
Solutions for Problem Set 2
s172 Allison CoatesProve the following languages are or are not regular.1a. With the alphabet given as � = fag,L = �anjn = 2j with j 2 N	I 
an prove this isn't regular using the pumping lemma. I will assume this language is regular,and then use the lemma to guarantee the existen
e of a pumping length p su
h that all stringsof length p or greater in the language 
an be pumped. Then, a �nd a string in B of length p orgreater than 
annot be pumped.The pumping lemma is:Lemma 1 If A is a regular language, then there is a number p where if s is any string in Aof length at least p, then s may be divided into three pie
es, s = xyz, satisfying the following
onditions:1. 8i � 0; xyiz 2 A,2. jyj > 0,3. jxyj � p.Proof by 
ontradi
tion. Assume the language L de�ned by the above strings is regular. Let p bethe pumping length. A

ording to the pumping lemma, for any string of at least p, the pumpinglemma holds. Choose s to be the string a2k where 2k is the smallest power of 2 that is greaterthan p. s is a member of L. Sin
e s is a member of L, it 
an be divided into three pie
es xyzsu
h that 8i; xyiz 2 L.Pi
k y = am; 0 < m � p;m 6= 2i, in a

ordan
e with 
ondition 2 and 3. Hen
e, m is not a powerof 2, while the length of s is a power of 2. The length jxyyzj = 2k +m. This 
annot be a powerof 2 unless m is a power of 2. But m is not a power of 2, so xyyz is not in L. Contradi
tion.Pi
k y = am; 0 < m � p;m = 2i. In this 
ase, either p is a power of 2, and y = s (and x and z areempty), or the length of y is a power of 2, 2j ; j < i. Consider the �rst 
ase where p is a power of 2,and y = s. In this 
ase, x and z are the empty strings. Then jxyyyzj = jyyyj = m+m+m = 3(2i)whi
h is not a power of 2.Consider the se
ond 
ase, where the length of y is 2j ; j < i. Pumping xyz, we �nd the lengthjxyyyyzj = 2j + 2j + 2j + 2k = 3(2j) + 2k whi
h is not a power of 2. Thus 
ontradi
tion isunavoidable if we assume L is regular, so L is not regular.b. With the alphabet given as � = f0; 1g,L = fn+ 2jn in binary and n = 2jwithj 2 NgThe language L is regular. To prove it, I will show the regular expression for the above language.First, the numbers that this language represents are: 3; 4; 6; 10; 18; : : :. These strings in binaryare: 11; 100; 110; 1010; 10010; : : :For numbers > 4, strings in binary of the form 2j + 2 all �t the following form: a 1, followedby some number of zeros, then a 1 and a 0. This set of strings 
an be expressed by the regularexpression 10�10. We must now in
lude the strings for the numbers 2 and 4, whi
h do not �t theabove form. The �nal regular expression is10�10 [ 11 [ 100
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. With the alphabet given as � = fa; bg,anbmjn 6= m and n;m 2 NgI 
an prove this isn't regular as follows:Proof by 
ontradi
tion. assume L is regular. Then its 
omplement is regular, sin
e regular lan-guages are 
losed under 
omplement. Further, the regular languages are 
losed under interse
tion,so interse
tion of �L and the strings 0�1� is a regular expression. But �L\ = 0�1�f0; 1gn;8n � 0.We know that this language is not regular. Contradi
tion. Hen
e, L is not regular.2.6 Given CFGs generating the following languages.a. The set of strings over the alphabet fa; bg with twi
e as many a's as b's.The base 
ase 
onsists of �, the empty string, and the strings aab; aba; baa. so our produ
tionrules must allow that: R ! �R ! aabjabajbaaBut this problem isn't as pretty as the palindrome problem: assuming w is a an element of thelanguage, we 
an't easily write down produ
tion rules that leave w alone, and simply add newelements onto w. As an example, look at this: bbbaaaaaa. No amount of 
on
atenating elementsof the form aab; aba; baa would form that string. Continuing to look for a \re
ursive" step, noti
ethat given a string w is in the language, 
rossing out any 2 a's and 1 b produ
es a string that isstill in the language. In the other dire
tion, this means we 
an add 2 a's and 1 b in any set ofpositions. The rule is: R! �jRaRaRbR jRaRbRaR jRbRaRaRb. The 
omplement of the language fanbn jn � 0g.This seems diÆ
ult sin
e there are so many possible strings. Let's look at it this way: we wantL = �� fanbng. We know that this set in
ludes faibjg; i > j and faibjg; i < j. But it 
ontainsother strings as well| in
luding any string not of the form aibj . But this is enlightening. For astring not to be of the form aibj , su
h a string 
ontain the substring ba. We 
an write the set ofall su
h strings as: (a [ b)�(ba)(a [ b)�.Turning the �rst form into a set of produ
tion rules, we have:S ! AA ! a j aA j aAbNote that there are no �s in this rule: so it must stop when there are more a's than b's. Similarly,S ! BB ! b jBb j aBb
orresponds to more bs than as.The �nal form is en
oded as: S ! CC ! ba j aC j bC jCa jCb




s172 Solutions for Problem Set 2 - page 3 Allison CoatesSimplifying the above, we have S ! A jB jCA ! a j aA j aAbB ! b jBb j aBbC ! ba j aC j bC jCa jCb
. fw#x jwR is a substring of x for w; x 2 f0; 1g�g.Here, the point is to build up a palindromi
 string, but with other elements of f0; 1g� in themiddle and on the end. S ! TUT ! aTa j bT b j#UU ! aU j bU j �d. fx1#x2#x3# : : :#xk j k � 2; ea
h xi 2 a; b�; and for some i; j; xi = xRj g.It's a little diÆ
ult to �gure out how to 
ount through the # 
hara
ters. the rule for T takes
are of the palindromi
 portion of the strings. V takes 
are of the middle portions, whi
h may
onsist of many strings. Noti
e that # symbols may o

ur next to ea
h other, but if there is only1 xithere are no # symbols. S ! U1TU2T ! aTa j bT b j#V# j �V ! aV j bV j#V j �U1 ! U1# jU1a jU1b j �U2 ! #U2 j aU1 j bU1 j �2.14 Convert the following CFG into an equivalent CFG in 
homsky normal form using th pro
edure givenin Theorem 2.6. A ! BAB jB j �B ! 00 j �Chomsky normal form has rules of only the following two forms:A ! BCA ! aFirst, we add a new start symbol, S0, and a new rule S0 ! A so that the start symbol doesn't o

uron the right side of any produ
tion rules.we now have: S0 ! AA ! BAB jB j �B ! 00�




s172 Solutions for Problem Set 2 - page 4 Allison CoatesNext, we address the � symbols. so, we rewrite the rule for B as B ! 00, and sin
e A goes to � already,we do not 
hange A to a

ount for our 
hange to B. Then, we 
hange A 
hange the produ
tion rule ofA a

ordingly.A ! BAB jAB jBA jA j �. Then, we remove the � from rule A by allowing our new start to have aprodu
tion rule to �. Now, our rules are:S0 ! A j �A ! BAB jAB jBAB ! 00Continuing, we remove the unit rule A! A. We also remove the unit rule S0 ! A.S0 ! BAB jAB jBAA ! BAB jAB jBAB ! 00Then, we add rules to adhere to the form of two variables on the right side.S0 ! BA1 jAB jBAA ! BA1 jAB jBAA1 ! ABB ! 00Finally, we add the rule for one terminal symbol. The �nal rules are:S0 ! BA1 jAB jBAA ! BA1 jAB jBAA1 ! ABB ! O1O1O1 ! 0


