
CSE 105: Introdu
tion to the Theory of Computation Winter 2001Problem Set 5 SolutionsInstru
tor: Daniele Mi

ian
io Mar. 13, 2001Problem 1Consider the languageL = fhMi jM is a DFA and all strings a

epted by M are palindromesg(Remember, w is a palindrome if w reads the same forward and ba
kward.) Provethat L is a de
idable language. [Hint: �rst determine if the set of all strings that arenot palindromes is 
ontext free.℄Solution:In order to prove that L is a de
idable language, we must 
ome up with a Turingma
hine that de
ides L. Let P be su
h a Turing ma
hine. Upon re
eiving an input ofthe form hMi (whi
h is supposed to be an en
oding of a DFA), the Turing ma
hine Pneeds to determine that M is a DFA and all strings a

epted by M are palindromes.How 
an P do this? Simulating M on some string w won't do the job be
ause thelanguage requires P to 
he
k if all strings a

epted by M are palindromes, not justsome. Dire
tly simulating the DFA M on all possible input strings w will not worksin
e the number of all possible input strings is in�nite.Hen
e, we need to take a di�erent approa
h that 
leverly uses some of the knownfa
ts about some other languages. From the hint, 
onsider the language L2 = fw jw is not palindromeg. Let L1 = L(M), where M is the DFA that P gets as theinput. Consider the interse
tion of L1 and L2. If all strings that belong to L1 arepalindromes, then what 
an we say about the interse
tion of L1 and L2? That willbe the empty set ; be
ause L2 
ontains all strings that are not palindromes andall strings in L1 are palindromes. What if L1 
ontains some strings that are notpalindromes? Then L1 \ L2 will 
ontain the strings that are not palindromes thatbelong to L1. So L1 \ L2 6= ; in this 
ase. Now if we have some Turing ma
hine(TM) that de
ides whether L1 \ L2 is ; or not, then we 
an use the TM to de
idethat L1 
ontains only palindromes (i.e. all strings that are a

epted by the DFA Mare palindromes or not). We 
an �nd this if we know whether L2 is 
ontext free ornot. If L2 is 
ontext free, then there exists a 
ontext free grammar G that generatesit and we 
an 
onvert G into a PDA N and use the fa
t that the interse
tion ofa 
ontext free language and a regular language is 
ontext free to build a PDA N 0that re
ognizes L1 \ L2, where L1 = L(M) and L2 = L(N). On
e we have N 0we 
an 
onvert it to a 
ontext free grammar G0 and use a Turing ma
hine E that



de
ides ECFG = fhGi j G is a 
ontext free grammar and L(G) = ;g. Note that if Ea

epts, then L1 \ L2 = ;, whi
h means all strings a

epted by M are palindromes(i.e. hMi 2 L). Hen
e, P should a

ept. Otherwise, P reje
ts.Let us see if L2 is 
ontext free. It turns out that there is a 
ontext free grammarG = (fS; Tg; fa; bg; R; S) that generates L2 as follows (here, we use the alphabet� = fa; bg for simpli
ity): S ! aSa j bSb j aTb j bTaT ! aT j bT j �In summary, given a Turing ma
hine E that de
ides the language ECFG, we 
anbuild a Turing ma
hine P that de
ides L using E as follows:P ="On input hMi:1. Che
k if hMi is a 
orre
t en
oding of a DFA and if not, reje
t.2. Build a 
ontext free grammar G that generates the set of all strings that arenot palindromes (i.e. L(G) = fw j w is not palindromeg) as des
ribed above.3. Convert G into a PDA N .4. Constru
t a PDA N 0 su
h that L(N 0) = L(N) \ L(M).5. Convert the PDA N 0 into the equivalent grammar G0.6. Run the Turing ma
hine E on input hG0i.7. If E a

epts, a

ept; if E reje
ts reje
t."
Problem 2In 
lass we have seen that the languages ADFA, AREX , EDFA, EREX , ALLDFA,ALLREX , EQDFA, EQREX , ACFG, APDA, ECFG, EPDA are de
idable, but the lan-guages EQCFG, ALLCFG, EQPDA, ALLPDA are not. For ea
h of the following lan-guages say whether the language is de
idable or not, and prove your answer by re-du
tion to or from any of the above languages.1. The set of all strings hG;Ri where G is a 
ontext free grammar, R is a regularexpression and G and R are equivalent, i.e., they generate the same language.2. The set of all strings hG; ni su
h that G is a 
ontext free grammar, n a positiveinteger, and all strings generated by G have length n.



