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Abstract—Design space exploration is the process of analyzing
several functionally equivalent alternatives to determine the most
suitable one. A fundamental question is whether an implementa-
tion is consistent with the high-level specification or whether two
implementations are “equivalent.” The synchronous assumption
has made it possible to develop efficient procedures for establishing
functional equivalence between different implementations in the
domains of synchronous circuits and synchronous reactive systems.
We extend this notion to embedded systems that do not satisfy the
synchronous assumption inside their boundaries but only at the
interface with the environment. Leveraging this property, we de-
fine synchronous equivalence for embedded systems that strongly
resembles the concept of functional equivalence for sequential cir-
cuits. We develop efficient synchronous equivalence analysis algo-
rithms for embedded system designs. The efficiency comes from
analyzing the behavior statically on abstract representations, at a
cost that some of the negative results may be false, i.e. the analysis
is conservative. We develop primitives for making the representa-
tion more/less abstract, trading off complexity of the algorithms
with the conservativeness of the results. We apply our analysis algo-
rithms to an ATM switch and demonstrate that synchronous equiv-
alence opens design exploration avenues uncharted before.

Index Terms—Embedded systems, equivalence checking, formal
methods, hardware software co-design, implementation verifica-
tion, symbolic techniques, symbolic verification.

I. INTRODUCTION

CURRENT embedded system design practice is quite in-
formal and application-specific. Designers often start with

a requirement written in a natural language and break the design
into hierarchy so as to better manage the complexity. They then
take each part of this hierarchy, use “intuition” to pick a par-
ticular interpretation of the requirement, and write a so-called
reference (or golden) model in VHDL, Verilog, C, or any other
language that has an execution semantics. The reference model
is executed on a computer to investigate whether it satisfies a set
of requirements, including a match with the original informal
specification. This is done on parts of the design and the result
is extrapolated to the whole through simple logic deduction. A
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(candidate)1 implementation is then generated through a com-
bination of manual labor and tools that are often poorly con-
nected. The correctness and optimality of the (candidate) imple-
mentations are assessed with filtered simulation traces obtained
from the reference model and from the candidate implementa-
tions. The best implementation is chosen based on issues such
as performance, cost, reliability, and flexibility. This contorted
and highly informal design flow is obviously very error-prone
and does not promote efficient design space exploration since
the set of “correct” implementations cannot be precisely identi-
fied.

A fundamental point of clarification to improve the design
methodology is the formal definition of correctness. Because
embedded system designs are inherently complex, the principle
of “separation of concerns” in specification and verification is
essential. Functional correctness and timing should be verified
independently. This principle is the basis of the synchronous
design methodology for sequential circuits [1], where designs
are verified by paying attention only to the Boolean functions
computed by the circuits, irrespective of the propagation time.
Timing can then be verified independently by performing a
worst-case timing analysis and making sure that this bound is
within the clock cycle.

We extend this approach to a model of embedded systems
supported by codesign finite state machines (CFSMs) [2]
while retaining the fundamental idea of separation between
timing and functionality. We establishsynchronous equiva-
lence, a “functional” equivalence among a set of candidate
implementations of embedded system specifications. Just
as the sequential circuit design methodology abstracts away
gate delays of the implementations and enables speed/area
tradeoffs among functionally equivalent implementations, we
abstract away the delays of embedded system computational
resources. The synchronous equivalence relation divides the
design space into synchronous equivalence classes. Within an
equivalence class, different implementations represent different
tradeoffs among speed, power, reliability, expandability, and
cost. Exact equivalence analysis requires exhaustive simulation
or reachable state analysis methods (e.g., formal verification
tools [3], [4]). Since this is too complex for most practical
systems, we propose conservative (but more efficient) methods
that are abstract, static, and structural.

In Section II, we briefly review a formal model for control
dominated embedded system design, CFSMs that provides a

1An “implementation” generated through this process may only be considered
a candidate because it may not be correct. It is not generated through formal
refinement. Somead hocmanual procedures are involved.
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convenient representation of the design space. In Section III, we
introduce the synchronous equivalence relation. In Section IV,
we present communication analysis that is efficient and effective
in telling us whether two implementations are synchronously
equivalent. We also show some results of applying this method-
ology to a real-life industrial example. Many levels of abstrac-
tion exist between high-level specifications and low-level im-
plementations. Communication analysis operates at one specific
level of abstraction. In Section V, we provide primitives to move
around this abstraction/refinement scale, trading off computa-
tional complexity of the algorithm with the conservativeness of
the result. We discuss future directions in Section IV.

II. NETWORK OFCFSMS

Embedded systems can be represented as networks of inter-
acting CFSMs [2]. CFSMs extend finite state machines (FSM)
with side-effect-free computation on the transition edges. The
communication entities between CFSMs are events, which may
or may not carry values. A CFSM can transition only when an
input event has “occurred.”

Each individual CFSM operates in a “locally synchronous”
fashion with its own “clock.” There is noa priori synchroniza-
tion between CFSMs and all the local clocks are completely un-
synchronized. There is noa priori relations between the local
clocks and physical time.

Implementing a CFSM network involves allocating indi-
vidual CFSMs to computation resources, assigning schedulers
to shared resources, and synthesizing CFSMs into code or
gate-level description for the resources. Implementation has
the consequence of refining the relationship between the local
clock and physical time. If the CFSM is to be implemented on
a very large scale integration (VLSI) synchronous hardware, its
local clock will become periodic and the clock period will be
equal to the synchronous hardware clock. If the CFSM is to be
implemented on a processor, the local clock will not have fixed
period and will run at some multiple of the processor clock,
depending on the execution delay of the code implementing
each transition on that processor, which in turns depend on
software synthesis and scheduling.

Since local CFSM clocks are unsynchronized, a network
of CFSMs is inherently nondeterministic: for a fixed input
sequence, many system responses are possible (and they are all
equally valid). However, an implementation is deterministic:
its response is unique for any fixed input sequence. In fact,
we extend the notion of implementation to include any set of
rules that resolve nondeterministic choices in a CFSM network
(making it deterministic). For example, simulating a CFSM
network requires resolving nondeterministic choices, so we
consider a simulation model (often referred to as “reference
model”) to be an implementation.

Next, we give a formal definition of CFSM networks. To sim-
plify the presentation of novel proposals, we have simplified sig-
nificantly the original definition [2]. Extending our approach to
the original model is quite straightforward, except for three fea-
tures: valued events, internal states of CFSMs, and time. In the
model presented here, events are pure, i.e., they can be present

or not, but cannot carry a value, while the original definition
allowed for valued events. This is not a serious limitations be-
cause for every network with valued events, it is possible to find
an equivalent (though larger) one with pure events by treating
events with different values as different events. The more se-
rious limitations is that in the model presented here, CFSMs
can have no internal state. We will remove this limitation in
Section V-B, where we extend our approach to deal with in-
ternal states. Finally, the model presented here is untimed. Con-
sequently, execution delays of CFSMs do not appear in our
models and an implementation is determined only by a sched-
uling policy. This means that we can model only implementa-
tions with delay-insensitivepolicies [5], i.e., implementations
whose behavior does not change when CFSM delay are changed
(as long as the design as a whole does not get into race condi-
tions with the environment). An example of scheduling policies
that are not delay insensitive is the class that is referred to as
“time slicing.” In time slicing, each enabled component is al-
lotted a certain amount of time and if the execution has not been
completed within the allotted time, the component will be pre-
empted. For a CFSM network, changing some execution delays
of CFSMs may result in different time-slicing implementations
that have quite different behaviors. Fortunately, many popular
scheduling policies, including static priority and cyclic execu-
tive, are delay insensitive. We have chosen an untimed model,
even though the concept of synchronous equivalence is valid
for delay-sensitive implementations as well. However, the syn-
chronous equivalence checking procedure that we propose is
applicable only to delay-insensitive implementation, so we will
present it in the simple untimed framework.

