
CS 172 | Fall 2003 Problem Set #12Computability and Complexity SolutionsProblem 12.1. (6 points) Problem 7.16 of Sipser.Solution 12.11. SPATH is in P. Here is a polynomial time algorithm to de
ide SPATH:(a) Run breadth �rst sear
h algorithm on G starting from a.(b) If the distan
e from a to b is less than or equal to k, then a

ept.(
) Otherwise, reje
t.This works be
ause BFS will �nd the shortest path from a to b in polynomial time. If theshortest path has length less than or equal to k, then the instan
e (G; k) is in SPATH. If G
ontains a simple path of length at most k from a to b, then the shortest path from a to bwill also be less than or equal to k.2. First, note that LPATH is in NP. The 
erti�
ate is simply the path of length at least k froma to b. To show LPATH is NP hard, we redu
e from UHAMPATH to LPATH:(a) On input hG = (V;E); a; bi return hG; a; b; jV j � 1i.This redu
tion 
learly runs in polynomial time. If G has an Hamiltonian path from a to b,then that path is a simple path from a to b of length jV j � 1 and is therefore in LPATH.Conversely, if there is a simple path of length at least jV j � 1 from a to b, then it must passthrough every other node in the graph, and is a Hamiltonian path.Problem 12.2. (8 points)a. Problem 7.10 of Sipser.b. Problem 7.21 of Sipser.Solution 12.2a. Here is an easy n3 algorithm for triangle, where n is the number of verti
es of the graph.Simply iterate over all three tuples (a; b; 
) of states and 
he
k if all the three edges (a; b),(b; 
), and (
; a) are present.b. Half-Clique is in NP. The 
erti�
ate is simply the list of nodes in the 
lique. It is alsoNP-hard. We will give a polynomial time redu
tion from CLIQUE to Half-Clique:1. On input hG = (V;E); ki do the following:2. Constru
t a new graph G0 = (V 0; E0) that 
ontains all the verti
es and edges in G.3. If jV j < 2k, then add 2k � jV j additional nodes to G0 so that jV 0j = 2k. Leave theadditional nodes un
onne
ted to the rest of the graph.4. Else if jV j > 2k, then add jV j � 2k additional nodes to G0 so that jV 0j = 2jV j � 2k.Conne
t ea
h of these new nodes to all other verti
es in G0.



5. Return hG0i.This runs in polynomial time sin
e we are adding O(jV j) verti
es to the graph. This redu
tionworks by 
onstru
ting a new graph G0 su
h that G has a 
lique of size at least k nodes ifand only if G0 has a half-
lique. First, 
onsider the 
ase where jV j < 2k. If G has a 
liqueof size k, it is a half-
lique in G0 sin
e k = jV 0j=2. Conversely, if G0 has a half-
lique, then itmust be within the nodes of V sin
e the extra nodes added to G0 are not 
onne
ted. Sin
ejV 0j=2 = k, then this is a 
lique in G of size at least k. Se
ond, 
onsider the 
ase wherejV j > 2k. If G has a 
lique of size k, then the same 
lique in G0 will also be 
onne
ted tothe jV j � 2k new nodes, forming a 
lique of size jV j � k = jV 0j=2. This is a half-
lique in G0.Conversely, if G0 
ontains a half-
lique, the largest half-
lique in G0 will 
ontain all the newnodes in G0 be
ause they are 
onne
ted to all other nodes. Removing the new nodes leavesat least jV j�k� (jV j�2k) = k nodes in the 
lique. This means that G has a 
lique of size k.Problem 12.3. (8 points)a. Problem 7.37 of Sipser.b. Problem 7.19 of Sipser.Solution 12.3a. For brevity we will refer 2-
nf satis�ability as 2SAT. Let  be a instan
e of 2SAT, that is, theset of 
lauses with two literals ea
h. We 
an de�ne a graph G( ) as follows: the verti
es ofG( ) are the literals (variables and their negation) of  ; and there is an edge (�; �) if andonly if there is a 
lause of the form (:� _ �) (or (� _ :�)). Intuitively, these edges 
apturethe logi
al impli
ation ()) of  . As a result the graph G( ) has a ni
e symmetry property:If (�; �) is an edge then so is (:�;:�) (see Fig 1 for example). Paths in G( ) are also validimpli
ations (by transitivity of )).
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(!x1) (!x2)Figure 1: The graph for the formula (x1 _ x2) ^ (x1 _ :x3) ^ (:x1 _ x2) ^ (x2 _ x3)Now we prove the following: is unsatis�able if and only i� there is a variable x su
h that there is a path from x to :xin G( ).Proof: Suppose that su
h paths exist and still  
an be satis�able by a truth assignment T .Suppose T (x) is true (symmetri
 argument works when T (x) is false). Sin
e there is a pathfrom x to :x, and T (x) is true and T (x) is false, there must be an edge (�; �) su
h that T (�)is true and T (�) is false. However, sin
e (�; �) is an edge in G( ), it follows that (:�_ �) isa 
lause in  whi
h is not satis�ed and hen
e we arrive at a 
ontradi
tion.



