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CS133
Computational Geometry

Closest/Farthest Pairs



Closest Pair

> Gliven a set P of points, find the distance
between the closest pair of points
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Naive Algorithm

» Compute all distances
> FInd the minimum distance
> Running time: 0(n?)

» Can we do better?
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Divide-and-conguer Algorithm

» ClosestPair(P)
Split P into two subsets P; and P,
cp, = ClosestPair(P;)
cp, = ClosestPair(P,)
Return Minimum{cp, cp,}
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Divide-and-conguer Algorithm &

» ClosestPair(P)
Split P into two subsets P; and P,
cp, = ClosestPair(P;)
cp, = ClosestPair(P,)
cp,,= ClosestPairMiddle(P;, P,, min(cp,.d, cp,.d))
Return Minimum{cpy, cp,, cp12}



Closest Pair Example
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Closest Pair Example
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Closest Pair Example
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Closest Pair Example
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Middle Strip

Find the closest pair of
points with a distance at
most d within the middle
strip

Sort by y and test each point
with the next r points

Seemingly 0(n?)

Really 0(n)
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Middle Strip

>

The search can
terminate when Ay > d

This limits the search ‘ " '
box to 2d X d | | |

The search box can
contain up-to eight | i
pOIHtS @ [ Py

Each point can be
compared to at most
seven points

11

R




Pseudo Code

» ClosestPair(P)
Sort P by x
Return ClosestPairRecursive(P, 1, |P])
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ClosestPairRecursive(P, s, e)
> fe—s=2

Return (s, e, ||e — s]|)
> fe—s=1

Return (—1,—1, o)

S+e
> Mm=—"
2

» c¢p; =ClosestPairRecursive(P,s,m)
> cp, =ClosestPairRecursive(P,m + 1,e)

> cp1, =ClosestPairMiddle(
P,s,e,m, min{cp,.d, cp,.d})

> Return min{cpy, cp,, cp1,}
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ClosestPairMiddle(P, s,e,m, d)
> X, = Plm].x
> | =binarySearch+(P,s,m, x,, — d)
> r = binarySearch—(P,m,e, x,,, + d)

> B. = P[l,7] el

> Sort B. by y p,*
> cp = (—1,—1,0) N
> For p; € P. JI

For (j = i;j <|B|Apj.y —p;. y<d1++)
If ||pj pl” <cp.d
cp = (i.J, |lp; —wil))
> Return cp



Running Time

» Initial sorting O(nlogn)
> Recursive part:

T(n) = 2T (E

2
> Overall running time = O(nlogn)

> Question: In the ClosestPairMiddle algorithm,
how to sort B. by y In linear time?

) + 0(n) = 0O(nlogn)
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Stable Splitting

> Presort P by x and y. Let’s call them P, and
P,, respectively.

> When splitting P along a vertical line, we split
both P, and P, in linear time

» Assume that x,, Is the x-coordinate of the

. . +
split line where m = —~

> P, =P[s..m]and P, = P[m + 1..¢]
> Initialize Py, and P, as empty arrays of the
same size of P, . and P, , respectively
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Stable Splitting

» Scan P, and append each point p; to either
P, or Py, depending on the x-coordinate
> fpjx < xp
Append p; to Py,
> Elseiftpj.x > x,
Append p; to sz

» The same approach can be used to find all
the points in the vertical strip, which is
bounded by two x-coordinates, sorted by y
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Farthest Pair

> Gliven a set P of points, find the distance of
the farthest pair of points
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Naive Algorithm

» Compute all pair-wise distances
> Find the maximum
> Running time 0(n?)
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Rotating Calipers

> Rotate a pair of calipers around the points

> Find the largest distance that the calipers
made
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Revisit Convex Hull

» The farthest pair of points have to be on the
convex hull

> Proof by contradiction
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Rotating Calipers

> For simplicity, we apply the rotting calipers
algorithm on the convex hull
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Rotating Calipers Example



Rotating Calipers Example

Rotate the calipers by min{8,, 6}

Ou
o ® dh
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Rotating Calipers Example

Rotate the calipers by min{8,, 6}
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Rotating Calipers Example

Rotate the calipers by min{8,, 6}
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Finding Minimum Angle

Ou
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® oDj
o
Pi /e Pi+1 o

27



Finding Minimum Angle
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Finding Minimum Angle
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Finding Minimum Angle
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Finding Minimum Angle
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Finding Minimum Angle

> dxb=]|all-|b|-sind; >0
> ﬁSineg > ()

>y 20<0;<m '
):O<7T+82_81<7T .

)$0<81_82<7T HL
)$O<8L+V_HR_]/<7T
)$O<8L_Hu<77:
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