Formally, is a triple , where is
the set of input events of , is the set of output events of

, and is the
set of transition functions of . For each , we say that

is the consumer of and write . Similarly, for
each , we say that is the producer of and write

. We also require that each CFSM isreactive,
i.e., it cannot emit an output event unless some input event is
present. More precisely, we require for
all . If a CFSM is executed with no inputs present,
we call such an execution empty. An empty execution consumes
no input events (because there are none) and produces no output
events (because CFSMs are reactive).

A CFSM networkis a triple , where is the
set of primary input events, is the set of primary output
events, and is the set of CFSMs. We require that and
are disjoint. We say that
is the set of events of the network. We require that each event in

has a unique producer and that each event in
has a unique consumer.

A state of a CFSM network is a function that assigns
to each event either one or zero, indicating event pres-
ence or absence, respectively. Given a stateand a subset
of events , we use to denote

. Given a CFSM and a state , we
say that is enabled in if there exists such that

. We use to denote a set containing all
CFSMs enabled in.
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An implementation of a CFSM network is a function
that takes as an argument a network state and returns a subset of
CFSMs, i.e., for each state. Intuitively, Select
indicates which CFSMs are chosen to run. Since an implemen-
tation models only a scheduling policy we will use terms imple-
mentation and scheduling policy interchangeably.

Given a CFSM network , a scheduling policySe-
lect and some , , we say that a network
state is the successorof a network state, if2

if

if

otherwise

where

In other words, an event that is neither primary input nor primary
output exists in if it was emitted by its producer running in

or if it already existed in and its consumer was not running
in . Similarly, a primary output event exists in if it was not
consumed by the environment and it was emitted by its producer
running in or it already existed in. Finally, a primary input
event exists in if it was emitted by the environment or if it
already existed in and its consumer was not running in.

Given a CFSM network and its scheduling
policy Select, we say that a sequence

(1)

where are states of the CFSM network,
are subsets of primary inputs, and
are subsets of primary outputs, is arun

of the implementation if initially no events are present, i.e.,
for all , and is the successor

of for all . If is not empty, we say
that is ascheduling point. If in addition some in
has some of its inputs present, we say thatis atrue scheduling
point. All executions that start in not-true scheduling points
are empty and, thus, do not affect the presence of events in the
network.

Note that our model allows an arbitrary number of CFSMs
to execute in every steps. In that sense, it is a generalization
of both synchronous models (where all components execute in
each step) and asynchronous models (where a single component
is active in each step). Also note that our model can be classified
as zero-delay communication: it takes one step to generate a re-
action to some input events, but once the response is generated,
the output events are immediately observable by all consumers.

2Conjunction is represented by “�,” disjunction by “+,” and negation by an
overline.

Fig. 1. Seat belt alarm controller example.

Definition II.1 (Unit Delay Parallel): An implementation
follows unit delay parallel (UDP) scheduling policy if for any
state , , i.e., all CFSMs are always selected.

Definition II.2 (Static Priority Serial): An implementation
follows static priority serial (SPS) scheduling policy ifSelect
chooses one of the enabled CFSMs according to some statically
determined priority order.

Definition III.3 (Cyclic Executive Serial):An implementa-
tion follows cyclic executive serial (CES) scheduling policy if
Selectselects the first enabled CFSM according to some stat-
ically determined list. The list is searched cyclically, starting
from the most recently selected CFSM.

In the case of CES, we assume that the state of network is
extended to include information on which CFSM was most re-
cently selected. That part of the state is updated each timeSelect
is executed and we assume thatSelectis executed exactly once
for each step in (1).

A. Example

Suppose that we want to specify a simple safety function of an
automobile: a seat belt alarm control system. A natural language
specification written by a designer could be: “Five seconds after
the key is turned on, if the belt has not been fastened, an alarm
will beep for five seconds or until the key is turned off.” The
specification can be represented by two reactive components as
shown in Fig. 1, consisting of two CFSMs: a controller and a
timer.

State transition graphs of CFSMs representing the controller
and the timer are shown in Figs. 2 and 3, respectively. Inputs and
outputs for a state transition are separated by “/.” To fit them in
our current model, we need to abstract the state, because our
model allows only memory-free transition functions. To do so,
we replace the state machines in Figs. 2 and 3 with CFSMs with
(memory-free) transition functions

(2)

(3)

(4)
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Fig. 2. Controller CFSM in seat belt example.

Fig. 3. Timer CFSM in seat belt example.

(5)

(6)

These transition functions were obtained from the state ma-
chines by existentially quantifying state variables. For example,

because there exists a state (namely, 5)
in which is emitted as a response to . It can
be shown that using these functions, it is still possible to decide
synchronous equivalence of two implementations of the orig-
inal network. However, if state variables are kept and dealt with

explicitly, it is possible to define less conservative analysis, as
we will show in Section V-B.

A run of the CFSM network in Fig. 1 with transition func-
tions (2)–(6), is shown in Fig. 4. That run is based on SPS policy
with Controller having higher priority than Timer. The first row
contains index. The next two rows correspond to and

in (1). To preserve space, we have encoded s as bit
vectors. The bits (from left to right) indicate whether ,

, , and are in . For example,
in Fig. 4 is . The following eight rows show
[i.e., the state following in (1)]. The last row,
labeledSelectis not a part of the run, but helps reading it. It in-
dicates which CFSM is running in each step (C is for Controller
and T is for Timer).

III. SYNCHRONOUSASSUMPTION AND SYNCHRONOUS

EQUIVALENCE

A key assumption is made on the class of “acceptable” speci-
fications in order to make it easier to specify desirable behaviors
and, at the same time, make efficient analysis algorithms pos-
sible. We believe that this class includes many interesting exam-
ples and that other specifications may be respecified to satisfy
this assumption.

Many popular design methodologies separate time into inter-
vals of interaction with the environment and computation within
the design. Software programs accept some input to start the
computations. Under most circumstances, they finish computa-
tions before accepting new sets of input. Synchronous sequen-
tial circuits are hazard-free and race-free because interaction
(propagation of state changes and signal changes) and computa-
tion (calculation of state changes and signal changes) are strictly
separated. More recently, synchronous languages [6] used the
zero-delay assumption, i.e., assumed that computation is always
faster than the environment changes. It is, therefore, impos-
sible for interaction and computation to overlap. We can, thus,
imagine to strictly separate computation and interaction also for
embedded system designs based on CFSMs. The advantage in
ease of specification and analysis outweighs some suboptimality
due to the restriction in design style.

Definition III.1 (Synchronous Assumption):A run

of some implementation of CFSM network con-
forms to synchronous assumption if for all :

1) either or
2) and for all .

If , we say that is acycle boundary. If
are all and only cycle boundaries of the run, then

is theinput traceof the run and

is theoutput traceof the run.
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Fig. 4. Run of the CFSM network in Fig. 1 with transition functions (2)–(6).

