
Solutions for Problem Set 3
s172 Allison Coates2.2a,b, 2.7, 2.18 a,b2.2a Use the languages A = fambn
njm;n � 0g and B = fanbn
mjm;n � 0g together with Example 2.21to show that the 
lass of 
ontext-free languages is not 
losed under interse
tion.First, we need to show that A and B are 
ontext free languages. One simple solution is to 
onstru
tgrammars for A and B. Here is the grammar for A:S ! TVT ! Taj�V ! bV 
j�ULikewise, here is the gramma for B: S ! V TT ! 
T j�V ! aV bj�Given that A and B are 
ontext free, we then prove that CFLs are not 
losed under interse
tion byinterse
ting them, and getting something not 
ontext free.Example 2.20 shows that C = fanbn
ng is not a CFL. But the interse
tion of A and B as de�nedabove is C. Hen
e, CFLs are not 
losed under interse
tion.2.2b Using this result and de Morgan's laws we show that CFLs are not 
losed under interse
tion.We prove by 
ontradi
tion that CFLs are not 
losed under 
omplement. First, we assume that CFLsare 
losed under 
omplement. CFLs are 
losed under union (i.e. if A and B are CFLs, then A[B is aCFL). Assuming CFLs are 
losed under 
omplement, then A [ B is a CFL. But by de Morgan's laws,A [ B = �A \ �B. Sin
e these languages are 
losed under 
omplement, then �A \ �B is a CFL. But CFLsare not 
losed under interse
tion, shown above; there exist languages A and B su
h that �A \ �B is nota CFL. Hen
e, 
ontradi
tion. Hen
e, CFLs are not 
losed under 
omplement.2.7 Given an informal of a pushdown automaton that re
ognizes the language:a. The set of strings over the alphabet fa; bg with twi
e as many a's as b's.Build a PDA that 
ontains two states in its �nite 
ontrol: a \0" state, whi
h is an a

ept state,and another state, the \need 1 a" state. You 
an think of the \0" state as meaning that we needto see two a's, or that we have seen 0 a's. These two states keep tra
k of whether we have seenan odd or even number of as so far. Informally, we de�ne the transitions rules as follows: we willneed to push either an a or a b onto the sta
k. A b on the sta
k means we have seen one b, andneed two as; an a on the sta
k means we have already seen an a, and now we need one b. Wewill keep tra
k of whether we have seen We 
an't simply solve this problem by saying \push allthe a's onto the sta
k" or \push all of the b's onto the sta
k" be
ause we may see all b's followedby all a's, and vi
e versa. so instead, we will need to push either a's or b's{ depening on thein
oming symbol and the ma
hine's 
urrent state. We will never see any mixtures of a's and b'son the sta
k. at any given time, there will only be a's or b's. As they are popped o� until thereare no more letter on the sta
k, then the sta
k 
an 
hange the symbol it holds, so that over time,it 
ould 
ontains either a's or b's.More spe
i�
ally, the rules for the PDA are:
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k. We will a

ept the input if afterreading it, the sta
k 
ontains only the $ symbol and the �nite 
ontrol is in an a

ept state.Read the �rst letter.If input 
ontains a letter other than a=b, reje
t.If it is an a, enter the \need 1 a" state. Do not push this symbol onto the sta
k.If the 
hara
ter is a b, enter a \0" state and push the b onto the sta
k.Repeat for length of input: For all inputs after the �rst input, use the following rules:If the symbol is an a, and we are in the \need 1 a" state, 
he
k the sta
k. If the top ofthe sta
k 
ontains a b, pop the b, and move the �nite 
ontrol to the \0" a

ept state. Ifwe are in the \need 1 a" state and the top of the sta
k does not 
ontain the symbol b,push the a onto the sta
k and return to the 0 state.If we are in the \0" state, update the �nite 
ontrol to enter the \need 1 a" state, and donothing to the sta
k.If the next symbol is a b, and the sta
k 
ontains an a, pop the a o� the sta
k. Do not
hange the �nite 
ontrol. If there is no a on the sta
k, we are in the \need 1 a" state,b. The 
omplement of the language fanbnjn � 0g.As seen in the last homework, the 
omplement of this language 
onsists of three types of strings:all strings 
ontaining the substring bathe strings anbm; n < mthe strings anbmn > m.We will des
ribe a nondeterministi
 PDA. Assume the PDA will 
orre
tly quess whi
h type ofstring we have; we need to show that we 
an write rules for a PDA to solve ea
h of these problems.The PDA for the �rst subset is simple, sin
e a �nite automata 
an solve it. We 
reate a ma
hinewhose �nite 
ontrol a

epts if and only if the string 
ontains ba. The PDA to re
ognize thelanguages in the se
ond and third subset 
an be des
ribed as follows: If the input 
ontainssymbols other than a's and b's, or the string has a's following the b's, reje
t. Push the symbol $onto the sta
k. Then, begin reading the as from the input. Push all a's onto the sta
k. As soonas the PDA reads the �rst b in the input, pop an a o� of the sta
k for every b that is read. Ifthe sta
k is empty, but there are still more b's, a

