CS220: Synthesis of Digital Systems

Cofactor

» First test to see if there is intersection

1010

- E.g. ==Xy’ +xy 0101

« Take cofactor w.r.t. x =[01 11]
« First row — void, no intersection
« Secondrow 1101 =y

- =1,
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— Then perform o+ f ;’ ot By ot By

Unate function and unate cover
* A bv-function is positve unate in variable x if f,of,.
* A bv-function is negatie unate in variable x if f,cf,.
01 in the corresponding field
- E.g. xy+xz’
10 in the corresponding field

- E.g.X’y+x’2’

— The other way is not true!
* X’+x is a unate function, not a unate cover!
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Operations on logic covers

Recursive Paradigm
— Base on the cofactor expansion theorem

* Eg frg=x(f+g)+x’(f+g,)
— Expand about a variable (possibly multi-valued)
— Apply operation to cofactors
— Merge Results o=l
fog = ZXN (fom © gon)
Unate Heuristics S

— Operations on unate functions are simpler
— Select variables so that cofactors become unate functions

Unate is roughly equal to monotonic increasing, but with more
precise definition within Boolean algebra

Unate Recursive Paradigm [Brayton et. al] 2

« A cover F is positive unate in x if all its implicants have 11 or

* A cover F is negative unate in x if all its implicants have 11 or

« A cover Fis unate in x implies the function f is unate in x

* Function vs cover = {minterms} vs {implicants} = fvs F

Unate mvi-functions

* Weak Unateness
that, for all other values k, f & o f, 0}
variable x has a column of 0’s in the x field

e A cover F is weakly unate only if f is weakly unate

£ =1 5 f 0=y’
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Unate mvi-functions

Strong Unateness (not very useful, but correspond to bv case)
— A function f is positive unate in variable x if f,0} of & vjk € (0,1,...,p-
1) 1 j>k
— A function f is negative unate in variable x if f, 0} <f ¢ vjk € (0,1,...,p-
1):j>k

— E.g. Given all variable can have {0,1,2}
o f=xi2y 00 +x {1y} 001110
o £ 2=yl0n S f W=yl0 S f =g 010 100
« Strongly unate in x

- E.g. Given all variable can have {0,1,2} 001 110
o fox(2yl0 XDy {02+ x Oy {12} 010 101
o f A=y f U=y02 Hf 0= y(12} 100 011

« Not Strongly unate in x

There exists no permutation of values that
the cofactor will form containment relation

— Afunction f is weakly unate in variable x iff there exists a value j such

— A cover F is weakly unate in x iff subset of all implicants depend on

1110 £,0=1 5 f (D=x
0111 Y +X+Xy’
0110

11101 fx(l}:l > fx{o)z y02

01111 yOZx{lyOL34+xilyD o) - fwmm
01001 £01=1 5 =x

Weakly unate in all variables
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Tautology
Check if a function is always TRUE (1)

Recursive paradigm
- f=xf +x'f,
« Soifboth f and f,. are 1, then f=1
« Therefore, recursively testing to see if f, and f,. are tautology

— Expand about a (possibly mv)-variable to break problem into small ones
— If all cofactors are tautology, then function is a tautology
o f=x+x
o f,=1, f,.=1, therefore, f=1
— If any of the cofactors are &, then function is not a tautology
« Can terminate very quickly
o f=x+x
« f,=1, f,.= @, therefore, f is not a tautology
— Need to define other end cases of recursion 6
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Tautology

¢ Tautology of unate cover is easy!!!

— If Fis a weakly unate cover in variable x and G is the subset of F that
does not depend on x, then F is a tautology if and only if G is a tautology

o YEXEXY” 1110 11101
« Notatautology 0111 Atautology? 01111
0110 11010

— Expand about a mv-variable
« Heuristic: choosing one that has the most implicants depend on it
— Notall 1’s
« Trying to break problem into unate subproblems
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Recursive tautology
¢ End Cases:

— The cover has arow of all 1’s, e.g. [11 11 111]
« Return Tautology

— The cover has a column of 0’s 011111

* Return NOT tautology 011011 atab’

— The cover depends on one variable, and there is no 0 column
« Return Tautology

Example
» f=ab+ac+ab’c’+a’
— All variables are binatx‘ 010111
— aaffect the most column 011101
+ No*“11” . 011010
- Take cofactor w.rt.a’=1011.11 101111
o f,=111111
- Take cofactor w.r.t. 4=01 11 11 110111
ill bi i o uuo
— Still binate, split along b 111010 o1 =
— Take cofactor w.r.t.b’=1110 11 = @
« Atautology .
— Take cofactor w.r.t. b=11 01 11\- E ﬁ %
« Atautology
¢ Therefore, fis a tautology! 11111
111101
9
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Containment

A cover F contains an implicant o if and only if F is a
tautology

010111
011101
e E.g.f=ab+ac+a’ woun
— Want to know if implicant bc [11 01 01] is contained in f
— Take cofactor, obtain 011111
011111
101111
— Which is a tautology
« Therefore, bc is contained in F

11
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1011111
0111111 aa
8
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Example
¢ F=ab+ac+a’ 010111
. 011101
— Unate inb 101111
« Check submatrix doesn’t depend on b
i 011101
— Unateinc 101111

