algorithm can upgrade teduz by increasing thg's. Then, if the requested
item r; is not in cache, it is brought in. Then items in cache must lecsed for eviction until the sef) of items
remaining in cache is cachable, as determined by some sgkpifedicateachable;(Q, y). The cost of evicting an
itemr is specified by a functiobost(rs, y).

The cachable() predicate andost() function can be specified arbitrarily, subject to the folilegvrestrictions.
Predicateachable; (@, y) must be non-decreasinggr(upgrading the hardware doesn’t cause a cachable set toeeco
uncachable) and non-increasing with(any subset of a cachable set is cachable). The functistir,, y) must be

® If the cost function is linear, in responding fothis algorithm needs to know and the values of variables # and their cost
coefficients. For general submodular costs, the algorittap need to know not only, butall variables’ values and the whole
cost function.

" This presentation assumes that the last request must staglre. If not, don't subtradr;} from Q in the constraints. The
competitive ratio goes frorh to k + 1.



non-increasing iny (upgrading the hardware doesn'’t increase the eviction @bany item). To model (standard,
non-upgradable) file caching, takechable;(Q, y) to be true ify " size(rs) < k.

In general, the adversary is free to constrain the cachentmat each stejn anyway that depends onand the
hardware configuration, as long as upgrading the cache aviegiitems does not make a cachable set uncachable.
Likewise, the cost of evicting any item can be determinedhgyadversary imnyway that depends on the item and
the hardware configuration, as long as upgrading the comfligurdoes not increase any eviction cost. This gives a
great deal of flexibility in comparison to the standard mo&elr example, the adversary could insist (among other
constraints) that no set containing both of two (presumebiylicting) files can be cached. Or, upgrading the hardware
could reduce the eviction cost of some items arbitrarilgreto zero.

The optimal cost is achieved by choosing an optimal hardeanéiguration at the start, then handling all caching
decisions optimally. To be competitive, an algorithm musbahoose a good hardware configuration: an algorithm
is A-competitive if its total cost (eviction cost plus final haale configuration cosh , y;) is at mostA times the
optimum. (Naturally, when the algorithm evicts an item,at/p the eviction cost in itsurrenthardware configuration.
Later upgrades do not reduce earlier costs.)

Next we describe how to model the upgradable problem vianentionotone covering with degree= £ + d,
wherek is the maximum number of files ever held in cache drislthe number of hardware components. This gives
a simple(k + d)-competitive online algorithm for upgradable caching.

Theorem 5. Upgradable caching has &l + k)-competitive online algorithm, whergéis the number of upgradable
components anél is the maximum number of files that can be held in the cache.

Proof (sketch)Let variabley; fori = 1,...,d denote the amount invested in compongiso that the vectoy gives
the current hardware configuration. Lat be the cost (if any) incurred for evicting thith requested item; at any
time before its next request. The total final cos}isy; + >, z:. Attime, if some subsef) C {r, : s < t} of the
items is not cachable, then at least one itere @ — {r;} (wheres is the time of the most recent request{p must
have been evicted, so the following constraint is met:

cachable,(Q,y) or >°. co_q.yL@s/cost(rs,y)| = 1. Si(Q)

The restrictions omachable andcost ensure that this constraint is monotone:iandy.

The greedy algorithm initializeg = 0, x = 0 and@ = (. It caches the subs€é} of requested items, with
xs < cost(rs,y). To respond to request (which addsr, to the cache if not present), the algorithm raises egch
and each; for rs in Q — {r;} at unit rate. It evicts any, with x5 > cost(rs, y), until cachable;(Q, y) holds for the
cached se). The degrd A is the maximum size of) — {r+}, plusd for y. O

This result generalizes easily to “upgradable” monotomdirey, where investing in somiecomponents can relax
constraints or reduce costs.

Restricting groups of items (such as segments within files)The ht t p protocol allows retrieval of segments of
files. To model this in this setting, consider each filas a group of arbitrary segments (e.g. bytes or pages):Let
be thenumber of segmentsf file r, evicted before its next request. L&tr,) be the cost to retrieve the cheapest
segments of the file, so the total cos}i§ c(x;). Then, for example, to say that the cache can hold at lmssgments
total, add constraints of the form (for appropriate sub&ets requestsgseQ size(rs) — |2s] < k (wheresize(rs)
is the number of segmentsin). When the greedy algorithm increasesto 2, the online algorithm evicts segments
|zs | + 1 through|2’ | of file rs; (assuming segments are ordered by cheapest retrieval).

