CS 141 Homework 3
Solutions by Bob

Problem 1. (15 points)

Given a set of n > 3 points in the Cartesian plane, connect them in a simple polygon,
i.e., a closed path through all the points so that its line segments (the polygon’s edges) do
not intersect (except for neighboring edges at their common vertex).

a. Does the problem always have a solution? Does it always have a unique solution?
b. Design a reasonably efficient algorithm for solving this problem and indicate its effi-

ciency class.

Hint: Some hints are given in the book. For part b, pick any point as the radiant and sort
the rest of the points by the angles of the rays from the radiant to them. Be careful with
ordering the points that lie on the first and last rays.

a. There may be no solution if all points are on the same line. There may be more than

one solution.

b. First we pick a point O as an origin inside the group of the n given points. This
can be done by picking any three points and put O inside the triangle and make
sure O doesn’t coincide with other points (O(1) time). Then we consider the polar
coordinate system and measure every points by its angle (O(n) time).




Then we sort the vertices by their angle. If two or more vertices have the same angle,
the one with smaller absolute value goes first (O(nlogn) time). Next we connect
each vertex to its successor (O(n) time).

Finally we connect the last vertex and the first vertex and get the polygon (O(1) time).

The total time complexity is O(nlogn).



Problem 2. (15 points)

For each of the following lists, construct an AVL tree by inserting their elements suc-
cessively, starting with the empty tree.

a. 1,2,3,4,5,6
After inserting 3:

L-rotation over 1
=

After inserting 5:

° e L-rotation over 3 e a
(4) -

After inserting 6:

Q ° L-rotation over 2 a e
OO -



b. 6,5,4,3,2,1
After inserting 4:

Q R-rotation over 6
=

After inserting 2:

° ° R-rotation over 4
(o) -

After inserting 1:

e e R-rotation over 5
(2) (o) -



c. 3,6,5,1,2,4
After inserting 5:

After inserting 2:

After inserting 4:

R-rotation over 6 e

L-rotation over 3

= ONNO

L-rotation over 1

R-rotation over 3 e °

=

L-rotation over 2

R-rotation over 5 Q e

—



Problem 3. (10 points)

Solve the all-pairs shortest-path problem for the digraph with the weight matrix
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Problem 4. (10 points)

Let a,b,c,d, e, f, and g be 7 letters that appear with probabilities 0.2,0.01,0.05,0.04,0.3, 0.3,
and 0.1 respectively. Construct an optimal Huffman code (and trie) step by step, and cal-
culate the average code length.
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a+b+c+d+g

e+ f

0.4

0.6
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00000
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001

00001

The average code length = the sum of internal node frequencies = 1+0.44 0.6 +0.2 +

0.1+0.05=2.35

g



Problem 5. (10 points)

Solve the following instances of the single-source shortest-paths problem with vertex a
as the source. You should illustrate your answer in a style similar to Figure 9.10 on page
325.

Tree vertices Remaining vertices Illustration

a’(*’ 0)

d(a,7)

b(d, 9)

c(d, 12)

e(c, 18)




Problem 6. (10 points)

Compute the prefix function 7 for the pattern abaabab and show the comparisons made
by the KMP algorithm on the pattern and text ababaabaababababaabab, using a diagram
similar to the one in http://www.cs.ucr.edu/~jiang/cs141/kmp-example-03.doc

Prefix function

it 1 2 3 4 5 6 7
Plifj a b a a b a b
DEFg 0 0 1 1 2 3 2
1 2 3 4 5 6 7 &8 9 10 11 12 13 14 15 16 17 18 19 20 21
T a b a b a b a a b a b a b a b a a b a b
1 2 3 4
P a b a a b a b
5 6 7 8 9 10
a b a a b a b
11 12 13 14
a b a a b a b <«
15 16
a b a b a b
17 18 19
a b a a b a b
20 21 22 23 24 25
a b a a b a b
Total: 25 comparisons. O
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Problem 7. (Optional, 10 bonus points)

Prove that any weighted connected graph with distinct weights has exactly one minimum span-
ning tree.

Proof. Assume there are two minimum spanning trees T and T, T is constructed by Kruskal’s
algorithm:

E(T)={ei,ea,€3,...,en}, w(er) < w(eg) <w(ez) < -+ < wley),
E(T") ={e}, e, e5,...,€.}, w(e)) <w(ehy) <w(ey) < - <w(el).

There exists an ¢ such that e; = ef,ea = €),...¢,01 = €},_; but e; # e,. Since T is constructed
by Kruskal’s algorithm, we know that w(e;) < w(e}) because e; is the smallest weight edge that
doesn’t form a cycle together with eq,es,...,e;_1 and T’ also contains e, es,...,€;_1.

Let T"” = T"U{e;} which has a cycle and e; is in the cycle. Since eq,eq,...,e; don’t form a cycle,
there must be some other edges than eq,es,...,e;_1 in the cycle. Let’s say e;- is in the cycle and is
not an edge from €}, e, ..., e;_;, we have w(e) > w(e;). Now T* =T"\ {e}} = T" U {e;} \ {€}} is
a spanning tree and its weight, w(T*) = w(T") + w(e;) —w(e}) = w(T") — (w(e}) — w(e;)) < w(T”),
is smaller than w(T"). It contradicts that 7" is a minimum spanning tree. Therefore, the minimum

spanning tree is unique. O
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