
Solutions for Problem Set 7/week 10
s172 Allison Coates1. Prove with the pigeonhole prin
iple that there are in�nitely many natural numbers N 2 f0; 1; : : :g thathave K(N) � logN . To en
ode an integer N , we need a binary string of length logN . Fixing N ,there are 2N strings of length n, and P i = 0n�12i = 2n � 1 of strings less than N . There is at leastone string for every length N that 
annot be 
ompressed. However, sin
e the integers are 
ountablyin�nite, then there are an in�nite number of strings with this property.Another way to look at it is as a proof by 
ontradi
tion. Assume that there are �nitely many naturalnumbers N that have K(N) � logN . Then there is some number N0 whi
h is the last (in thenatural ordering) of the numbers with large K(). All numbers > N0 have K(N) < logN . At most,every number before N0 
ould have had large K. So, at most, N0 numbers had large K(). Now
onsider the next N0 numbers, ea
h of whi
h must have small K 
omplexity: they 
an all be shrunk tosmaller des
riptions than their simple bit string representation. But there are only 2logN0 � 1 shorterdes
riptions. Therefore, the rest of the numbers 
annot be �t into this set of des
riptions: thereforenot every number above N0 has small K(). Hen
e, 
ontradi
tion.2. Let S be a �nite set of bit strings. We know that there is an x 2 S with K(x) � log jSj. But, what
an you say about the average K(s) ? Prove that for jSj = 2n � 1,1jSj XX2SK(x) � n� 2The universe is of size j2n� 1j. Using bit strings, there are 2(l) words 
an be written as a bit string oflength l. In order to 
over our universe, we need all words of length < n, sin
e Pn�1i=0 2i = 2n � 1.If we use the smallest words of the set f0; 1g� for our des
riptions, then the the total length L of alldes
riptions will be at leastPn�1i=0 i � 2i = 1 � 0+2 � 1+4 � 2+8 � 3+ :::+2(n� 1) � (n� 1). Therefore,the average will bePn�1i=0 i � 2i = 1 � 0 + 2 � 1 + 4 � 2 + 8 � 3 + :::+ 2(n� 1) � (n� 1)2n � 1 :whi
h is always bigger than n-2.3. 6.13 Show how to 
ompute the des
riptive 
omplexity of strings, K(x), with an ora
le for ATM .Given a string x, the des
riptive 
omplexity of x is the minimum des
ription length jd(x)j; that is, theshortest string < M;w > where TM M on input w halts with x on its tape.Come up with some binary strings representing < M;w > in lexi
ographi
-length ordering (shortest�rst.) Ask Ora
le O(ATM ) if < M;w >2 ATM . If the ora
le says yes, then we 
an run M on w. Itis sure to halt (and a

ept), so we 
an 
he
k if what is written on the tape is x. Sin
e the strings arein lexi
ographi
 ordering, the �rst string for whi
h the ora
le answers yes will be the shortest of thepossible ma
hine des
riptions.4. 6.17Show that the set of in
ompressible strings 
ontains an in�nite Turing re
ognizable subset. Proof by
ontradi
tion:Assume that the set of in
ompressible strings 
ontains an in�nite Turing re
ognizable subset. If thereis a Turing re
ognizable subset, then there is a re
ognizer R and an enumerator E for that in�nitesubset. Then the enumerator E is a 
ompression for the set of in�nite strings, sin
e the des
ription ofthe enumeratorE is �nite. Hen
e, an in�nite subset of the set of in
ompressible strings are 
ompressible.Contradi
tion.