Generally, any monotone restriction that is a function &t jinenumberof segments evicted from each file (as
opposed to which specific segments are evicted), can be pthd€lor exampleievict at least 3 segments of, or
at least 4 segments from”: |zs/3] + |2:/4] > 1.) Although the caching constraints constrain file segmehs,
competitive ratio will be the maximum number of files (as opgato segments) referred to in any constraint.

& The algorithm enforces jusbmeconstraintsS; (Q); A is defined w.r.t. the problem defined by those constraints.



subroutine rstep.(z, S) alg. 3
1. Fix an arbitrary probability; € [0, 1] for eachj € vars(S). ...taking eactp; = 1 givedAlg. |
2. Choose a scalar step sjze> 0.

3. Forj € vars(S) with p; > 0, let X; be the max. s.t. raising; to X; would raisec(z) by < 3/p;.

4. Forj € vars(S) with p; > 0, with probabilityp;, letz; < X;.  ...these events can be dependent if desired!

subroutine stateless-rstep(x, S,U):  --- do rstep, and keep eaaf) in its (countable) domaib/; - - - alg.4
1. Forj € vars(S), let X; = min{z € U;; z > z;} (or X; = z; if the minimum is undefined).

2. Leta; be the increase ia(x) that would result from increasing jus} to X;.

3. Dorstep,(z, S), choosing any} € (0, min; o;] andp; = 3/a; (orp; = 01if X; = ;).

6 Randomized Variant of[Alg. 7 and Stateless Online Algoritim

This section describes a randomized, online generalizati¢Alg. 1. It has more flexibility thaf Alg.]1 in how it
increases variables. This can be useful, for example, tnldised settings, in dealing with numerical precisionss,
and in obtainingstateles®nline algorithms (an example follows).

The algorithm i§ Alg. [, modified to call subroutimetep, (z, S) (shown in[Alg. 3) instead oftep,(z, S). The
subroutine has more flexibility in incrementinglts step-size requirement is a bit more complicated.

Theorem 6. For monotone covering suppose the randomized greedy #igotierminates, and, in each stepijs at
mostmin{ E[c(x T, &) —c(z)] : & > z;& € S}, wherex 1, & is a random vector obtained fromby raisingz; to i,
with probabilityp; for eachj € vars(.S). Then the algorithm returns A-approximate solution in expectation.

If the objectivec(x) is linear, the required upper bound Grabove simplifies taistance. (x, S) wherec; = p;c;.

Proof (sketch)We claim that, in each step, the expected increagéiihis at mostA times the expected decrease in

residual(z). This implies (by the optional stopping theorem) thét(zsina)] < A x residual(0), proving the theorem.
Fix any step starting with a given. Let (r.v.) 2’ be = after the step. Fix feasible* > z s.t. residual(x) =

c(z*) — ¢(z). Inequality [1) holds; to prove the claim we shdW. [c(z’ A z*) — ¢(z)] > (. Sincez* > x and

' =z 1, X, thisis equivalent t&[c(x T, X) — c(x)] > .

(Case 1) SupposeX;, < xj, for somek € vars(S) with p;, > 0. Lety be obtained fromx: by raising justz;, to Xj.

Then with probabilityp;, or more,c(z T, X) > c(y) > c(x) + 3/px. Thus the expectation is at leakt

(Case 2) Otherwise,X; > z7 for all j with p; > 0. ThenE[c(z T, X) — c(z)] > Elc(z T, z*) — c(z)]. Since

z* > xandz* € S, thisis at leasti by the assumption of. O

A stateless online algorithm.As described in the introduction, when the variables hasgioted domainsy; € Uj),
[Alg. T] constructse and then “rounds’ down to u(x). In the online settind, Alg.|1 maintains as constraints are
revealed; meanwhile, it usegx) as its current online solution. In this sense, it is siattelessA stateless algorithm
can maintain only one online solution, each variable of Wwisicould stay in its restricted domain.

