
Solutions for Problem Set 4
s172 Allison CoatesHomework problems: 3.5, 2d tape, 3.13, 3.163.5 Examine the formal de�nition of a Turing ma
hine to answer the following questions, and explain yourreasoning.a. Can a Turing ma
hine ever write the blank symbol on its tape?Sure, it 
an write the symbol if that symbol is in the tape alphabet �. As de�ned in the book,the tape alphabet 
ontains the blank symbol.b. Can the tape alphabet � be the same as the input alphabet �?No, the tape alphabet is de�ned to 
ontain the blank symbol, while the input alphabet is de�nedto not 
ontain it.
. Can a Turing ma
hine's head ever be the same lo
ation in two su

essive steps?As stated on page 128 of Sipser's book, if a Turing ma
hine's head is on the leftmost tape positionand attempts to move to the left, the head stays in the same pla
e for that move, even thoughthe transition fun
tion indi
ates L.d. Can a Turing ma
hine 
ontain just a single state?No, part 7 of defn 3.1 says that there must be a reje
t state and an a

ept state; they 
an't bethe same state.2 dim TapeThe 2-dim tape Turing ma
hine is a 7-tuple, (Q;�;�; Æ; q0; qa

ept; qreje
t), whereQ;�;�; q0; q0; qa

ept; qreje
tare de�ned as in the normal Turing ma
hine de�nition and Æ : Q� �! Q� �� fL;R;U;Dg.Assume for simpli
ity that the input is still written on only one line of the tape, and further, assumethat there is a leftmost boundary to the tape, and a topmost boundary to the tape. That is, assumethat there is a 
orner to the input tape, and that hte tape extends to in�nity to the right and down.A 2-dim tape Turing ma
hine has a di�erent 
on�guration than a standard Turing ma
hine.Consider the following tape diagram: w1 w2 w3u1 A B v1qiu2 C D v2u3 E F v3x1 x2 x3This diagram indi
ates the 
urrent 
on�guration of the Turing ma
hine. The underline of the Dindi
ates that the head is above the tape square in whi
h the D is written. The qi indi
ates that the
urrent of the Turing ma
hine's �nite 
ontrol is qi.We now show the possible transitions fun
tions, and the 
orresponding 
hanges to the 
on�guration.If Æ(qi; D) = (qj ; N; L), then the Turing ma
hine, on reading a D in state qi moves to state qj , writesan N , and moves the head to the Left. This yields a 
on�gurationw1 w2 w3u1 A B v1qiu2 C N v2u3 E F v3x1 x2 x3




s172 Solutions for Problem Set 4 - page 2 Allison CoatesIf Æ(qi; D) = (qj ; N;R), then the new 
on�guration isw1 w2 w3u1 A B v1qju2 C N v2u3 E F v3If Æ(qi; D) = (qj ; N; U), then the new 
on�guration isw1 w2 w3qju1 A B v1u2 C N v2u3 E F v3If Æ(qi; D) = (qj ; N;D), then the new 
on�guration isu2 C N v2qju3 E F v3x1 x2 x3There are other spe
ial 
ases to in
lude, for example, if the ma
hine tries to move o� of the left or topend of the tape, its head stays in the same position.Now, to prove that a 2-dim Turing ma
hine is equivalent to a standard Turing ma
hine.First we prove that if N is a 2-dim Turing ma
hine, then it is as powerful as a standard Turing ma
hineM . That is, we prove that a 2-dim Turing ma
hine 
an simulate a standard Turing ma
hine. Usingthe above assumption that the input is written on the topmost row of the input, the 2-dim tape 
aneasily simulate M sin
e movements to the left and right are already allowed. N simply reads the inputand performs the same movements that M would perform. Therefore, N is at least as powerful as M .Now, we need to show that M 
an simulate the a
tion of N .One way to solve this problem is to �gure out just how to map the set of in�nite 
ells on the 2dimtape onto the in�nite one dimensional tape. Another way to phrase this is: how to you make room onan in�nite tape for an in�nite number of in�nite strings? Or, another way to ask this is: how do youmap the in�nite 2-d grid to the Counting numbers?There's a very ni
e way to do this, a
tually. Here's a pi
ture:
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s172 Solutions for Problem Set 4 - page 3 Allison Coatesnow, let's invent a more useful 
oordinate system so that we 
an map all of these 
ells into a line.Consider the (i; j)th entry of the 2-d grid to refer to the ith element from the top of the jth diagonal.For example:
5,5

