
Solutions for Problem Set 5
s172 Allison Coates4.4, 4.5, 4.18, 4.214.4 Let A�CFG = f< G > j G is a CFG that generates � . Show that A�CFG is de
idable.We need to ensure that we test all derivations, but we also need the derivations not to be in�nite,or to loop forever. Using the Chomsky Normal Form we 
an 
onvert the given grammar into a formwhere only a �nite number of steps are needed to determine whether G generates the empty string.In Chomsky Normal Form, if a grammar ex
epts the empty string, it does so from the �rst/start rule.So, we 
an build a Turing ma
hine M for A�CFG as follows:M = \ On input < G > where G is a CFG,1. Convert G to an equivalent grammar using Chomsky Normal Form.2. Examine the start rule of this grammar. If it generates �, then a

ept. Else, reje
t.4.5 Let INFINITEDFA = f< A > jL(A) is an in�nite languageg. Show that INFINITEDFA is de
id-able.Given A, a DFA, A a

epts an in�nite language if it a

epts a string of length > n and < 2n, where nis the number of �nite states in A.We 
an build a Turing ma
hine T that de
ides INFINITEDFA as follows:S = \ On input A,1. Generate all possible strings W over A's alphabet of lengths n+ 1 to 2n.2. For all w 2 W above, simulate A on w.3. If any su
h string is a

epted by A, a

ept. Else, reje
t.4.18 Let A and B be two disjoint languages. Say that language C separates A and B if A � C andB � �C . Show that any two disjoint 
o-Turing-re
ognizable languages are separable by some de
idablelanguages.That is, if A and B are two disjoint 
o-Turing-re
ognizable languages, then A and B are separated bya de
idable language C.A is 
o-r.e. Therefore, there is an enumerator for �A. Call this enumerator E �A. B is 
o-r.e. Therefore,there is an enumerator for �B. Call this enumerator E �B . A and B are disjoint; i.e. A \ B = ;. Thismeans that �A [ �B = ��. So, every string is in the union of �A and �B. Further, every string in B is in�A. Every string in A is in �B.Using these fa
ts, we 
an 
onstru
t a language D by 
onstru
ting a Turing ma
hine M;L(M) = D asfollows:M =\ on input w,1. Run both E �B and E �A in parallel.2. Alternating between the enumerators, and beginning with E �B , 
ompare the outputs of ea
h ofthe enumerators, one string at a time against w.3. If some output of E �B mat
hes w, a

ept. If some output of E �A mat
hes w, reje
t.
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e �A[ �B = ��, every string is enumerated by E �A or E �B (or both). Hen
e, M will halt on all inputs.Hen
e, M is a de
ider for some language C. Sin
e every string in A is in �B, the output of E �B 
ontainsall strings of A. M a

epts all strings that are output by only E �B . Hen
e, M a

epts all strings ofA. Likewise, sin
e every string of B is in �A, the output of E �A 
ontains all strings of B. M reje
ts allstrings that are output by only E �A. Hen
e, M reje
ts all strings in B. We have now shown that Mhalts on all inputs, that it a

epts all strings in A and that it reje
ts all strings in B. Hen
e, M is ade
ider for C, and C separates A and B.Note that we did not prove whi
h set of strings C a

epted.The parti
ular language of C in fa
t dependson the order of the outputs of the enumerators. But, the only strings in questions are the strings thatare in �A \ �B. Whether these strings are in C or in �C is not relevant to the question of separating Aand B.4.21 Let A be a Turing-re
ognizable language 
onsisting of des
riptions of Turing ma
hines, f< M1 >;<M2 >; : : :g, where every Mi is a de
ider. Prove that some de
idable language D is not de
ided by anyde
ider Mi whose des
ription appears in A.Proof by 
onstru
tion. I will 
onstru
t a de
idable language D that is not de
ided by any Mi whosedes
ription is in A. I begin by noting that all strings in �� 
an be enumerated in lexi
ographi
-lengthorder. (There are a 
ountable number of strings in ��.) I 
an asso
iate with ea
h string w an indexi, whi
h is the position of w in the enumerated list. I then wish to 
onstru
t a Turing ma
hine whoselanguage di�ers from ea
h language L(Mi) on (at least) one string. In that 
ase, this Turing ma
hinewill need to a

ept when Mi reje
ts, and reje
t when Mi a

epts. Further, I wish to 
onstru
t thisma
hine to halt on all inputs. I will also use an enumerator EA for A, whi
h prints des
riptions ofTuring de
iders. I 
onstru
t a Turing ma
hine M�, where L(M�) = D as follows:M� =\ on input w,1. Enumerate enough strings in lexi
ographi
 order to determine the index of w. Call this index i.2. Run the enumerator EA to retrieve the des
ription of Mi, the ith Turing de
ider output by EA.If there is no ith de
ider, reje
t and halt.3. Simulate Mi on w.4. If Mi a

epts, reje
t. If Mi reje
ts, a

ept.First, we need to show that M� halts on all inputs. First, if the enumerator does not have an ithenumerator, then the enumerator halts, and so does M�. If the enumerator does not halt, then thereis some Turing de
ider Mi. Sin
e Mi is a de
ider, it halts on all inputs. M� halts every time Mi halts;hen
e, M� halts on all inputs. (Note that it does not matter whether the enumerator is repeatingTuring ma
hines, or what order it prints out the des
riptions. The enumerator is still printing out thedes
riptions in a deterministi
 order, so Mi will always be Mi, even if it is also Mj , i 6= j.)Now we show that M� de
ides a language that is not de
ided by any Mi in A. For all i, there isat least one string on whi
h M� disagrees with the out
ome of Mi. Therefore, the language L(M�)
ontains one string not in Mi, or does not 
ontain a string in Mi, for ea
h Mi. Therefore, M� de
idesa language that is not de
ided by any Mi in A. Therefore, there exists a de
idable language D that isnot de
ided by any de
ider Mi whose des
ription appears in A.