If a run conforms to the synchronous assumption, it can be
split into two alternating nonoverlapping phases. Aninteraction
phase (one step when ), where the environment in-
teracts with the design and acomputationphase (possibly many
steps when ), where the components in
the design perform executions and communicate among them-
selves.

This notion of synchronicity is a system-level extension to
the fundamental mode operation of asynchronous circuits [1].
During an interaction phase, the design “stands still” until the
environment completes its receiving of outputs from and writing
of inputs to the design for use during the next computation
phase. During a computation phase, the design takes inputs that
were generated by the environment, performs computations, and
generates outputs that will be read by the environment during
the next interaction phase. There are no interactions during a
computation phase and no computations during an interaction
phase. The interaction phase followed by its associated compu-
tation phase is called acycle. We will only consider runs that
conform to this synchronous assumption. The implementation
process must guarantee that only such runs occur in a given en-
vironment. This can be done by a separate worst case timing
analysis in the flavor of [7]. If the worst case timing delay is
within the constraints imposed by the environment, the imple-
mentation can be said to conform to the synchronous assump-
tion.

Definition III.2 (Synchronous Equivalence):Two implemen-
tations are synchronously equivalent if and only if any two syn-
chronous assumption conforming runs of the two implementa-
tions that have the same input traces also have the same output
traces.

Note how internal events play absolutely no role in the def-
inition of synchronous equivalence. As we will see, they may
or may not play a role in deciding it. As long as the primary
outputs are the same at the end of every cycle, the delay of the
executions of CFSMs, the order of the executions, or even the
parallel/serial nature of the executions do not matter. These lead
to freedom in synthesis, optimization, scheduler selection, and
assignment of components to computational resources.

Our restricted CFSM model can, thus, be defined as ex-
ternally synchronous, globally asynchronous, and locally
synchronous. The concepts of synchronous assumption and
synchronous equivalence facilitate specification. Designers

can now think about the input/output reaction of the design
to the environment separately from the speed of the reaction.
Synchronous assumption is not too restrictive, especially
for control-dominated applications. Designing with the syn-
chronous assumption is strongly analogous to designing
synchronous circuits and fundamental mode asynchronous
circuits. In that domain, the ease of validation and synthesis
often outweighs the decreased freedom with respect to full
asynchrony. The same can be extended to embedded system
design, board level, or “system on a chip,” where different
processors or dedicated units can be considered as different
computational resources. There are other research efforts
in embedded system domain that also take a synchronous
approach, as will be discussed below.

A. Related Work

Synchronous languages are a group of languages proposed
for automatic synthesis of embedded software [6], [8]. They
describe complex systems consisting of interconnected compo-
nents each represented by an FSM model. The communication
among the components and the executions of the components all
take “zero time” to perform. In practice, this means that the in-
teraction with the environment has to be “much slower” than all
the communication and execution time required for the reaction
to the environment. In addition, the zero communication and ex-
ecution times of the components imply an execution order that
must respect causal relationships among the component execu-
tions. This order is assured by “synchronous schedulers,” the
class of schedulers that defines the correct behavior. Our syn-
chronous assumption, on the other hand, is related only to the
“external” interaction of the design with the environment and
we put noa priori constraints on the scheduler.

Synchronous data flow is a powerful formalism for data-dom-
inated embedded systems geared toward simulation and code
synthesis for digital signal processors [9]. It also exploits the
synchronous assumption at the interface between the network
and the environment, but “blocking read” is required of all com-
ponents in the design to ensure that the behavior is the same (in
Kahn’s sense [10]) independent of allocation and scheduling.

Time-triggered architecture [11] is specifically proposed for
safety critical applications. It achieves determinacy by having
a common notion of time for all components. The communica-
tion among the components can be carried out only at predefined
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Fig. 5. Synchronous approach to design exploration.

time slots in time division multiple access (TDMA) fashion. The
cost of this determinacy is the severe restriction in the commu-
nication architecture that can be used in the design.

Our work does not restrict the implementation choices to
those utilizing a synchronous scheduler, nor does it require com-
munications to have the “blocking read” property, nor does it
restrict the designers to a single communication architecture.
Therefore, many different functional behaviors are possible de-
pending on the choice of implementation parameters. We use
equivalence analysis to tell us whetheranytwo implementations
are equivalent to each other.

Javatime [12] is inspired similarly by the fundamental mode
operation of asynchronous circuits and the concept of refine-
ment. Their emphasis is on the specification and simulation
using the language Java. Our concentration, on the other hand,
is on the development of efficient formal algorithms for equiv-
alence analysis.

B. Design Exploration Methodology

Fig. 5 illustrates a possible design methodology using the
synchronous assumption and synchronous equivalence. The de-
signer specifies the functionalities of the components and the
structure of the design as a network of CFSMs. One or more be-
haviors among those allowed by the nondeterminism in the net-
work are chosen as reference model(s). They are represented by
reference implementations that produce those functional behav-
iors and only those functional behaviors. The functional behav-
iors under synchronous assumption of these implementations
are considered “correct” and different implementations with the
same functional behavior are all functionally equivalent. Sepa-
rate analysis, in the flavor of [7] is performed to make sure that
nonfunctional constraints are satisfied and to decide whether

one implementation is superior to others given some design met-
rics. The best one is chosen to be synthesized.

For example, the reference implementation may be a simu-
lation following UDP policy and intended implementation may
be an SPS policy. If some high priority CFSM in the initial SPS
implementation is enabled by many other CFSMs, it will be ex-
ecuted many times with very few inputs present each time. Low-
ering the priority of such CFSM can reduce the total number of
context switches and improve performance. Synchronous equiv-
alence may be used to show that functional behavior is preserved
through all these transformations (from the UDP to an SPS to a
different SPS policy).

C. Analyzing Synchronous Equivalence

In the next section, we will propose to compare two imple-
mentations of the same CFSM network by simulating them ab-
stractly and then comparing the resulting traces using a trivial
graph-isomorphism comparison. Because the simulation is ab-
stract, the results may be conservative in the sense that two
equivalent implementations may be declared not equivalent.

In Section V, we will show how to make our analysis less
conservative by case-splitting on abstract values of binary sig-
nals and creating two less abstract traces (one for each concrete
signal value) instead of a single more abstract one. We will show
that if all signals are refined in this way, then the resulting set of
traces is equal to exhaustive simulation traces.

Besides the approaches described in Sections IV and V,
synchronous equivalence can be checked in many other ways.
Exhaustive simulation is one way to check it exactly. A con-
servative approach based on property calleddelay insensitivity
is described in [5]. An exact check could also be made using
formal verification techniques. For example, each CFSM
could be modeled as a process in Milner’s synchronous CCS
[13]. The scheduling policy defines which of the processes
perform empty actions and which perform observable actions.
Synchronous equivalence is similar to trace equivalence, except
that the latter is concerned with all observable actions, while
the former deals only with the action that are observable at
the end of the cycle. It is possible to define an algorithm that
hides all actions of no interest to synchronous equivalence and
synchronizes all relevant actions in the same cycle. After such
a transformation, the synchronous equivalence of the original
networks can then be checked by checking trace equivalence
on the transformed ones.