Next we use Thn]6 to give a stateless online algorithm. Therihm generalizes the Harmonfieserver algo-
rithm as it specializes for paging and cachind [47], andsRiteighted vertex cover algorithml[4]. Given an unsatisfied
constraintS, the algorithm increases eagh for j € vars(S) to its next largest allowed value, with probability in-
versely proportional to the resulting increase in coste(@tgorithm can be tuned to increase just one, or more than
one,z;. It repeats the step until the constraint is satisfied.)

Formally, the stateless algorithm is the randomized aflgorifrom Thm[®, but with the subroutinstep_.(z, S)
replaced bystateless-rstep(z, S, U) (in|Alg. 4), which executesstep,.(z, S) in a particular way. (Aj technicality: if
0 ¢ U;, thenz; should be initialized tonin U; instead of 0. This does not affect the approximation ratio.)

Theorem 7. For monotone covering with discrete variable domains asdlesd above, there is a stateless random-
ized onlineA-approximation algorithm.

Proof (sketch)By inspectionstateless-rstep(z, S, U) maintains each; € U;.

We show thatstateless-rstep(z, S,U) performsrstep,(z,S) in a way that satisfies the requirement Grin
Thm.[8. Letz be as in the proof of Thnl] 6, with the added restriction thaheg € U;. Sincez € S butz ¢ S, there
is ak € vars(S) with &, > . Sincez;, € Uy, the choice ofX;, ensuresi;, > X;. Lety be obtained fromx by
raisingzy, to X. Then,Elc(z 1, Z) — ¢(x)] > prle(y) — c¢(x)] = pray, = B, satisfying Thm[B. O



7 Relation to Primal-Dual and Local-Ratio Methods

Primal-Dual. Here we speculate about how THh. 1 might be cast as a prinedbdalysis. Given a vectet consider
its “shadow”s(v) = {x : 3;2; > v;}. Any monotone sef is the intersection of the shadows of its boundary points:
S = N,eos 5(v). Thus, any monotone covering instance can be recast to gsladow sets for constraints. Any
shadow sets(v) is of the forms(v) = {z : > ,|z;/v;] > 1}, a form similar to that of the CMIP constraints
S(I, A, u,b;,d) in Sectior[(B. We conjecture that the Knapsack Cover (KC)uaéties from [15] for CIP can be
generalized to give valid inequalities with integralitypga for constraints of this form. (Indeed, the resultin Sed8bn
easily extends to handle such constraints.) This could yalappropriate relaxation on which a primal-dual analysis
could be based.

For even simple instances, generating-approximate primal-dual pair for the greedy algorithmeherquires a
“tail-recursive” dual solution implicit in some local-iatanalyses([9], as opposed to the typical forward-greedy du
solutiond Even if the above program (extended to non-linear cost fanst) can be carried out, it seems likely to lead
to a less intuitive proof than that of Thid. 1.

Local-Ratio. The local-ratio method has most commonly been applied tblpnas with variables;; taking values
in {0, 1} and with linear objective function - x (see [7,4.9.5]; for one exception, seé [8]). In these casash step
of the algorithm is typically interpreted as modifying theplem by repeatedlsgeducingselected objective function
weightsc; by somegs. At the end, the:, wherex; is raised from O to 1 if;; = 0, gives the solution. At each step, the
weights to lower are chosen so that the change must decré@iBs Ebst by at least, while increasing the cost for
the algorithm’s solution by at mogi. This guarantees A-approximate solution.

In contrast, recall thdt Alg.]1 raises selecteds fractionally by 3/c;. At the end,z; is rounded down tdz; |.
Each step cost8 A, but reduces theesidual cosby at leasts.

For problems with variables; taking values in{0, 1} and with linear objective functioa- z,[Alg. 1] can be given
the following straightforward local-ratio interpretatiolnstead of raising:; by 3/c¢;, reducec; by 3. At the end,
instead of setting;; to |z, |, setz; = 1if ¢; = 0. With this reinterpretation, a standard local-ratio as&applies.