* Check submatrix doesn’t depend on ¢

« [10 11 11] is not a tautology

« Submatrix doesn’t depend on b is not a tautology
« Fis not a tautology

10
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Complementation

* Recursive paradigm
- F=xf +x
 Proof: letg=x ', +x" f',,
o f=xf et
o fg= (xf+x f)(x P +x .)=0
o frg=x(f 7 )+ (f,. +,)=1
* Therefore g=f"

* Steps:
— Select variable
— Compute cofactors
— Complement cofactors
— Assemble the complement

« Recur until cofactors can be complemented in a straightforward
way 12
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Termination rules Unate functions

 The cover F is void, its complement is the universal cube « Useful shortcuts

-0=1 . . .
. S — If fis positive unate in x, f'=f" +x’f",.
» The cover F has a row of 1’s, its complement is void ,_p, o e e X o
_ =0 o P=xf +xF = +x°F. because f, of,, ). oF

— If fis negative unate in x, f’=xf’ +f",.
« Consequence:

— Complement computation is simpler
¢ Heuristic

— Select variables to make the cofactors unate
« Select binate variable

¢ The cover F consists of one implicant, use De Morgan’s law
— (ab’cdf’)’=a’+b+c +d" +f
« All implicants of F depend on a single variable, and there is no
column of 0s, it’s complement is void

0011111

1011011 Tautology, therefore the complement is void
01000 11

13 14
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Example Consensus
e F=ab+ac+a’ 010111 RECURSIVE SEARCH
« Select binate variablea 911101
101111
¢ Compute cofactors
- F, isatautology, hence F’,. is void

« If two implicants has distance larger or equal to 2
— Consensus return 0

« If two implicants has distance equal to 1
— Consensus return a single implicant

— i « Parts that is “really close”
F y'e'ds_ 110111

» Select variable b 111101 ay+by az-by ... ay-by
. Compl_Jte cofactors o CONSENSUS(@, ) = | by aptbr . aa by

- F,, is atautology, Hence F’,, is void

— F,y = 111101 and its complement is 11 11 10 ab o apby . ayk by
* Re-construct complement P

— 1111 10 intersected with b’=11 10 11 yields 11 10 10 o i )

— 111010 intersected with a=01 11 11 yields 01 10 10 5 011001

~ Complement F -~ 01 10 10 011110

Y 100101 4
" Y.
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Compute all prime Unate

+ Given any two orthonormal basis x* and xB, A prime of f is
— Aprime of xAfA
- A prime of xBf, 8
— A prime of consensus of xAf,A and xf,B

¢ Unate function
— All primes are essential
— A unate cover, minimal w.r.t. SCC, is a prime cover

« xAf,Aand xBf,B don’t intersect + Computing of prime is easy! 010111
« Its consensus is the corresponding part of the minterms that is distance 1 . Example f = ab+aC+a' > (1)[1) ﬁ (ﬁ

— May be redundant in a cover (contained in union of multiple prime) — ais binate, splitalong a

» E.g. = abc+abc’+ab’c+ab’c’+a’be+a’he’ - f=1 af,=a * 101111

— Let the basis be aand a’ - Unate, so the only prime is a’ 010111

- af=al=a « f,=b+c, af,=ab+ac * 011101

- af.=ab — Unate, so the only primes are ab, ac

- Consensus(01 11, 10 01) is 1101 =b « Consensus(a’, ab+ac) = b+c ,1o11

- SCC(aab,by=ab ~ Unate, so the only primes are b, ¢ 111101
« Because union make a’b not prime c 101111

— There are two prime a, b b * SCC (a’,ab, ac,b,c)=a’,b,c - 1101 11

— Both are essential, since the function is unate a v 111110 18
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Operations in espresso Espresso, anyone?

ESPRESSO(FOY, OOy
FOIY = complement(F™¥ | FOC);
F = expand(FO¥ _FOFFy;
F = irredundans(F, FPC);
E = essentials(F, FOC);

* Expand
¢ Reduce
¢ Irredundant

. FaF-E: #* remave essentials */
« Essential FUC o FUC 1* place essentials temporasily in don’t care set®/
repeat |
¢ = cost(F);
- Basic operation T et
_ Tautology F = reduce(F, F*Cy;
F = expand(F, FOFFy,
- Comp|ement F = irredundant (F, F);
— Containment s o e gty woply et b
. = last gasp(F, f 3 ly different 1 a8 last *
— Generate all primes (espresso —Dexact) } wntl Geost(F) > ¢y =
F=FUE;

1 restorne cxsentials
FIF o= FO° _ E;
F = makesparse(F, FO€_FOFe),
| 20
C5220: Synthesis of Digital jstem, Fall 06

19
C5220: Synthesis of Digital System, Fall 06

Espresso algorithm

« Compute the complement
» Extract essentials
 lterate
— Expand, irredundant, reduce
 Cost functions:
— 1. Cover cardinality
— 2. Weighted sum of cube and literal count
* Make_sparse
— Reduce output part to reduce OR-plane transistors in PLA

— http://embedded.eecs.berkeley.edu/pubs/downloads/

21
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