The analysis techniques span a continuum on computation
time and conservativeness of the analysis, as shown in Fig. 6.
Communication analysis denotes the method proposed in
Section IV, while refined communication analysis denotes
the method proposed in Section V. Conservativeness is mea-
sured by the number of false negative results produced by
the analysis algorithm, given a set of implementations of a
CFSM network. Exact analysis of any form produces no false
negative results, but it often has very long computation time.
Conservative analysis methods require less computation time
at a cost of false negative results. On the other extreme from
exhaustive simulation, one could therefore reach a conclusion
of “don’t know” without performing any analysis at all. In the
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Fig. 6. Tradeoff in analysis methods.

design methodology proposed in the previous section, false
negative results show up as candidate implementations that are
falsely declared to be functionally incorrect. This may lead to
suboptimal final implementation.

IV. COMMUNICATION ANALYSIS

In this section, we introduce communication analysis, which
can be used to check the equivalence between two different im-
plementations. The analysis is conservative in the sense that it
is correct when it says that two implementations are equivalent,
but it is inconclusive otherwise.

There is a simple intuition for looking at the communication
between components. Since the corresponding components in
the two implementations have the same functionality and the
connectivity among the components is also the same, it should
be possible to deduce the equivalence of two implementations
from the behavior of the communication. It should be in fact
possible to establish acommunication signaturein the flavor of
worst case analysis in real-time scheduling [14]. If two imple-
mentations have the same communication signature, they should
be synchronously equivalent to each other. By looking at only
the worst case communication characteristics and not at the de-
tails, the analysis can be efficient, though at a cost of being con-
servative.

A. Motivating Example

Consider the seat belt example in Fig. 7 and the abstract tran-
sition functions (2)–(6). We propose to check for synchronous
equivalence of two implementations of the seat belt network
by comparing their communication signatures. The particular
communication signature we define is called execution cover
(EC). ECs represent all executions of an implementation and if
two implementations have the same EC, they are synchronously
equivalent. Fig. 7 shows the ECs for the seat belt implementa-
tions. EC nodes can be thought of as “containers” representing
possibleevents in the flavor of event graphs representing par-
tially ordered histories [3], [15], but using the additional notion
of possibility to further abstract it. Thus, a container can contain

Fig. 7. LEC for seat belt example.

either a “0” (event absence) or a “1” (event presence). Edges in
the EC represent dependencies between input and output events.

To construct the topmost EC in Fig. 7 (SPS policy with con-
troller having the higher priority), we start with a container at
each primary input, indicating that there could be primary input
events present at the beginning of the cycle (nodes at level 0
in Fig. 7). Since both controller and timer could be enabled we
choose to “execute” the controller. We use “execute” in quota-
tion marks because we do not know precisely what is at the in-
puts, so we generate a container at an output if there exists some
assignment of zeros and ones to containers that would cause
the controller to emit that output. More precisely, we generate a
container for and , but not for be-
cause is emitted only if is present and there
is no container at that input. Next, we draw an edge between
newly generated containers and containers used in their gener-
ation. Since the controller can no longer be enabled, we “exe-
cute” the timer next. This will result in two new nodes (at level 2)
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and four new edges pointing to those two nodes. Now, the con-
troller could be enabled again with or possibly
at its inputs. Therefore, we create containers for and

and draw appropriate dependency edges. We also
draw an edge between two nodes for , indicating the
precedence between them.

We invite the reader to check that the implementation using
CES policy with the controller being first followed by the timer
has the same EC as above. Our main result (stated in Theorem 2)
implies that because their ECs are the same, the two implemen-
tations are synchronously equivalent. Intuitively, actual execu-
tion of either SPS or CES implementations fills each container
with zeros or ones for a given set of primary inputs. The corre-
sponding nodes at the first level of two ECs will be filled with
the same values because the same transition functions execute
with the same inputs (but not necessarily in the same order) in
both implementations. We can repeat this argument inductively
to argue that all the corresponding containers in two ECs are
filled the same way. Therefore, the value of each event at the
end of the cycle will also be the same.

In the following sections, we will define EC precisely by
proposing a general procedure for EC generation and formally
state our main result.

B. Abstracting Communication

We want to abstract or summarize communication between
the components for a particular implementation. To find a sig-
nature that is “worst case,” over-approximating, conservative,
but correct, we utilize the concept of a container space func-
tion as amonotonic coverfor an event space function. The word
“container” is chosen to denote an entity that is necessary, but
not sufficient, to contain an actual event.

1) Containers: Intuitively, a container is an entity that may
or may not contain an event. The presence of a container implies
the possibility of an event. The absence of a container means that
definitely there is not an event. We use containers to represent
an arbitrary set of primary inputs, because our goal is an equiv-
alence analysis that is independent of actual inputs.

Definition IV.1 (Container and Event Spaces, Minterms):An
-dimensional container space is defined as .

An -dimensional event space is defined as .
Elements of and are called minterms.

Value 0 indicates event absence and value 1 indicates event
presence. Value indicates presence of a container, i.e., pos-
sible presence of the event. Thus, there is a naturalinformation
ordering between these values, namely, and (
is at least as abstract as 0 and 1) and of course , ,

. We extend this ordering to minterms component-wise,
i.e., if and only if for
all . In words of lattice theory [16],
equipped with is a partially ordered set andis its top. Sim-
ilarly, is a partially ordered set and is its
top.

In the examples that follow, we use the notation from
multivalued logic synthesis [17] to represent functions in
the container space. We represent a container space func-
tion with two characteristic functions

x such that x ( ) evaluates
to one for all minterms for which evaluates to . The same
notation is used for literals, i.e., x ( ) is one if and only
if is .

Given some event space function, we want to represent it
abstractly with some container space function. The key prop-
erty of is that for each container space minterm, it should
evaluate to (“may-be-one”) if evaluates to one for some
minterm abstractly represented by. For example,
should be if at least one of , , , or

is one. We call such a monotonic coverof .
Definition IV.2 (Monotonic Cover):A container space func-

tion is a monotonic cover of the event
space function if for any container space
minterm

For example, function x x is a monotonic cover
of . So are x x x and x

x x . x x x is not a monotonic cover of
because the minterm evaluates to one,

but its abstraction evaluates to zero.
Now that we have precisely defined the functions used in

abstract executions, we are almost ready to define precisely
EC generation procedure, but first we need to define a class of
scheduling policies to which our approach applies.

2) Well-Behaved Scheduling Policy:Checking synchronous
equivalence for arbitrary implementations is difficult. We con-
centrate on algorithms that can be applied to implementations
that utilize a “well-behaved” subset of scheduling policies.

Definition IV.3 (Well-Behaved Scheduling Policy):A sched-
uling policy Selectis well-behaved if for every CFSM network
state and any state such that ,
either

(7)

or

(8)

In other words, if a well-behaved scheduling policy is pre-
sented with a superset of enabled CFSMs , rather
the exact set , then it may choose to perform empty
executions on some CFSMs not enabled in, but it cannot
change the relative execution order of CFSMs actually enabled
in . Whether or not a given scheduling policy is well-behaved
needs to be established separately through formal proofs. The
proofs will only need to be done once since the property is not
design dependent. Many common scheduling policies can be
proven to be well behaved.

Theorem 1: The UDP, SPS, and CES scheduling policies are
all well behaved.