To understand the relation between the two interpretatiehs’ denote the modified weights in the above rein-
terpretation. The reinterpreted algorithm maintains tiWwing invariants: Each modified weight stays equal to
¢;(1 — z;) (for c andz in the original interpretation; this is the cost to raisethe rest of the way to 1). Also, the
residual costesidual(z) in the original interpretation equals (in the reinterpdetfgorithm) the minimum cost to solve
the original problem but with weights.

This local-ratio reinterpretation is straightforward antlitive for problems with{0, 1} variables and a linear
objective. But for problems whose variables take values arengeneral domains, it does not extend cleanly. For
example, suppose a variable takes values i{0, 1,2, ..., u}. The algorithm cannot afford to reduce the weight
and then, at termination, sej to « for j with ¢; = 0 (this can lose a factor af in the approximation). Instead, one has
to reinterpret the modified weight as a vector of weights; : {1,...,u} — R, wherec/(i) is the cost to raise;
from max{z;,i — 1} tomin{z;, 4} (initially ¢}(i) = ¢;). When the original algorithm lowetrs; by 3/c;, reinterpret
this as leaving:; at zero, but lowering the non-zery7) with minimumji by 3. Atthe end, take; to be the maximum
i such that;(i) = 0. We show next that this approach is doable (if less intuitisemonotone covering.

At a high level, the local-ratio method requires only that tibjective be decomposed into “locally approximable”
objectives. The common weight-reduction presentatiorocéll ratio described above gives one decomposition, but
others have been used. A local-ratio analysis for an integggramming problem with no#, 1} variable domains,
based on something likesidual(x), is used in[[8]. Here, the following decomposition (diffat¢han [8]) works:

Lemma 2. Any algorithm returns aA-approximate solution provided there exisfc’} andr such that

(a) foranyz, c(x) = ¢(0) + r(z) + Y1, ! (z),
(b) for all ¢, and anyz and feasibler*, ¢! (x) < cf(2*)A,
(c) the algorithm returng: such that-(z) = 0.

® For example, considenin{z; + 2 + z3 : 1 + x2 > 1,21 + 3 > 2}. If the greedy algorithm does the constraintither
order and chooses maximally, it gives a solution of cost 4. In the duabx{yi2 + 2y13 : y12 + y13 < 1}, the only way
to generate a solution of cost 2 is to et = 1 andyi2 = 0. If the primal constraint fory:» is considered firsty;2 cannot
be assigned a non-zero value. Instead, one should conbkileiutl variables for constraints for which steps were dionthe
reverseorder of those steps, raising each until a constraint ig.tigh



Proof. Let 2* be an optimal solution. Applying properties (a) and (c)ntfig), then (a),

o(z) = c(0)+ 1 cf(x) < c(0)A+, cH@")A + r(@*)A = c(z*)A. 0

Next we describe how to use the proof of THih. 1 (based on rabkihst) to generate such a decomposition.
Letdistance(z,y) = c(z V y) — c¢(z) (the cost to raise to dominatey).

For anyz, definec’(z) = distance(z'~!, z) — distance(z?, z), wherez! is[AIg. I's x aftert calls tostep().
Definer(x) = distance(x”, z), wherez® is the algorithm’s solution.

For linearc notec! (z) = 3, ¢;|[0, ;] N [z} ™", 2!]|, the cost for: “between”z'~! andz".

Lemma 3. These:! andr have properties (a-c) from Lemrih 2, so the algorithm givels@pproximation.

Proof. Part (a) holds because the sum in (a) telescopestance(0, z) — distance(z”, z) = ¢(z) — ¢(0) — r(z).

Part (c) holds because the algorithm returhsandr(z7) = distance(z?, 27) = 0.

For (b), consider théth call tostep(). Let 3 be as in that call.

The triangle inequality holds fafistance(), so, for anyz, ¢! (%) < distance.(2x'~1,zt) = c(a?) — e(z'~1).
As proved in the proof of Thnlll Ly(z*) — c(2'~!) is at most3A.

Also in the proof of Thm[L, it is argued thgt< distance(z!~!, NgecS) — distance(zt, NgeeS).

By inspection that argument holds for any € NgecS, giving 8 < distance(z! !, 2*) — distance(x?, x*).

The latter quantity ig’(z*). Thus,c!(2) < BA < cf(z*) A. O
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