3. The set of all strings hN1; N2i su
h that N1; N2 are nondeterministi
 �nite stateautomata, and L(N1) � L(N2).Solution:Part 1. Let L1 denote the language des
ribed in part 1. That is, let L1 = fhG;Ri jG is a 
ontext free grammar, R is a regular expression and L(G) = L(R)g for 
onve-nien
e.L1 is not de
idable. We will prove it by a redu
tion from the unde
idable lan-guage ALLCFG = fhGi j G is a 
ontext free grammar and L(G) = ��g. Assume for
ontradi
tion that L1 is de
idable. Then, there exists a Turing ma
hine that de
idesL1. Let N denote su
h a Turing ma
hine. Then we 
an 
onstru
t a TM T thatde
ides ALLCFG using N as follows:T ="On input hGi:1. Che
k if hGi is a 
orre
t en
oding of a 
ontext free grammar and if not, reje
t.2. Constru
t a regular expression R su
h that L(R) is the set of all strings. We
an let R = �� if we let � denote the shorthand for the regular expression thatis a union of all elements in the alphabet (e.g. (a [ b), where the alphabet isfa; bg).3. Run the Turing ma
hine N on input hG;Ri.4. If N a

epts, a

ept; if N reje
ts reje
t."It is easy to see that the TM T des
ribed above de
ides the language ALLCFG 
or-re
tly if N de
ides L1 
orre
tly. However, we know that ALLCFG is not de
idable.Hen
e, having a de
ider T for ALLCFG is a 
ontradi
tion, and the 
ontradi
tion hasresulted from the assumption that L1 is de
idable. Hen
e, we 
an 
on
lude that L1is not de
idable.Remark 1 At �rst glan
e, the language may look de
idable, and some people mayshow that the language L1 is de
idable by using the following statement: L(G) andL(R) are equivalent if L(G) \ L(R) = ;. However, this is NOT true be
ause it ismissing one important 
ase. The statement is true if the relationship between thelanguages are subset relationship instead of equivalen
e; that is, L(G) � L(R) ifL(G) \ L(R) = ;. For equivalen
e, the other subset relationship should be testedalso, meaning you need to test if L(R) � L(G) as well as L(G) � L(R). By testingjust one 
ase, you would not know whether the languages are equivalent be
ause alanguage, say B, 
ontaining all of the elements of the other language, say A, may
ontain more elements than the other when A belongs to B (i.e. B is a stri
tlylarger set than A or A is a proper subset of B if A � B). Hen
e, in order to



test whether two languages are equivalent, you need to test both 
ases as follows:L(G) = L(R) if and only if L(G) � L(R) and L(R) � L(G), whi
h is equivalent tothe statement L(G) \ L(R) = ; and L(R) \ L(G) = ;. Noti
e that the se
ond 
ase(i.e. L(R)\L(G) = ;) 
annot be tested be
ause 
ontext free languages are not 
losedunder the 
omplement operation.Part 2. Let L2 denote the language des
ribed in part 2. That is, L2 = fhG; ni jG is a 
ontext free grammar, n a positive integer, and all strings generated by Ghave length ng.L2 is de
idable, and we 
an use a similar te
hnique used in the Problem 1 (whi
hasked to prove that L is de
idable) to prove that L2 is de
idable. As is done in Problem1, in order to show that L2 is de
idable, we need to build a Turing ma
hine that de
idesL2. Let T be su
h a Turing ma
hine. The task of T is as follows: given hG; ni as input,T needs to de
ide whether all strings generated by the 
ontext free grammar G havethe length n. One obvious approa
h might be to generate all possible strings of lengthn (sin
e n is a �xed positive integer, this 
an be done in a �nite amount of time) and
he
k if ea
h string of length n is generated by G using the de
ider Turing ma
hineA that de
ides ACFG = fhG;wi j G is a CFG that generates string wg. However,this does not work be
ause even if A answers de
ides on ea
h input hG;wi where wis a string of length n, it does not tell if all strings generated by G have length n.Some strings that G generates might have length greater or less than n, and runningthe TM A that de
ides ACFG on input w of a 
ertain �xed length n does not tellthis. To be sure about this, we may need to run the TM A on all possible stringsw and we know already that it is not feasible (the TM T won't halt, and thereforeit won't be a de
ider). Hen
e, we need to take a di�erent approa
h that is similarto the approa
h taken in the solution to Problem 1. It begins by observing that thelanguage that is the set of all strings that have length n (a given �xed 
onstant) isregular, and therefore there exists a DFA that re
ognizes them. In other words, thelanguage 
an be des
ribes as follows: �n, where n is a �xed 
onstant and � is ashorthand for the regular expression that des
ribes the union of all alphabets. Letus denote the language by Ln. Sin
e Ln is regular and regular languages are 
losedunder 
omplement, we 
an build a DFA that re
ognizes Ln. Why are we talkingabout Ln? Be
ause we want to use it with L(G), whi
h we denote LG. We want toknow whether LG � Ln, whi
h is true if LG�Ln = ; (where \�" is the set di�eren
eoperation). We know that A � B = A \ B, where A;B are sets and \�" is the setdi�eren
e operation. Hen
e, LG � Ln = LG \ Ln. If LG \ Ln = ; then the inputstring hG; ni belongs to L2; otherwise, it doesn't. Also, re
all that the interse
tion ofa CFL and a regular language is a CFL. Hen
e, we 
an test if LG \ Ln = ; using aTuring ma
hine E that de
ides ECFG in the same way used in Problem 1.We now des
ribe the algorithm for the Turing ma
hine T that de
ides L2 in moredetail. Given a Turing ma
hine E that de
ides the language ECFG, we 
an build aTuring ma
hine T that de
ides L2 using E as follows:



T ="On input hG; ni:1. Che
k if hG; ni is a 
orre
t en
oding of a CFG and a positive integer, respe
-tively, and if not, reje
t.2. Build a DFA M that re
ognizes the language Ln (i.e. the set of all strings thatdo not have length n) as des
ribed above.3. Convert G into a PDA N .4. Constru
t a PDA N 0 su
h that L(N 0) = L(N) \ L(M), (whi
h is equivalent toLG \ Ln just des
ribed above).5. Convert the PDA N 0 into the equivalent grammar G0.6. Run the Turing ma
hine E on input hG0i.7. If E a

epts, a

ept; if E reje
ts reje
t."Note that in the proof shown above, we have redu
ed the problem of de
iding L2 intothe problem of de
iding ECFG. Sin
e we know how to de
ide ECFG, we 
an de
ideL2 using above shown redu
tion.Part 3. Let L3 denote the language des
ribed in part 3. That is, L3 = fhN1; N2i jN1; N2 are NFA, and L(N1) � L(N2)g.L3 is de
idable, and it 
an be proven using a similar te
hnique used in Part 2.For the proof, as usual, we need to 
onstru
t a Turing ma
hine that de
ides L3 usinga Turing ma
hine that de
ides some language. Sin
e from part 2, we showed thata language is a subset of another language (i.e. L(G) � L(Ln)) using a de
iderfor ECFG, we 
an apply the idea here also be
ause it tests subset relationship oftwo languages. In other words, we 
an redu
e L3 into some other language that isknown to be de
idable. One possible 
andidate may be ECFG. However, we need torealize that the de
ider for ECFG de
ides something about 
ontext free grammars,whereas in L3, we are dealing with NFA. Of 
ourse, we 
an always 
onstru
t a CFGthat generates the same strings that are a

epted by an NFA be
ause all regularlanguages are also 
ontext free languages. However, we 
an do even more simplerthing in this 
ase. Instead of using ECFG, we 
an use EDFA or even ENFA dire
tly.Re
all that EDFA = fhMi j M is a DFA and L(M) = ;g. Sin
e EDFA is one of thelanguages mentioned in the problem statement, from or to whi
h the language 
anbe redu
ed (whereas ENFA is not), we will use a TM that de
ides EDFA to build aTM that de
ides L3 (i.e. we redu
e L3 to EDFA). Re
all the following relationshipfrom part 2: A � B if and only if A \ B = ;.We now des
ribe the redu
tion algorithm |a Turing ma
hine that de
ides L3using a TM that de
ides EDFA| in more detail. Let S denote a TM that de
idesEDFA. Given S, we 
an 
onstru
t the TM T that de
ides L3 as follows:T ="On input hN1; N2i:



1. Che
k if hN1; N2i is a 
orre
t en
oding of two NFA, and if not, reje
t.2. Convert the NFA N1 and N2 into 
orresponding DFA M1 and M2, respe
tively.Note that this is possible be
ause NFA and DFA are equivalent. (We learnedhow to 
onvert a NFA into a DFA before.)3. Constru
t a DFA M su
h that L(M) = L(M1) \M2. Note that this is pos-sible be
ause regular languages are 
losed under interse
tion and 
omplementoperations.4. Run the Turing ma
hine S on input hMi.5. If S a

epts, a

ept; if S reje
ts reje
t."Note again that in order to 
onstru
t a TM that de
ides the language L3, we used aTM that de
ides EDFA. Hen
e, we redu
ed L3 to EDFA.Problem 3In 
lass we proved that the language ATM is Turing-re
ognizable, but not Turing-de
idable.1. Prove that ETM is also unde
idable (You 
an either give a dire
t proof bydiagonalization, or prove your answer by redu
tion from ATM)2. Is ETM Turing-re
ognizable? Is it 
o-Turing-re
ognizable? Brie
y justify youranswers.3. Prove that ATM is not map-redu
ible to ETM .Solution:Part 1. This problem is solved on the book. See pages 173 and 174.Part 2. ETMis not Turing-re
ognizable but it is 
o-Turing-re
ognizable. We provethese fa
ts in the two following 
laims.Claim 2 ETMis 
o-Turing-re
ognizable.Proof: Re
all that ETM = f < M > : M is a Turing ma
hine andL(M) = ; g andthen, ETM = f< M > : (M is not a TM) or (M is a TM but L(M) 6= ;) gThe following Turing ma
hine S is a re
ognizer for ETM.