Proof: UDP satisfies (7) by definition. SPS and CES al-
ways select at most one CFSM. If the selected one is not in

, then (8) is obviously satisfied. If SPS selects from
a CFSM that is also in , then no CFSM

in has higher priority than the selected one. Since
, the selected CFSM has the highest
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priority in as well and (7) holds. The argument for
CES is similar.

An example of a policy that is not well behaved is the fol-
lowing (quite unnatural) rule: “If CFSM is enabled,
the (dynamic) priority is . Otherwise, the priority
is .” At some point in time when and A are enabled,
additionally enabling (which will cause an empty execution
on ) can actually change the execution order ofand .

3) ECs: Given an implementationSelectof some CFSM
network and given some monotonic cover of each
transition function of each CFSM in, the EC is the directed
acyclic graph generated by the following EC generation
procedure:

Step 1) Create a container (an) for each primary input and
label it with level 0. Set the current level to zero.

Step 2) Determine the set ofactiveevents. An event is active
if there exists a corresponding container with a level
that is larger than the level at which its consumer was
previously executed.

Step 3) Let be a network state such that
if and only if is active.

Step 4) If is empty, then remove all level
labels and STOP.

Step 5) Abstractly execute CFSMs in by
increasing the current level by one, and evaluating
the given monotonic cover of each CFSM transition
function with all active inputs set to and other
inputs set to 0. If the monotonic cover evaluates to
, then:

1) create a new container and label it with the cur-
rent level and the name of that output;

2) for every active input, create an edge from the
most recent container corresponding with that
input to the newly created container;

3) create an edge from the previous container la-
beled with the same name (if any exists) to the
new container.

Step 6) Go to Step 2.

We can (conservatively) check two implementations for syn-
chronous equivalence by comparing their ECs as stated by the
following result. The theorem applies to any two ECs no matter
what monotonic covers are used for Step 5 above.

Theorem 2: If two implementations of a given CFSM net-
work with well-behaved scheduling policies have isomorphic
ECs, then they are synchronously equivalent.

To prove the theorem, we first argue that any actual execution
of the two implementations follows the execution ordering im-
plied by the two ECs. Then we argue by induction on a topolog-
ical order of the ECs that corresponding executions in two ECs
must have the same input events present. This holds because
actual transition functions in corresponding executions are the
same (since the two networks differ only in scheduling). The
details of the proof are given in the Appendix.

Checking whether two ECs are isomorphic is quite simple.
Each node is labeled with some event and nodes labeled with
the same event form a chain. Therefore, isomorphism can be
checked by a simple linear sweep over two graphs.

The EC generation procedure may not terminate even if the
CFSM network stabilizes for every input pattern. This nonter-
mination is due to looping through the same patterns and, thus,
can be easily identified in the algorithm implementation. In this
case, the algorithm can be aborted and the communication anal-
ysis returns an inconclusive result. However, if the procedure
terminates successfully, then identical ECs imply synchronous
equivalence. The abstract nature of EC gives it efficiency, but
also makes it reach many inconclusive results due to the false
negatives or nontermination. We will show the usefulness of EC
on industrial designs in Section IV-C.

The abstract execution in Step 5 is performed by evaluating
a monotonic coverof the CFSM transition functions. There are
many monotonic covers of a function so there is a whole set
of different ECs that can be used as communication signatures.
For example, it was suggested in [5] that x be used
as a monotonic cover for all transition functions. This is a very
simple monotonic cover to compute, but unfortunately it is also
very conservative in the sense that it evaluates tofor all the
minterms except ( ) [recall that CFSMs are reactive
so no transition function can evaluate to one at ( )]. In
the next section, we will show how to compute the least mono-
tonic cover, i.e. the one that evaluates tofor the fewest number
of minterms. We call EC obtained by using it the least EC (LEC).
LEC is the best EC, i.e., it produces the least number of incon-
clusive results. While least monotonic covers clearly lead to the
strongest results, there may be designs where they are too ex-
pensive to compute and a cheaper, but more conservative covers
still provide satisfactory result.

4) Least Monotonic Cover:To compute least monotonic
covers of transition functions, we first manipulate in the event
space each function to obtain an auxiliary function
also in the event space and then translateinto the container
space.

We say that a container space minterm
is the translation of an event space minterm

if for all

Similarly, we say that a container space functionis the trans-
lation of an event space functionif for all and
all such that is the translation of

Translation is just renaming 1 with. In practice, it is a free
operation because bothand can be represented with the same
data structure.

Given some transition function (we are dropping subscripts
for brevity), we want an auxiliary function that has the fol-
lowing property: every minterm in the on set ofmust also be
in the on set of . In addition, if some minterm whoseth com-
ponent is zero is in the on set of, then the same minterm, but
with th component 1 must also be in the on set of. This can
be expressed by the following formulae for functions with 1, 2,
or 3 input variables:

(9)

(10)
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(11)

The computation of can be simplified drastically with the fol-
lowing recursive formulation for a function with input vari-
ables thanks to the commutativity of cofactors

(12)

for (13)

Theorem 3: The least monotonic cover of some event space
function is the translation of [defined by (12) and (13)]
into the container space.

Proof: Let relations on -dimensional
event space, be defined by3

if and only if

for all (14)

where and . Note
that implies , but not vice versa. We show
(by induction on ) that for all

(15)

The desired result follows easily from the case .
Base case( ): Trivial because is equality and is
.
Inductive step ( direction): Assume is such

that . Consider the case . In this case,
, so by inductive assumption, im-

plying (by definition) that .
In the case , must hold. Let be such that

for all and . We have

(by definition)

(because does not depend on

(because

(by inductive assumption, using the fact

that

( direction): Assume . By definition, at least
one of and must be one. If ,
then (by inductive assumption) there exists (hence,
also ) such that .

If , let be such that for all
and (which may or may not be different from ). We
have

because doesn't depend on

because

By inductive assumption, there exists such that
. However, such must satisfy and also

(because ).
Function x x is a least monotonic cover of

, while x x x , x x x , and

3In f0; 1g, we use� with the usual, arithmetic semantics, i.e.,0 � 0; 0 �
1; 1 � 1.

Fig. 8. Algorithm block of a ATM server.

x x x are monotonic covers of, but are
not the least monotonic cover.

The least monotonic covers for transition functions (2)–(6)
are

x x

x x x

x

x x

x x

x x

The LECs for the seat belt example are shown in Fig. 7 for
several different scheduling policies. For the sake of readability,
the LEC for SPS (Timer at higher priority than con-
troller) has been compressed so that there is an edge from all
(5) inputs to all (3) outputs.

From the LECs in Fig. 7, we can conclude that implemen-
tations with SPS are synchronously equivalent to im-
plementations with CES . For the four scheduling policies
considered, LEC analysis returns the same result as exhaustive
simulation. It does so with negligible time and memory require-
ment.

C. Case Study

We have applied LEC communication analysis to a real-life
industrial design, the algorithm block of a server that supports
asynchronous transfer mode (ATM)-based virtual private net-
works. The complete server [18], [19] required a design effort of
approximately three man-years. The algorithm block, as shown
in Fig. 8, was respecified as about 1200 lines of Esterel code in
13 different CFSMs. If we were to represent even just the control
portion of the system (excluding tables) as a Boolean network,
it would have required more than 500 binary latches. Without
extensive manual abstraction, verifying this design is clearly be-
yond the capability of existing formal verification tools [4].

