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s172 Allison Coates1a. Let k-CLIQUE be the language f< G > jG is a graph with a k-
lique.g: Show that for every �xed k,k-CLIQUE is in P.For a graph on n nodes with �xed parameter k, there are at most �(nk)� possible k-CLIQUES, whi
h isO(n4) 
liques; at most there are �n2� edges on the 
omplete graph, whi
h is O(n2) edges. A k� 
liquehas k! edges, whi
h is 
onstant for �xed k. An algorithm for k-CLIQUE is as follows:(a) Enumerate all possible 
liques on the graph.(b) For ea
h 
lique,i. Che
k if all edges are present. If so, output yes and halt. Otherwise, move onto next 
lique.ii. If no 
liques found, output no.Che
king edges takes a (large) 
onstant amount of time; the total number of times the loop isiterated in the worst 
ase is O(n4). Hen
e, this k�CLIQUE 2 P .1b. Prove 7.21 by giving a poly-time redu
tion from CLIQUE to HALF-CLIQUE Let CLIQUE = f<G; k > jG is an undire
ted graph with a k-
liqueGg:Let HALF�CLIQUE = f< G > jG is an undire
ted graph having a 
omplete subgraph with at least n=2 nodes, where n is the number of nodes in Gg:We wish to give a redu
tion from CLIQUE to HALF-CLIQUE; that means that we give a redu
tionf : x ! f(x) su
h that if x 2 CLIQUE then f(x) 2 HALF�CLIQUE and if x 62 CLIQUE thenf(x) 62 HALF�CLIQUE.First, we note that some instan
es of CLIQUE map identi
ally to HALF-CLIQUE: if we aregiven an instan
e < G; k >, where k � n=2, n = jV j, then we simply feed that instan
e toHALF-CLIQUE. If that type of instan
e is an element of CLIQUE, then it is an element ofHALF-CLIQUE.Now 
onsider the 
ase where k < n=2. We build the following redu
tion: we will build a newgraph G0(V 0; E0) that 
ontains a j-sized 
lique, and then tune j as needed. Spe
i�
ally, given aninstan
e < G; k >, we map it to < G0 = (V 0; E0) > su
h that G0 has all of the verti
es of G andj new verti
es (a total of n + j): V 0 = V [ fw1; w2; : : : wjg; further, G0 has all of the edges ofG and Pj�1i=0 n + j � i new edges: E0 = E [ ff1; f2; : : :g where the edges fi 
onne
t ea
h of theadditional j verti
es is 
onne
ted to all of the verti
es in V 0.So, G0 has a j-
lique by 
onstru
tion. To ensure that G0 has a 
lique of size � n=2 if G has a
lique of size k, we set j: sin
e k < n=2, we need k+ j � (n+ j)=2. Therefore, j = n� 2k. So, inthe above 
onstru
tion, we add n� 2k nodes, and Pn�2k�1i=0 2n� 2k � i edges. This redu
tion is
omputable is polynomial time, sin
e we add O(n) verti
es and O(n2) edges.Now, we show that this redu
tion works. If G has a k-
lique, then G has a k + j-
lique on n+ jnodes, whi
h is n� k-
lique on 2n� 2k nodes, therefore G0 is an instan
e of HALF-CLIQUE. IfG0 has at least an (n + j)=2 
lique on n + j nodes, then sin
e j = n � 2k, G0 must have had a(2n� 2k)=2 = n� k = j + k 
lique, so G must have had a k-
lique.7.29 Show that if P = NP , a polynomial time algorithm exists that, given a Boolean formula � a
utallyprodu
es a satisfying assignment for � if it is satis�able.If P = NP , then NP 
omplete problems 
ould be de
ided in polynomial time. Hen
e, there would bea polynomial time de
ision algorithm for satis�ability of �. Call this algorithm A. We 
an use A tobuild a polynomial time algorithm to 
ompute the truth assignments for the satisfying assignment asfollows:On input of a formula �, we ask A if � is satis�able. If A says no, we reje
t. If A says yes, then weset x1 to TRUE inside � and feed this version of � to A. (Likewise, we 
ould make a new formula �0,
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lauses with literal x1 are removed, and all 
lauses with �x1 are modi�ed to remove the �x1literal. If A says no, then we set x1 to false, sin
e we are 
on�dent that x1 = FALSE is part of asatisfying assignment. If A says yes, we are 
on�dent that x1 is part of a satisfying assignment. Wethen 
ontinue for all variables xi. Sin
e there 
an never be more variables than 
lauses, at most, wemay have to walk through the whole boolean formula on
e for ea
h 
lause. Hen
e, in total, this takesO(n2) time, hen
e is a polytime algorithm. This te
hnique is often referred to as self-redu
ibility.7.37 A 2
nf=formula is an AND of 
lauses, where ea
h 
lause is n OR of at most two literals. Show2SAT 2 P .Note that a 
lause of the form (xi _ xj) is logi
ally equivalent to the statement ( �xi  xj) (and of
ourse, its 
ontrapositive: ( �xj  xi). Further, note that a 2SAT formula is sati�able ex
ept when aset of 
lauses leads to a 
ontradi
tion. For example, (x1 _ x2) ^ (x1 _ �x2) ^ ( �x1 _ x2) ^ ( �x1 _ �x2) isunsatis�able be
ause for every possible assigment of truth values to x1 and x2, there is some 
lausepresent that 
ontradi
ts another 
lause. In terms of impli
ations, this means that �x1  x2  x1 andx1  x2  �x1. Hen
e, 
ontradi
tion.We will use this set of impli
ations based on 
lauses to 
reate a graph as follows: for ea
h variable in�, make 2 nodes in G, one for ea
h literal. For every 
lause (xi _ xj), add a dire
ted edge from �xi toxj and an edge from �xj to xi. On
e the graph is built, a satisfying assignment for � 
orresponds toa graph whi
h 
ontains no 
y
les 
ontaining both positive and negative literals, other than the trivialones (from xi to �xi). Sear
hing the graph for 
y
les 
an be done in polynomial time. In other words,you are sear
hing for a path from some literal xi to �xi and from �xi to xi. If both 
hains exist, then thereis a 
ontradi
tion, and then there is no satisfying assignment. Else, there is a satisfying assignment.Paths 
an be sear
hed for in polynomial time.


