Growth of Functions

R



Learning Objectives R

» Understand the meaning of growth of
functions.

> Measure the growth of the running time of an
algorithm.

> Use the Big-Oh notation to compare the
growth of two functions.
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O-notation UCR

cg(n)

dc > 0,ng > 0
f(n) 0<f(n) <cgn)

n = n

g(n) Is an

asymptotic upper-
" bound for f(n)

No

J(n) = 0(g(n))



Q-notation UCR

dc > 0,ny5 >0

0<cg(n) < f(n)
n = ng

g(n) Is an

asymptotic lower-
& bound for f(n)

No

f(n) = Q(g(n))



O-notation UCR

c28(n)

£n) dcy,c0 > 0,15 > 0
0<cg() =< f(n) <cg(n)
c1g(n) N =M

g(n) Is an

n asymptotic tight-
f(n) = O(g(n)) bound for f(n)
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o-notation

UCK

Ve >0
c,g(n) Hno > O

cgm)  0< f(n) <cgln)
6;38(”) n = n,

1)

f(n) =o(g(n))

= J(N) IS a non-tight

asymptotic upper-
bound for f(n)




w-notation UCR

Ve >0
dng >0

0<cg(n) <f(n)
n =ny

Jm)

cg(n)

c.g(n)
csg(n)

g(n) Is a non-tight

asymptotic lower-

p bound for f(n)
f(n) = w(g(n))



Analogy to real numbers UCR

Functions Real numbers

f) = 0(g(n) a<bh
fm) =0(gm)) a=b
f(n) =06(gn)) a=bh
f(n) = o(g(n)) a<b

f(n) = w(gn)) a>b



Standard Classes of Functions R

Constant: f(n) =0(01)

Logarithmic: f(n) = 0(lg(n))

Sublinear:  f(n) =o(n)

Linear: f(n) =0(n)

Super-linear. f(n) = w(n)

Quadratic:  f(n) = 0(n?)

Polynomial: f(n) = 0(n*); k is a constant
Exponential: f(n) = 0(k™); k is a constant
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Insertion Sort (Revisit)

INSERTION-SORT (A, n)

for j =2ton
key = AlJ]

// Insert A[/] into the sorted sequence A[l..j — 1].

I =] —1

while i > 0 and A[i| > key

Ali + 1] = Ali]
I =1—1
Ali + 1] = key

N

>~ J-times

O(n?)

- n-times
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Using L'Hopital’s rule X

> Determine the relative growth rates by using L'Hopital's rule
compute [PEREQ),

= g(N)
if O: f(N) = o(g(N))
iIf constant = 0: f(N) = ©(g(N))
If co: g(N) = o(f(N))

limit oscillates: no relation



Recursion

> In mati 2 pd on itself
Factc &
Fibor ), F(0) =
FO| A ﬂ
> In prog - - - ,;\ self
£il m Stack o;ferﬂo w) |
{ ?ﬁ\ e ﬁ”w(
} Innocent [:/er—2) ;
rogram(mer)
» Questit e orst

enemy?
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Function calls

> main() {
F1(...);
} F3
> F1(...){
F2(...); F2
}
> F2(...){
F3(...); F1
}

Other things you do not
want to know

Local variables

Stack
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