The algorithm block decides which input cells must be ac-
cepted or discarded to avoid node congestion, and implements
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Fig. 9. Example of coprocessor architecture.

the shaping and bandwidth partition functions among ATM vir-
tual path connections. Upon arrival of a new cell, it receives the
cell ID from the address-lookup module. If the cell is accepted,
the message selective discarding technique sends instructions to
the logic queue manager (LQM) about the shared buffer queue
in which the cell must be stored. Communication between the
algorithm block and the LQM is handled by the LQM interface,
which performs the required protocol adaptations.

We used LEC communication analysis to decide syn-
chronous equivalence among many different implementations,
including ones with UDP and various SPS and CES sched-
uling policies. The LECs were generated using POLIS [2]
on a network where CFSMs were replaced with their least
monotonic covers. In all cases, the generation of the LEC
took less than 1 s of CPU time. The LEC associated with
the SPS policy chosen by an expert designer consists of 314
containers. Even with such a complex LEC, we have found
a CES scheduling policy that is synchronously equivalent
to the designer-specified SPS, therefore resulting in an
implementation with less scheduling overhead.

D. Analysis of Heterogeneous Architectures

One of the salient characteristics of embedded systems is that
they may be implemented on heterogeneous architectures. Dif-
ferent parts of the system may be better suited for mapping to
computational resources with very different performance and
cost factors. Here, we consider two very common heterogeneous
architectures, the coprocessor architecture and the synchronous
parallel architecture, and show how they can be modeled for ef-
ficient synchronous equivalence analysis.

An example of the coprocessor architecture is shown in Fig. 9.
The microprocessor acts as the master of the communication to
and from the coprocessors. Whenever there is some computa-
tion to be done on the coprocessors, the microprocessor emits
the events and associated data to the coprocessors and waits for
the operation on the coprocessors to be completed. The opera-
tions of the master and the coprocessors, thus, become serial-
ized. A coprocessor architecture can be modeled as and is in-
deed synchronously equivalent to a SPS scheduling policy on a
single processor architecture with all the components mapped
to the coprocessors having higher priority than the ones that are
mapped to the master.

The synchronous parallel architecture is characterized by pro-
cessors executing in parallel, but communication is allowed only
at a time when the execution on each processor has been com-
pleted. An example is shown in Fig. 10. A synchronous par-

Fig. 10. Example of synchronous parallel architecture.

allel architecture can be hierarchically modeled as having a UDP
scheduling policy on top of the original single processor sched-
uling policies for the individual processors. Exactly how various
segments of ECs should be compared is left as future work.

V. REFINING COMMUNICATION ANALYSIS

Communication analysis is efficient in deciding the equiv-
alence between two different implementations of the same
CFSM network. When two implementations have communi-
cation signatures (i.e., ECs) that are identical and finite, they
are guaranteed to be synchronously equivalent to each other.
Unfortunately, when two ECs are different or when one or
both of the ECs are infinite, the result of the analysis is in-
conclusive. In the context of design exploration, the incon-
clusive result in equivalence analysis means that an imple-
mentation must be declared, possibly falsely, to be function-
ally different from the reference. If that implementation has
a better performance characteristic than all the implementa-
tions that were declared to be functionally correct, it will still
not be selected. If the negatives do turn out to be false, the
final implementation is suboptimal.

In this section, we identify and remove, bit by bit, the sources
of these false negatives through the process of refinement and
pruning. Refinement simply means case-splitting on the value
of a container, i.e., replacing a single EC with two, one in which
the container is replaced with zero, and the other in which it is re-
placed one. Pruning means removing irrelevant parts of EC. We
will show that if all primary input containers are refined and all
irrelevant parts of ECs are removed, then ECs are exactly equal
to simulation traces. Thus, we establish a smooth path to exact
simulation, where the analysis result is precise and no false neg-
ative is possible. When two implementations are actually syn-
chronously equivalent to each other, communication analysis,
perhaps with some refinement and pruning, can prove this posi-
tive result without going all the way down to exhaustive simula-
tion. Figuring out precisely how much refinement and pruning
are needed and on which containers is as hard as the verification
problem itself. Heuristic algorithms can be developed, but that
is left as a possible topic of future research.

A. Container Refinement

In communication analysis, containers are used to represent
the possibility of an event. If there is no container at some input,
it is interpreted as event absence. If there is a container present
at some input, the event may be actually present or it may not.
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Fig. 11. Example with infinite LEC.

Fig. 12. Infinite LEC for example of Fig. 11.

Consider the example in Fig. 11. The output functions are

(16)

The least monotonic covers for these functions are
x x x

x x x (17)

The LECs for two different implementations are shown in
Fig. 12. In both cases, the LECs are infinite and communication
analysis returns an inconclusive result.

It can be established independently through exhaustive sim-
ulation that not only these two implementations produce finite
output traces for any finite input trace, but also that they are ac-
tually synchronously equivalent to each other. The infinite LECs
in Fig. 12 are due to the abstraction of event containers. To make
the abstract simulation finite, containers need to be “refined” to
take on more precise information.

With the definition of container given in Section IV, there is
no way to represent the precise presence of an event, while it
is possible to represent the precise absence of an event by the
absence of a container at the input of a component. ECs in the
previous section are computed with two values for each input
variable of a component function: event absence represented by
0 and event unknown represented by. For the analysis to be
more precise, we need to represent the case where the event is
definitely present.

We can define an -dimensional ternary space as follows.
Definition V.1 (Ternary Container Space):An -dimen-

sional ternary container space is .

We use the same definition of the information ordering as in
Section IV, i.e., , , , , , ex-
tended componentwise to minterms. The definition of a mono-
tonic cover needs to be changed slightly. We say that a ternary
container space function is a monotonic cover of the event
space function if for any ternary container space minterm

It is not hard to check that for the binary container space, the
condition above is equivalent to the condition in Definition IV.2.
While we find the form in Definition IV.2 more intuitive and
easier to apply in proofs, the form above reveals the origin of
the name “monotonic.”

Ternary ECs for an implementation with a given scheduling
policy can be obtained by the EC generation procedure de-
scribed in Section IV-B-4 with the following modifications.

Step 1 Modified:Create containers for primary inputs and
label them with level 0. Set the current level to zero. The
input container may be filled, left with content unknown,
or not be created at all, depending on what is known about
the inputs. For example, if an input is known to be present
for all cycles, then it can be set to be a 1-container.
Step 5 Modified:Abstractly execute the selected CFSMs by
increasing the current level by one and evaluating a ternary
monotonic cover of each CFSM output function with all
active inputs with a 1-container set to 1, all active inputs
with an -container set to, and all other inputs set to 0. If
the ternary monotonic cover evaluates to one or, then:

1) create a new 1-container or-container, respectively,
and label it with the current level and the name of
that output;

2) for every active input, create an edge from the most
recent container corresponding with that input to the
newly created container;

3) create an edge from the previous container labeled
with the same name (if any exists) to the new con-
tainer.

The ternary monotonic covers in Step 5 modified are com-
puted by converting the output functions from the event space
to the ternary container space. Unfortunately, the iterative tech-
nique for binary container space described in Section IV cannot
be applied here. We only note that similar ternary functions are
computed also for symbolic simulation in the logic domain [20].