S(< M >):Che
k if < M > en
odes a proper Turing ma
hine. If it does not, a

ept.Set i = 0Repeat foreverFor all x 2 �� of length at most i, taking them in lexi
ographi
al orderRun M(x) for at most i steps (M(x) may stop in less than i steps).If M a

epts, a

ept.Set i i+ 1.Clearly, ma
hine S will a

ept input < M > only if (1) it does not en
ode a validTuring ma
hine or (2) M ever a

epts a string. The �rst 
ase is easy: we just needto 
he
k if < M > is a proper en
oding of any Turing ma
hine (note this is just asinta
ti
 
he
k). For the se
ond 
ase (in order to see if M ever a

epts a string) we
annot just let M run freely on input x be
ause it may loop forever. So, in order to\try all possible strings" on M , we run ma
hine M on ea
h string of length i for atmost i steps1. Thus, if M ever a

epts a string w 2 �� (say jwj = t and M a

eptsw in k steps), ma
hine S will run M on w �rst when i = t for just t steps; then forea
h i > t for i steps, so when i = k ma
hine M will a

ept w, and therefore S willa

ept too.Claim 3 ETMis not Turing-re
ognizable.Proof: By 
ontradi
tion. Assume ETM is Turing-re
ognizable. Then, sin
e ETM is 
o-Turing-re
ognizable, we have that ETM is de
idable. Sin
e we know (Part 1.) ETM isunde
idable, we have got a 
ontradi
tion. Then, it must be that our assumption isnot true and ETM is not Turing-re
ognizable.Part 3.Claim 4 ATMis not map-redu
ible to ETM, that is, ATM �m ETM is not possible.Before proving the 
laim, we need two useful lemmas �rst (use them in your proofsif you need them!). The �rst one shows that mapping-redu
ibility is preserved under
omplement.Lemma 5 Let A;B � �� be languages. If A �m B then A �m B.Proof: The de�nition of mapping-redu
ibility states that there exists a 
omputablefun
tion f su
h that if x 2 A ) f(x) 2 B; andif x 62 A ) f(x) 62 B; and1This tri
k is similar to what we did to 
reate an enumerator for a Turing-re
ognizable language.



We 
an write the 
ondition x 2 A as x 62 A and x 62 A as x 2 A. The same with
ondition f(x) 2 B. Applying those \
hanges" and swapping the two lines we getif x 2 A ) f(x) 2 B; andif x 62 A ) f(x) 62 B; andwhi
h means that the same 
omputable fun
tion f works to get A �m B.The se
ond lemma says that the property of being 
o-Turing-re
ognizable \prop-agates" from left to right (as the Turing-re
ognizability does).Lemma 6 Let A;B � �� be languages and suppose A �m B. Then if A is not
o-Turing-re
ognizable then B is not 
o-Turing-re
ognizable.Proof: Assume A �m B. By previous lemma we know that A �m B too.Now, if A is not 
o-Turing-re
ognizable, it means A is not Turing-re
ognizable (byde�nition of the \
o-" 
lasses). By Corollary 5:23 (page 193) from the book, weknow that if A is not Turing-re
ognizable and A �m B , then also B is not Turing-re
ognizable. Saying that B is not Turing-re
ognizable it is the same as saying thatB is not 
o-Turing-re
ognizable.Now we 
an easily prove the 
laim.Proof: (of Claim 3) By 
ontradi
tion. Assume ATM �m ETM. Then, sin
e ATM isnot 
o-Turing-re
ognizable, we have that ETM is not 
o-Turing-re
ognizable. But,by Part 2. we know that ETM is 
o-Turing-re
ognizable, so we have a 
ontradi
tion.Then, it must be that our assumption is not true and there exists no su
h a mapping.Remark 7 An alternative proof of Claim 3 would be the following: assume thatATM �m ETM, and sin
e ETM is 
o-Turing-Re
ognizable (by Part 2., Claim 1) thenATM is 
o-Turing-re
ognizable (well, we'd need a lemma for this fa
t, namely that\if A �m B and B is 
o-Turing-re
ognizable, then A is 
o-Turing-re
ognizable", butit easily follows from Lemma 4 and Theorem 5:22, page 193 in the book). Thenwe'd have a 
ontradi
tion be
ause we know that ATM is not 
o-Turing-re
ognizable(Corollary 4:17, page 168).