4,54,4

3,3 3,4 3,5

2,2 2,3 2,4 2,5

1,1 1,2 1,3 1,4 1,5

Now we have a one dimensional ordering of the 2-d tape. So now, we 
an write use this ordering onthe 1-dimensional tape to simulate the tape 
ells of the 2-d tape.Given this linear 
oordinate system, we 
an determine that moving the head left moves the head fromposition (i; j) to (i; j � 1); moving the head right moves the head from position (i; j) to (i; j + 1);moving the head up moves the head from position (i; j) to (i� 1; j � 1); moving the head down movesthe head from position (i; j) to (i+ 1; j + 1).Given all of these pie
es, we 
an now show how to simulate the 2-d tape Turing ma
hine N with theone dimensional tape Turing ma
hine M . We set up the 1 tape turing ma
hine M to write all of the
ontents of N 's tape 
ells into a linear string on M 's tape. That is, M 's tape 
ells referen
e N 's in thisorder:Given the transition fun
tion Æ for N , we write the transition fun
tion Æ0 for M that simulates thetransition fun
tion of N by using the 
oordinate system above. That is, if N had its head in the(i; j) position then moved to the left, M now moves from the 
ell representing (i; j) to the positionrepresenting (i; j � 1). So M 
an now perform all of the operations that N 
an perform. Hen
e, M isjust as powerful as N . Hen
e, the 2d tape Turing ma
hine is equivlanet to the normal 1d tape Turingma
hine.3.13 Turing ma
hine with stay-put instead of left is similar to an ordinary Turing ma
hine ex
ept that thetransition fun
tion has the form ÆQ� �) Q� �� fR;Sg:At ea
h point the ma
hine 
an move its head right or let it stay in the same position. Show thatthis Turing ma
hine variant is not equivalent to the usual version. What 
lass of languages do thesema
hines re
ognize?Ay any given step, this ma
hine 
an read its 
urrent input, 
hange its state, write a symbol, and thenstay put or move to the right. However, given that the ma
hine 
an not move left, on
e it moves right,it 
annot go ba
k and reread that input.Pad the tape alphabet to ensure that � � �. At most, the ma
hine has a total of j�j � jQj states thatit 
an be without moving to the right. After this many steps of 
omputation, the ma
hine will bein a 
on�guration that it was in previously. When the ma
hine does move to the right, it will againhave j�j � jQj states that it 
an be in without overwriting the remaining input. It will be unable toa

ess more than j� � jQj states without returning to a 
on�guration that it has seen previously. As a
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hine has at most j�j � jQj 
on�gurations that it 
an rea
h without repetition and withoutoverwriting the input. Therefore, this ma
hine is a �nite automaton with j�j � jQj states, and therefore,the 
lass of languages re
ognizable by this ma
hine is the 
lass of regular languages.3.16 Show that a language is de
idable (re
ursive) i� some enumerator enumerates the language in lexi
o-graphi
 order.First, we prove that if some enumerator enumerates a language in lexi
ographi
 order, then thatlanguage is de
idable.Assume we have an enumerator E whi
h outputs strings for a language L(E) in lexi
ographi
 order.We design a Turing ma
hine M that de
ides L(E) as follows:M = \ On input w,(a) Run E, until E rea
hes the point that w should appear on the tape. This point will be rea
hedeventually, sin
e E prints out strings in lexi
ographi
 order. (In parti
ular, all strings of lengthjwj will be printed after all strings of length jwj � 1 and before strings of length jwj + 1. Thereare j�jjwj strings of length jwj.)(b) Che
k that some string of length jqj that is output by E mat
hes w. At most, this requires
he
king through j�jjwj strings. If some string mat
hes w, then a

ept. If no string of length jwjmat
hes w, then no string output by the enumerator will mat
h. In that 
ase, reje
t.M a

epts or reje
ts on all inputs; M a

epts all strings in L(E) and reje
ts all strings not in L(E).Hen
e, M is a de
ider for L(E).Now we prove that if a language L is de
idable, then there is some enumerator whi
h enumerates L inlexi
ographi
 order.If L is de
idable, then there is some Turing ma
hine M whi
h de
ides L{ that is, it a

epts all stringsin L, and reje
ts all strings not in L. We will use M to build a lexi
ographi
 enumerator E for L.We build a Turing enumerator E as follows:(a) Generate strings as follows: for i = 1; 2; 3; : : :,i. Generate all strings over the input alphabet of � of length i in lexi
ographi
 order. Forexample, given the input alphabet f0; 1g, the strings generated are100011011000: : :ii. Feed ea
h string to the ma
hineM in order. If M a

epts, print out that string. If M reje
ts,move on to testing the next string. Sin
e M halts on all inputs, we 
an be assured that allstrings will be tested without looping.Pra
ti
e Problems: 3.6, 3.7, 3.10, 3.14I am in
luding the solutions to the pra
ti
e problems be
ase I have re
eived many questions about theseproblems in oÆ
e hours. If after reading these answers, you still are unsure of some aspe
t of these questions,please 
ome see me.3.6 What is wrong with the following proof to prove that if some language L is Turing re
ognizable, thensome enumerator enumerates L?E = \ Ignore the input.




s172 Solutions for Problem Set 4 - page 5 Allison Coates(a) Repeat the following for i = 1; 2; 3; : : :(b) Run M on si.(
) If it a

epts, print out si."The problem with the proof is that M on si might loop forever. If it loops forever, then E doesn'tprint out si. But more, E isn't going to move on to test the next string. Therefore, it won't be ableto enumerate any other strings in L. For this reason, we need to simulate M on ea
h of the strings fora �xed length of time so that no looping 
an o

ur.3.7 What is wrong with the following des
ription of a Turing ma
hine?Mbad = \ The input is a polynomial over variables x1; : : : xk.(a) Try all possible settings of x1; : : : ; xk to integer values.(b) Evaluate p on all of these settings.(
) If any of these settings evaluates to 0, a

ept; otherwise, reje
t."What does it mean to \try all possible settings of x1; : : : ; xk to integer values? Consider a polynomialof just two variables: x0 and x1. Consider setting x0 = 0, and then running over all possible values ofx1. We will never be able to in
rement x0 above 0. In this way, we 
an never try all possible settings,and therefore, we 
an never evaluate all possible settings of p. So, this des
ription of a Turing ma
hineis too vague{ it does not des
ribe a systemati
 method for enumerating all possible integers. (Is it
lear that you 
an run over all possible settings at all?)3.103.14