The ternary least monotonic covers for the example in Fig. 11
are

x (18)

x

Computing the ternary EC with primary inputs set toat Step
1 modified produces an infinite EC exactly like that in Fig. 12.
This is expected because we have not really done any refinement



1028 IEEE TRANSACTIONS ON COMPUTER-AIDED DESIGN OF INTEGRATED CIRCUITS AND SYSTEMS, VOL. 20, NO. 8, AUGUST 2001

Fig. 13. Infinite LEC for example in Fig. 11 withi refined.

Fig. 14. Finite LEC for examples in Fig. 11 with bothi andi refined.

on the containers at all. We only changed the cover functions so
that they can handle the 1-containers. Abstract execution with
refined at the primary input produces the ECs shown in Fig. 13.
We now have a pair of “split” ECs. One on the left side of the
figure with denoted by a solid box. The other on the
right side of the figure with denoted by no box at . If
the corresponding portions of the ECs are identical, we can say
that the two implementations are synchronously equivalent to
each other, since can only be zero or one in the original event
space.

Unfortunately, the refined LEC is still infinite. Further refine-
ment is needed. The ECs with bothand refined is shown
in Fig. 14. Now the corresponding LECs are indeed identical.
The implementations are, therefore, synchronously equivalent
to each other. We do not have to consider the case where both

and are refined to zero, since the system is reactive by def-
inition. The absence of all inputs cannot cause any reaction.

We are able to (conservatively) check two implementations
for synchronous equivalence by comparing their ternary ECs as
stated by the following result.

Fig. 15. Example that has infinite LEC if state is abstracted.

Fig. 16. Infinite LEC for example in Fig. 15 with state abstracted.

Theorem 4: If two implementations of a given CFSM
network with well-behaved scheduling policies have identical
ternary ECs, then they are synchronously equivalent.

This theorem is an extension of Theorem 2. Since the ternary
abstract execution is carried out using a monotonic cover of the
original output function, the proof proceeds in a similar fashion.

B. State Refinement

For some designs, the false negatives from communication
analysis cannot be removed without explicitly representing
states. Consider the example in Fig. 15. The ternary least mono-
tonic covers of transition functions obtained by existentially
quantifying out state variables are

x x

x x x x x (19)

The ternary LECs for two selected scheduling policies are
shown in Fig. 16. One cannot conclude whether or not the
two implementations are synchronously equivalent because
the LECs are infinite. Even though the infinite LECs “look”
similar, one cannot draw any conclusion about the finite execu-
tion traces from the infinite ECs. The infinite EC prevents the
analysis algorithm from analyzing the entire execution trace. It
can also be shown that no amount of event container refinement
can make the EC finite in this caseunless we take the CFSM
state into account.

Without loss of generality, we assume that there is only one
state variable per CFSM.4 The single state variable is one-hot

4Multiple state variables can be mapped into a single state variable by taking
the Cartesian product.
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encoded into a set of state events. A 1-container at a state event
means that the CFSM is at that state. An-container at more
than one state event means that the CFSM may be in any one of
those states. State events have the following property.

Lemma V.1:A set of one-hot encoded state events for a
CFSM has a 1-container if and only if it is the only container
present for that set of state events.

Proof: By definition, any CFSM must be in a single state
at any given time. Only one container present means that the
CFSM can be only in one state. The event is therefore definitely
present. Conversely, if there is a 1-container at some state event,
then the CFSM cannot possibly be in any other state so no other
state event container can be present.

Due to the lemma, we will convert state events with a single
-container immediately into a 1-container. Ternary ECs with

state refinement for an implementation can be obtained by the
EC generation procedure of Section IV-B-4 with the following
modifications.

Step 1 Modified:Create containers for primary inputs and
state values of the CFSMs and label them with level 0.
Set the current level to zero. The input containers may be
filled, left with content unknown, or not be created at all,
depending on what is known about the inputs and reachable
states.
Step 3 Modified:Let all CFSMs with at least one nonstate
active input be enabled. If no CFSM is enabled, then STOP.
Step 5 Modified:Abstractly execute the selected CFSMs by
increasing the current level by 1 and evaluating a ternary
monotonic cover of each CFSM transition function, with
all active inputs with a 1-container set to 1, all active inputs
with an -container set to, and all other inputs set to 0. If
the ternary monotonic cover evaluates to 1 orthen:

1) create a new 1-container or-container, respectively,
and label it with the current level and the name of
that output;

2) for every active input, create an edge from the most
recent container corresponding with that input to the
newly created container;

3) create an edge from the previous container labeled
with the same name (if any exists) to the new con-
tainer;

4) for state event containers, additionally create an edge
from all previous state event containers to all new
state event containers.

The ternary monotonic cover is computed by converting the
output function from the event space to the ternary container
space, taking into consideration the state values. The LEC of
two equivalent implementations for Fig. 15 with state present is
shown in Fig. 17.

C. Eliminating Irrelevant Containers

Synchronous equivalence, as defined in Section III, relates
to the primary inputs and outputs of a design. Communica-
tion analysis infers this global property from the communica-
tion between components, which is not a strictly global char-
acteristic. Inferring a global property from characteristics of
local elements can be conservative. Consider the example in

Fig. 17. LECs for example in Fig. 15 with state not abstracted.

Fig. 18. Example demonstrates the need for pruning.

Fig. 18. LECs for three different scheduling policies are shown
in Fig. 19. It can be established through exhaustive analysis or
simple observation that the three implementations are actually
synchronously equivalent to each other, though there are two
different sets of LECs. It is equally apparent that many con-
tainers in the LECs have nothing to do with the primary output

and are indeedunobservablefrom the primary outputs.
Definition V.2 (Observable Container):A container in an

EC is observable if there is an assignment of-containers con-
sistent with transition and output relations such that assigning
zero or one to produces different primary outputs for the ac-
tual implementation. Otherwise,is unobservable.

The next lemma clarifies the relationship between the pri-
mary output containers in an EC and the production of a primary
output event by an implementation.

Lemma V.2: If there are one or more 1-containers at some
primary output of an EC, the output is emitted by the corre-
sponding implementation.

Proof: By the definition of synchronous equivalence
(Definition III.2), primary outputs matter only at the end of a
cycle. By the definition of CFSM, an emitted output cannot be
“cancelled.”

A container that is not observable can be removed from the
EC.

Theorem 5: Removing unobservable containers, along with
all their edges, results in an EC that remains a communication
signature of the implementation.

Proof: Consider an implementation, its EC , and an
EC , where some unobservable containers have been re-
moved. Let be an implementation that will produce the
EC . By the definition of unobservable containers and
synchronous equivalence, is synchronously equivalent
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Fig. 19. LECs for example in Fig. 18.

to . By transitivity of equivalence relations, any implementa-
tion that is synchronously equivalent to is also synchro-
nously equivalent to implementation.

Figuring out whether a container is observable is analogous
to the classical observability problem in sequential circuits [21].
Finding an exact solution could require an exponential compu-
tation, though simple pruning can go a long way in removing a
large number of these unobservable containers.

Corollary V.1: If there are one or more 1-containers at some
primary output of an EC, all but one of the 1-containers of that
primary output can be removed and the EC remains a commu-
nication signature of the implementation.

Proof: By Lemma V.2, the output will be emitted if one or
more 1-containers exist at some primary output of the EC. This
will remain true if all but one of these 1-containers are removed.
By Theorem 5, the pruned EC is a communication signature of
the implementation.

