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s172 Allison Coates7.1 Answer TRUE or FALSE for ea
h of the following parts.(a) 2n = O(n). TRUE(b) n2 = O(n). FALSE(
) n2 = O(n log2 n). FALSE(d) n logn = O(n2). TRUE(e) 3n = O(2n). FALSE. 3n = 2n log2 3 = 2O(n).(f) 22n = O(22n). TRUE7.7 Show that NP is 
losed under union and 
on
atenation.First, I will show that NP is 
losed under union. That is, given L1 2 NP , and L2 2 NP , thenL1 [ L2 2 NP . First, sin
e L1 2 NP , then there exists a TM M1 that su
h that given a string w anda 
erti�
ate 
, where j
j = poly(w), then M 
an verify in polynomial time whether w is an elementof L1. Likewise for L2, there exists a TM M2 su
h that given a string w and a 
erti�
ate 
, wherej
j = poly(w), then M 
an verify in polynomial time whether w is an element of L2. Now, I 
an
onstru
t N , a TM for L1[L2 that on given a 
erti�
ate 
0 and input w0 
an verify in polynomial timewhether w0 is an element of L1 [ L2 as follows:Let the new 
erti�
ate 
0 
onsist of two parts: the �rst part is a bit to indi
ate the language to whi
hw0 belongs, and the se
ond part is the 
erti�
ate for that w0 in that language. Then, on input 
0; w0,N reads 
0 and based on 
0 runs either M1 or M2, feeding that ma
hine w0 and the 
erti�
ate for w0 inthat language. 
0 is 
learly polynomial in the length of this inputs, as it is only a 
onstant number ofbits longer than the original 
erti�
ate for w.To show that NP is 
losed under 
on
atenation, I must show that given L1 2 NP , and L2 2 NP , thenL1 �L2 2 NP . In other words, given a string w 2 L1, and a string q 2 L2, then a string w � q 2 L1 �L2.Assume L1 and L2 are de�ned as above, and have 
orresponding TMs M1 and M2. I 
reate a new TMN or L1 �L2 that on given a 
erti�
ate 
0 and input w0 
an verify in polynomial time whether w0 is anelement of L1 � L2 as follows:Let the 
erti�
ate 
0 
onsist of two parts: the �rst part is the bit position of the break between thestring belonging to L1 and the string belonging to L2, and the se
ond part 
onsists of two 
erti�
atesfor the languages to whi
h the string belongs. Sin
e 
0 is longer than the original 
erti�
ates by atmost log jw1 + w2j bits, (whi
h indi
ate the position of the break), then j
0j is polynomial in the sizeof the inputs.7.9 Let CONNECTED = f< G > jG is a 
onne
ted undire
ted graphg. Analyze the algorithm given onpage 145 to show that this language is in P.The algorithm given in Sipser, p. 146 is :M = \ On input < G >, the en
oding of a graph G:(a) Sele
t the �rst node of G and mark it.(b) Repeat the following stage until no new nodes are marked:i. For ea
h node in G, mark it if it is atta
hed by an edge to a node that is already marked.(
) S
an all nodes of G to determine whether they all are marked. If they are, a

ept; otherwise,reje
t."




s172 Solutions for Problem Set 8/week 10 - page 2 Allison CoatesStep 1 takes O(1) time. To analyze Step 2, note that for a given node, 
he
king all edges 
an take atmost O(n2) time (as at most, there are O(n2) nodes.) Sin
e there are n nodes, marking on
e throughfor ea
h node takes O(n3) time. Further, in the worst 
ase, sin
e only one new node is marked onea
h pass, we may have to repeat passing through all of the nodes n times. In total, step 2 has arunning time of O(n4). Step 3 takes O(1) time. Hen
e, the algorithm has a running time of O(n4),and therefore CONNECTED 2 P .7.11 Call graphs G and H isomorphi
 is the nodes of G may be reordered so that it is identi
al to H . LetISO = f< G;H > jG and H are isomorphi
 graphsg. Show that ISO 2 NP .To show that ISO 2 NP , we simply show how given an input w and a 
erti�
ate 
 for w, a veri�er forISO would run in polynomial time. The 
erti�
ate 
 is the mapping from G to H that demonstratesG and H are isomorphi
. Spe
i�
ally, the 
erti�
ate 
an be spe
i�ed as pairs of nodes (g; h), whereg 2 G and h 2 H . An isomorphism is a bije
tive mapping: (surje
tive and inje
tive, or 1-to-1 andonto), so there 
an only be one node in H to whi
h a node in G is mapped, and every node in G ismapped on
e. Therefore, there are jGj = jH j = n elements in the mapping, and ea
h 
an be spe
i�edwith O(logn) bits. Therefore, the mapping is polynomial in the size of the input. Now, we need toshow that the veri�er runs in poly time. The input to the veri�er are the des
riptions of G and H :ea
h graph des
ription 
onsists of a list of nodes, and a list of edges.(a) For ea
h node g 2 G,i. Use the 
erti�
ate to determine that mapping f to a node h 2 H . That is, 
he
k f(g) = h,and that the node in H is previously unmarked. Mark that node. (If a node is previouslymarked, reje
t). Assuming the previous 
onditions are met,ii. run through list of edges, 
he
king for edges of the form (g; x), where x is any other node inG. For ea
h edge that is found, 
ompute the mapping f(x), and 
he
k that if (g; x) is an edgein G, then (f(g); f(x)) is an edge in H . Mark ea
h node and edge for whi
h the mapping isfound. If an edge is found that has already been marked, reje
t.(b) Che
k that all nodes and edges in H are marked.This algorithms runs in polynomial time.Given a node g, 
he
king the mapping and marking the nodef(g) takes linear time. For ea
h node, running through the list of edges takes linear time w.r.t. theinput, as the edges are listed in the des
ription. For ea
h edge, 
he
king the mapping takes linear time.So, for ea
h node, 
omputing step two takes O(n2) time, and as there are n nodes, this takes a totalof O(n3) time. Che
king all nodes and edges are marked is linear time. Hen
e, the veri�er 
an verifythe input string in polynomial time. Hen
e, ISO 2 NP .Last Let G be a dire
ted graph of n verti
es. How many bits do you need to des
ribe G? Also, how manybits (again as a fun
tion of n) do you need to des
ribe a permutation of the verti
es of G? (Your answershould use the big-O notation; but not O(n4) if you 
an make it O(n3).)G = (V;E) is a dire
ted graph of n verti
es and some number of edges. The graph des
ription
an be a list of verti
es and a list of edges. The verti
es 
an be named by numbers 0 through n �1. Ea
h vertex name 
an be written with O(logn) bits; the total number of bits for all verti
es isO(n logn). The edges 
an be listed as pairs of verti
es. Sin
e the edges are dire
ted, the total numberof edges possible is is �2�n2 �. So, the number of edges is O(n2). The number of bits to spe
ify ea
hedge is the number of bits to spe
ify vertex 1+ the number of bits to spe
ify vertex 2+
 = O(logn).Therefore, the total number of bits to spe
ify the graph is O(n logn) + O(n2 logn) = O(n2 logn).There are many ways to des
ribe a permutation of the verti
es. Given n verti
es, there are n! possiblepermutations of those verti
es. You 
an spe
ify whi
h permutation simply by enumerating all possiblepermutations in lexi
ographi
 order, and then labelling them by their number in that ordering. Thenumber of bits to spe
ify a permutation is then logn! and by Sterling's approximation, logn! =O(n logn).