Suppose there is no su
h path in G( ) then we are going to 
onstru
t a satisfying truthassignment, that is, a truth assignment su
h that there is no edge true to false. We repeatthe following step: Pi
k a node � whose truth value is not de
ided. We 
onsider all rea
hablenodes of � and assign them true. We also assign false to the negations of these nodes (thenegations 
orrespond to all these nodes from whi
h :� is rea
hable). This step is well de�nedbe
ause, if there were paths � to both � and :� then there would be paths to :� from boththese (by symmetry of G( )), and therefore a path from � to :�, a 
ontradi
tion to ourhypothesis. Furthermore, if there were a path from � to a node already assigned false in aprevious step, then � being a prede
essor of that node was also assigned false at that step.We repeat the above step until every node is assigned a truth value assignment. Sin
e weassumed there is no path from variable x to :x and ba
k, all nodes will have a truth value.It is easy to prove that the truth assignment satisfy  . (why?)b. Double-Sat is in NP . The 
erti�
ate is any two satisfying assignments of �. We 
an redu
eSAT to Double-Sat with the following polynomial time redu
tion: On input h�i returnh� ^ (x1 _ x2)i, where x1 and x2 are variables that do not appear in �. Note that x1 _ x2has exa
tly three satisfying assignments. The redu
tion obviously runs in polynomial time.Also, h�i is in SAT i� h� ^ (x1 _ x2)i is in Double-Sat. If we have a satisfying assignmentfor �, then we 
an 
onstru
t two satisfying assignments for � ^ (x1 _ x2) by using the sameassignment with x1 = 1; x2 = 0 and with x1 = 0; x2 = 1. If we have any satisfying assignmentsof h� ^ (x1 _ x2)i, there will be at least two satisfying assignments. In fa
t there will be atleast three: one with x1 = 1; x2 = 0, one with x1 = 0; x2 = 1, and one with x1 = 1; x2 = 1.The satisfying assignment for any one of these 
ases must also satisfy �, simply by the rulesof the boolean AND.Problem 12.4. (8 points)a. Problem 7.11 of Sipser.b. Prove that the following problem is NP-
omplete:SubgraphIsomorphism: given two undire
ted grahs G = (V;E) and H, is therea subset E0 � E of the edges of G su
h that the graphs G0 = (VE0 ; E0) and H areisomorphi
? Here, VE0 = fv 2 V : (9w 2 V )(fv; wg 2 E0)g is the set of nodesin
ident to edges in E0.Hint : redu
e Clique to SubgraphIsomorphism. Does your redu
tion work for GraphI-somorphism (problem ISO of part a)?Solution 12.4a. Graph isomorphism is in NP. Let hG1; G2i be an instan
e of te graph isomorphism problem. Anondeterministi
 Turing ma
hine 
an guess the isomorphism fun
tion f between the vertexsets, i.e., for ea
h vertex v of G1, the 
orresponding vertex f(v) of G2. This is 
learlypolynomial in the size of the graphs. Then it needs to 
he
k that f is one-to-one and onto(to make sure it is an isomorphism), and also for every vertex v of G1, the set of neighborsof v is isomorphi
 to the set of neighbors of f(v) under the fun
tion f . All this 
an be donein polynomial time.



b. SubgraphIsomorphism is in NP. The 
erti�
ate is the subgraph (V 0; E0) isomorphi
 to H andthe isomorphism. It is also NP-
omplete. Here is a polynomial time redu
tion from CLIQUE:1. On input hG = (V;E); ki, do the following:2. Constru
t a fully 
onne
ted graph H with k nodes.3. Return hG;HiThis 
learly runs in time polynomial to the input. The graph G has a 
lique of size k if andonly if it is subgraph isomorphi
 with the fully 
onne
ted graph with k nodes. If G has a
lique of size k, then the 
lique is isomorphi
 with H. Conversely, if G has a subgraph that isisomorphi
 with H, then that subgraph is a 
lique of size k. This redu
tion does not work forthe GraphIsomorphism problem sin
e G may not even 
ontain the same number of nodesas H.


