
CS152 SPRING 1999Homework 5: SolutionsProblem 1.Show that if NP 6= 
oNP then P 6= NP .AnswerWe 
an prove that given NP 6= 
oNP , P 6= NP using the 
ontrapositive: if P = NP thenNP = 
oNP .Assume P = NP , then if A 2 NP , A is also in P . Sin
e A is in P , we 
an de
ide in polynomialtime any member of A. We 
an reverse the output of the de
ider to de
ide the 
ompliment (switha

ept with reje
t). This gives up A. A 2 P and therefore A 2 NP . If A 2 NP , A 2 
oNP .Therefore, NP = 
oNP .Problem 2.Sipser 7.16Answer1. We modify the solution of PATH from Sipser to verify the path stopping after k iterations.On input hG; s; t; ki where G is an undire
ted graph with nodes s and t and a path at mostlength k.a. Pla
e a mark on s.b. Repeat the following for at most k repetitions or until no additional nodes are marked.
. S
an all the edges of G. If an edge (s; t) is found going from a marked node s to anunmarked node t, mark t.d. If b is marked, a

ept. Otherwise reje
t.This takes polynomial time be
ause it only needs to visit ea
h node on
e (we have a simplepath).2. There are two parts to showing that LPATH is NP-
omplete. First we must show thatLPATH 2 NP . Then we show a redu
tion from UHAMPATH to LPATH .We 
an show LPATH 2 NP by giving a polynomial-time veri�er. If we are given a solution(a path), we 
an verify this path in polynomial time. We do this by 
he
king that our solutionstarts with a, ends with b, and traverses valid edges that 
onne
t nodes in our graph.Next, we do the redu
tion. We are given that UHAMPATH is in NP. Taking an insta
e ofUMAMPATH , hG; s; ti, we 
onstru
t an instan
e of LPATH : hG; s; t; k = jGnodesj � 1i.We set k to be the number of nodes in



CS152 SPRING 1999Problem 3.Sipser 7.17Answer1. Be
ause A is in P and P = NP, A is in NP.2. Be
ause A is in P, we know there is a TM M1 de
iding A in polynomial time. Let L be anarbitrary language in NP. Be
ause P = NP, there is a TM M2 de
iding L in polynomial time.We 
onstru
t a ma
hine M that, on input string w, runs M2 on w. If M2 a

epts, M runsM1 on a string w1 in A and outputs the result, whi
h is, of 
ourse, a

ept. If M2 reje
ts, Mruns M1 on a string w2 not in A and outputs the result, whi
h is, of 
ourse, reje
t. We knowthat w1 and w2 exist be
ause A is neither the empty set nor the set of all strings. M a

eptsi� w is in L and requires only polynomial time before running M1, so M redu
es L to A inpolynomial time. Therefore A is NP-hard.It follows from 1. and 2. that A is NP-
omplete.Problem 4.Sipser 7.26AnswerWe 
an pla
e ea
h 
ard in the box in two possible orientations, the normal or the reverseorientation. We don't 
are about the relative positions of the 
ards in the box, that is we don't 
areif 
ard A is on top of 
ard B or the opposite, sin
e in both 
ases the holes are 
overed in the sameway.First, we show that PUZZLE is in NP. We 
onstru
t a nondeterminist
 polynomial time Turingma
hine M that de
ides PUZZLE as follows. Ma
hine M on input h
1; : : : ; 
ki 
hooses nondeter-ministi
ally an orientation for ea
h of the 
ards 
i and pla
es the 
ards in the box. Then it 
he
ksto see if all the holes are 
overed, and if they are 
overed it a

epts, othewise it reje
ts. The runningtime of ma
hine M is polynomial in the number of holes and the number of 
ards.Se
ond, we show that every language in NP is polynomial time redu
ible to PUZZLE. To dothat, we show that 3SAT is polynomial time redu
ible to PUZZLE. That is, for ea
h 3
nf-formula�, we show how to 
onstru
t, in polynomial time, spe
i�
 
ards for the PUZZLE problem, su
hthat the PUZZLE has a solution i� � is satis�able.We 
onstru
t the 
ards from the 3
nf-formula � in the following way.� For ea
h variable xi of � we 
reate a new 
ard 
i.� In ea
h 
ard, we divide the two 
olumns in rows, su
h that ea
h row 
orresponds to a 
lauseof �. (The number of rows is equal to the number of 
lauses of �.)