Corollary V.2: Any nonprimary-output container that has no
directed edge to an-container can be removed and the EC re-
mains a communication signature of the implementation.

Proof: Assigning one or zero to a nonprimary-output con-
tainer with no directed edge to an-container clearly cannot af-
fect the primary output, so the container is unobservable and can
be removed. Removing a nonprimary-output 1-container that
has no directed edge to an-container also cannot affect the pri-
mary output. By Theorem 5, the pruned EC is a communication
signature of the implementation.

A large number of unobservable containers can be removed
by the following procedure.

1) For all primary outputs that have two or more containers
and at least one 1-container, remove all containers of that
primary output except any one single 1-container.

2) Iteratively remove all nonprimary-output-containers
and 1-containers that do not have an edge to an-con-
tainer.

Fig. 20. Pruned LECs for example in Fig. 18.

The pruned ECs for the example in Fig. 18 (derived by pruning
the original EC in Fig. 19) are shown in Fig. 20. The original
primary input containers are retained for clarity. The implemen-
tations are indeed synchronously equivalent to each other.

D. Relationship with Exact Simulation

With container refinement and pruning, ECs can be related to
exact simulation. Exact simulation requires deterministic tran-
sition and output relations as well as a deterministic input trace.
A deterministic input trace for an actual implementation corre-
sponds to an “abstract” execution with an input trace consisting
of only 1-containers.

Theorem 6: Given deterministic transition relations and
output relations, a well-behaved scheduling policy, and a
deterministic input trace, the output trace from simulation is
identical to a trace of the pruned EC from the corresponding
abstract simulation of the cover functions.

Proof: The transition and output relations are determin-
istic and the primary input of the abstract simulation consists of
only 1-containers. By Step 5 modified of the ternary EC gen-
eration algorithm, only 1-containers will exist in the EC. By
Corollaries V.1 and V.2, only a single 1-container at each pri-
mary output will remain. The trace of the EC is therefore a trace
of 1-containers at the primary output. In addition, a container
will be present for every event present in the output trace of the
corresponding simulation run.

The theorem relates a simulation run of the implementation
to an abstract execution of its monotonic covers. However, not
all ECs have corresponding simulation runs, since not all com-
binations of the states of the components are reachable, and the
given pruning algorithm does not identify all unobservable con-
tainers. The former can be solved by existing state reachability
techniques on the global state and the latter can be solved by fur-
ther refining the remaining-containers, both at a cost of higher
computational complexity.
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VI. CONCLUSION AND FUTURE DIRECTIONS

In this paper, we have introduced the concept of synchronous
equivalence among embedded system implementations satis-
fying the synchronous assumption. This property is analogous
to functional equivalence for sequential circuits and takes full
advantage of the separation of timing and functionality. One
powerful result of this equivalence criterion is the identification
of a set of delay insensitive implementations. For delay insensi-
tive implementations, any variation in delay does not affect the
functional behavior. Static analysis of this sort is very efficient
and effective in proving equivalence, though it may at times be
conservative. To check for equivalence between different delay
insensitive implementations, we proposed algorithms based on
worst case analysis of the communication among components.
The events communicated between components are abstracted
into a signature that is maximal in the sense that it represents
all possible communication patterns of that implementation. By
comparing the signatures of different delay insensitive imple-
mentations for a given specification, we were able to determine
equivalence conservatively, but efficiently. We demonstrated
with real-life examples that synchronous equivalence opens
design exploration avenues uncharted before. We also related
communication analysis to exact simulation through a series
of refinement and pruning operations on the communication
signatures. An algorithm can choose to work at any abstraction
level, trading off computational efficiency with the possibility
of inconclusive result due to false negatives. We provided prim-
itives to move amongst different abstraction levels that exist
between abstract communication analysis and exact simulation.

An interesting open question is what happens if we violate
the assumption that the component functionalities and the com-
ponent connectivity are the same among all possible implemen-
tations. General repartitioning can be thought of as a series of
decompositions and compositions of the CFSMs. It is not hard to
compare two implementations where the difference is only that
one component is decomposed into two or that two components
are combined into one through synchronous decomposition and
composition. If the “subnetwork” represented by the two de-
composed components for the given implementation satisfies
the synchronous assumption locally, then it must also behave
the same as the implementation with a single, synchronously
composed component. How this check can be done efficiently
and locally will be crucial for an efficient general repartitioning
methodology.

APPENDIX

PROOF OFTHEOREM 2

We prove the theorem in several steps. Given two policies
and , we first construct auxiliary policies

and . The policy ( )
is similar to ( ), but use a different criterion
to decide which CFSMs are enabled based on the EC of

( respectively). Then, we prove that
and are synchronously equivalent (the same proof
applies to the equivalence of and ). Finally,
we show that and are equivalent and the
desired result follows by transitivity.

To define and , we assume that the net-
work state is extended to include a (partially constructed) EC.
Under this assumption, is defined as follows.

1) Examine the EC portion of the current state and construct
as in Step 3 of the EC generation procedure.

2) Abstractly execute all CFSMs in as in
Step 5 of the EC generation procedure (modifying the EC
portion of the current state accordingly).

3) Return . is defined similarly.
Lemma A.1: If is a network state that appears in some

synchronous assumption conforming run of a CFSM network
and is the state constructed while evalu-

ating in , then for all events

(20)

Proof: By induction on the number of scheduling points
in the run and in the base case for all pri-
mary inputs, these are the only events that could be present in
. For the inductive step, we consider some output out of some

and use to denote the
translation of into container space. By inductive as-
sumption, . Output will be present in the state in
the next step of the run if and it will be present
in the evaluated at that state if a monotonic cover of
evaluates to at . The implication between the two holds by
inductive assumption and the definition of monotonic cover.

Lemma A.2: and are synchronously equiv-
alent.

Proof: By Lemma A.1,
at every scheduling point. Since is well behaved, it fol-
lows that at each true scheduling pointof

We can now use the induction on true scheduling points to prove
that the number of true scheduling points in two implementa-
tions is the same and that the same events are present in both
implementations after corresponding true scheduling points.

By Lemma A.1, whenever generates an event, it
also generates a container for it in EC. In other words
can be seen as determining the contents of the containers in the
EC, one if the event is present and zero if it is absent.

Corollary A.1: The content of a container determined
by depends only on the contents of its immediate
predecessors in the EC and on the CFSM output function.

Proof: By definition, all active inputs are immediate pre-
decessors and by Lemma A.1, all other inputs are zero.

The following result states that the EC contains sufficient in-
formation to decide synchronous equivalence.

Lemma A.3: If two scheduling policies and
have identical ECs and if and assign to
corresponding nodes the same contents for every primary
input assignment, then and are synchronously
equivalent.

Proof: We first show that and are syn-
chronously equivalent. Indeed, by definition of EC, all con-
tainers corresponding to some primary output form a chain. By
assumption, the contents of the last containers are the same for

and , implying that and
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are synchronously equivalent. It follows then by Lemma A.2
that and are also synchronously equivalent.

Now we have all the pieces to prove the theorem.
Proof [of Theorem 2]: By Lemma A.3, we only need to

show that given two different well behaved policies and
, their modifications and assign the

same values to corresponding containers. This is shown by in-
duction, using Corollary A.1, and the fact that the CFSM tran-
sition functions are the same in the two implementations.
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