ept. If the sta
k 
ontains a's but the input is�nished, a

ept. Reje
t if the input is �nished and the sta
k's top symbol is $.
. �w#xjwR is a substring of x for w; x 2 f0; 1g�	.This ma
hine relies upon nondeterminism. Let M be a nondeterministi
 PDA. The rules for Mare: Push the symbol $ onto the sta
k. Push all symbols onto the sta
k until a # is read. Fromthat point forward, use nondeterminism to 
orre
tly guess where the substring wR begins insidethe string x. Pop o� mat
hing symbols between w and x; when the sta
k is empty, 
ontinuereading the rest of the input. If the sta
k 
ontains only the $ symbol when the input is �nished,a

ept. If the sta
k 
ontains other symbols, reje
t.d. �x1#x2# : : :#xkjk � 1; ea
h xi 2 fa; bg� and for some i andj; xi = xRj 	. This is similar to theprevious problem. Assume M is a nondeterministi
 automaton. M 
an 
orre
tly guess the properpoint at whi
h to mat
h some xi to some xRj . Assume M properly guesses whi
h xi and xj arepalindromi
. Then M 
an push xi onto the sta
k until the input is a #. Then, it 
an ignoresymbols until it rea
hes the 
orre
t xj . Then, it 
an pop symbols o� the sta
k if they mat
h xj .If the sta
k is empty at the end of the input, a

ept, else reje
t.2.18a Use the pumping lemma to show that the following language is not 
ontext free:L = f0n1n0n1njn � 0 gThe pumping lemma for CFLs is:
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ontext free language, then there is a number p su
h that if s is any string in Aof length at least p then s may be divided into �ve pie
es s = uvxyz satisfying the 
onditions:1. For ea
h i � 0; uvixyiz 2 A,2. jvyj > 0,3. jvxyj � p.Assume L as de�ned above is a 
ontext free language, with a 
orresponding pumping length p. Pi
k astring s, where jsj = 0p1p0p1p. Hen
e, s 2 L.We now break s into pie
es u; v; x; y; z.Sin
e jvxyj � p, then vxy is one of the following types of strings: a string of all Os; a string of all 1s; astring of 0s followed by 1s, or a string of 1s followed by 0s. That is, this string 
annot be of the form000 : : :111 : : :0 : : : 1 : : :.Assume vxy is a string of all 0s. Sin
e jvyj > 0, then either v or y must 
ontain at least one 0. Pumpingv and y means that s = uvixyiz must 
ontain more 0s than 1s. But this string is not in the languageL. Likewise, assume that vxy is a string of all 1s. Then either v or y must 
ontain at least one 1, andpumping that string will now 
ontain more 1s than 0s. This string is not in the language L.Now assume that vxy is a string of 0s followed by 1s. Either one of v and y is a string of the form0 : : : 1 : : :, or v and y are substrings where v is a string of 0s and y is a string of 1s, If the former istrue, then pumping v and y will produ
e strings of the wrong form, and hen
e not in L. If the latteris true, but v and y are of di�ering lengths, then pumping them will produ
e a di�erent number of 1sand 0s. Hen
e su
h strings are not in L. It is possible to produ
e string su
h that vixyi maintains the0n1n for the �rst half of string s, but there is no way to pump the rest of the string. Su
h pumpedstrings are of the form 0r1r0n1n; r 6= n. These strings are not in L.Likewise, the same argument holds when vxy is a string of 1's followed by 0's. We then 
an, in thebest 
ase, produ
e string of the form 0n1r0r1n; r 6= n whi
h are not in L. Hen
e, there is no way tobreak up s so that s 
an be pumped and remain in L. Hen
e, L is not a CFL.2.18b Prove using the Pumping Lemma that the following language is not a CFL:L = �0n#02n#03njn � 0 	Proof by 
ontradi
tion. Assume L is a CFL. Pi
k a string s = 0p#02p03p. s 2 L. Hen
e, s 
an bepumped.We 
an break s into the pie
es uvxyz a

ording to the 
onditions of the Pumping Lemma. Sin
ejvxyj � p, then vxy is one of the following types of strings: a string of all 0s, or a string 
ontainingexa
tly 1 # with 0s on either side. This string 
annot be of the form 000 : : :# : : : 0 : : :# : : :.Assume vxy is a string of all 0s. Pumping v and y will produ
e a string that 
ontains too many 0s inone of the three subsets; the 
ounts will no longer mat
h the form n; 2n; 3n. Hen
e, these strings arenot in L. Assume that vxy 
ontains a #. For now, assume vxy straddles the length n portion andthe length 2n portion. If either v or y 
ontains the #, then pumping that string will produ
e a stringwith too many #s, whi
h is not in L. If x 
ontains the # symbol, then at best, we 
an 
hoose v andy su
h that jyj = 2jvj. Then, pumping v and y 
an produ
e strings su
h that the �rst substring is
orre
t relative to the se
ond substring, but there is no way to pump the third substring. We now havestrings of the form 0n+i#02(n+i)#03n, whi
h are not in L. Likewise, we 
ould have had vxy straddlethe se
ond #, but we have no way to straddle both. Hen
e, s 
annot be pumped and remain in L. soL is not 
ontext free.