CS152 SPRING 1999� In 
ard 
i, if literal xi appears in 
lause j then we don't pun
h a hole in the left position ofrow j. Otherwise, if xi doesn't appear in 
lause j then we pun
h a hole in the left position ofrow j.� In 
ard 
i, if literal :xi appears in 
lause j then we don't pun
h a hole in the right position ofrow j. Otherwise, if :xi doesn't appear in 
lause j then we pun
h a hole in the right positionof row j.� We also 
reate a spe
ial 
ard that has holes in all its left 
olumn, and no holes in its right
olumn.To show that this 
onstru
tion works, we argue that if � is satis�able then the PUZZLE hasa solution, and 
onversely, if PUZZLE has a solution then � is satis�able.Suppose that � is satis�able. Then we 
an solve the PUZZLE as follows. Sin
e � is satis�able,there exists an assignment to its variables that satis�es �. For ea
h variable xi of �, if xi is 1, inthe satisfying assignment, we put the 
orresponding 
ard 
i in the box in its normal orientation,otherwise, if xi is 0, we put the 
ard in its reverse orientation. We also put the spe
ial 
ard in itsnormal orientation. This pla
ement of the 
ards 
overs 
ompletely the bottom of the box. Assume,for 
ontadi
tion that this is not true, and therefore there exists a row j, that 
orresponds to 
lausej, through whi
h you 
an view the left bottom of the box. For ea
h 
ard 
i with normal orientation,we have that its 
orresponding variable xi has a hole in the left position of row j, whi
h meansthat the variable appears either as :xi, or not at all in 
lause j. Sin
e 
i has normal orientation,we have that :xi = 0 and therefore variable xi does not satisfy 
lause j. Thus the variables ofthe normal oriented 
ards do not satisfy 
lause j. Using a similar reasoning we have that thevariables of the 
ards with the reverse orientation do not satisfy the 
lause j either. Thus the initialassignment of the variables does not satisfy the formula, whi
h is a 
ontradi
tion, sin
e we havethat the assignment is satisfying.Suppose now that the PUZZLE has a solution. Then we show that � is satis�able, by 
on-stru
ting a satisfying assignment as follows. The spe
ial 
ard, a

ording to its orientation, doesnot 
over one of the two 
olumns. If it does not 
over the left 
olumn, then for ea
h row j thereexists at least one 
ard 
k that has its left position of row j with no hole. If the 
ard 
k has normalorientation then we assign the value 1 to its variable xk, otherwise if the orientation is reverse weassign the value 0. We repeat the same pro
edure for all the rows. If by the above pro
edure someof the variables have not been assigned values, we assign to them an arbitrary value 0 or 1. Thepro
edure is similar when the spe
ial 
ard has reverse orientation. This assignment is a satisfyingone, sin
e for ea
h 
lause j (that 
orresponds to row j) there exists at least one variable whose literalxi or :xi in the 
lause j has value 1. If the literal is xi then its 
ard 
i has normal orientation,otherwise if the literal is :xi then the its 
ard 
i has reverse orientation, when the spe
ial 
ard hasnormal orientation.The above redu
tion takes polynomial time in the number of 
lauses and variables of a 3
nf-formula �. This 
ompletes the proof.Problem 5.Sipser 7.34



CS152 SPRING 1999AnswerSee Theorem 9.3 (page 187), and Theorem 9.8 (page 198), in the Complexity book of Papadim-itriou.


