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Abstract

Continuougime Bayesiametworks (CTBN) describe
structured stochasticprocesseswith nitely mary
statesthat evolve over continuoustime. A CTBN is
a directed (possibly cyclic) dependengc graph over
a setof variables,eachof which representsa nite
statecontinuoustime Markov processwhosetransi-
tion modelis a function of its parents. We address
the problemof learningparametersnd structureof a
CTBN from fully obsered data. We de ne a conju-
gateprior for CTBNs and shav how it canbe used
bothfor Bayesiarparameteestimationandasthe ba-
sisof aBayesiarscorefor structurdearning.Because
agyclicity is nota constraintin CTBNs, we canshav
thatthe structurdearningproblemis signi cantly eas-
ier, bothin theoryandin practice thanstructurdearn-
ing for dynamicBayesiametworks (DBNSs). Further
more,asCTBNscantailor the parameteranddepen-
deny structureto the differenttime granularitiesof
theevolution of differentvariablesthey canprovide a
bettert to continuous-timg@rocessethanDBNswith
a x edtime granularity

1 Intr oduction

Learning about complex dynamic systemsis an impor-
tant task. From learningthe timing and organizationof
metabolicpathwaysin cells to studyingtrendsin demo-
graphicdatato analyzingweb sener logs, thereare mary
differentprocessethatwe would lik e to understand.

Dynamic Bayesian networks (DBNs) (Dean &
Kanazava, 1989) are a standardmodel used to learn
andreasoraboutdynamicsystemsDBNs modelatempo-
ral procesdby discretizingtime and providing a Bayesian
network fragmentthat representshe probabilistictransi-
tion from the stateat time t to the stateattimet + t.
Using sucha modelfor learningaboutthe structureof a
dynamicsystemhasa signi cant limitation — namely the
structurewe learnmay be a function of the t parameter
we chooseas much asit is a function of the underlying
structureof theprocess.

The discretizationof time imposesseveral problems.
First, in standard>BN models,we mustchoosea uniform
time granularity However, in mary real-world processes
differentvariablescan have very differenttime granulari-
ties, makingary single choiceof t inappropriate.Sec-
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ond, whenwe discretizetime, we aggreateinto a vari-
able's transitionmodelall of the statechangeghatit takes
overthe entirecourseof thetime slice. Whenthe variable
evolvesata ner timegranularitythan t, thisapproxima-
tion canbeavery poorone.

Furthermore,the best possibletime-sliced approxima-
tion to the variables evolution model can be quite com-
plex. First, it will ofteninvolve dependeng edgeswithin
atimeslice,which signi cantly complicatedearningalgo-
rithms. Second,a DBN that bestencodeghe aggreyated
dependeng will exhibit entanglementAs the discretiza-
tion losesinformationaboutthe valuesof a variables par
ents,the valuesof the variables ancestorsnight become
relevant. Thus,atime-slicedDBN thatrepresentshe pro-
cesgdynamicswill oftenbedenselyconnectedyhichboth
obscureshetruestructureof theprocessandmalesit hard
to learnfrom limited data.

In (Nodelmanet al., 2002) we presentedthe alterna-
tive framework of continuoustime Bayesiannetworks
(CTBNSs) This framawork allows for modellingstochastic
processesver a structuredstatespaceevolving in contin-
uoustime. In this paperwe considerthe problemof learn-
ing the structureof CTBNs from data. We usea Bayesian
learningframework for CTBNS, usinga Bayesianscoring
function derived from an appropriateconjugateparameter
prior. We provide analgorithmthatsearchesverthespace
of possibleCTBN structuresfor one that maximizesthis
Bayesiarscore;this algorithmis signi cantly simplerthan
DBN learningalgorithms.

2 Continuous Time BayesianNets

In thissectionwereview thecontinuoudimeBayesiamet-
work (CTBN) framawork presentedn (Nodelmanet al.,
2002). A CTBN representsa stochasticprocessover a
structuredstatespace consistingof assignmentso some

hasa nite domainof valuesval(X;).

2.1 Markov Processes

Let us rst considera Markov processover a single vari-
able.A nite statecontinuoudime,homogeneouliarkov
processX (t) with statespaceVal(X) = fxg;:::;xkgis
describedy aninitial distributionP{ andann n matrix
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GivenQx we candescribehetransienbehaior of X (t)
asfollows. If X (0) = x thenit staysin statex for an
amountof time exponentially distributed with parameter
Ox. Thus,the probability densityfunctionf for X (t) re-
mainingat x is f (gx;t) = ocexp( ot) fort 0O, and
the correspondingprobability distribution function F for
X (t) remainingat x for an amountof time t is given
by F(q;t) = 1 exp( ot). Theexpectedtime of tran-
sitioningis 1=cx. Upontransitioning,X shiftsto statex’
with probability gy 0=0k .

The distribution over transitionsof X factorsinto two
pieces:anexponentialdistribution overwhenthe next tran-
sitionwill occuranda multinomialdistribution overwhee
the statetransitions— the next stateof the system. The
naturalparametefor the exponentialdistributionis g, and
the naturalparameter$or the multinomial distribution are

w0 = O 0=0k; X 6 X. (As stayingin the statex is nota
transitionof X , thereis no multinomialparameter yy .)

2.2 Continuous Time BayesianNetworks

We modelthe joint dynamicsof severallocal variablesby
allowing the transitionmodel of eachlocal variableX to
be a Markov processwvhoseparameterizatiomlependson
somesubsebf othervariablesU. The key building block
is a conditionalMarkov process

De nition 2.1 A conditional Markov processX is an
inhomaeneousMarkov processwhose intensity matrix
varieswith time, but only as a functionof the currentval-
uesof a setof discreteconditioningvariablesU . Its inten-
sity matrix, called a conditionalintensity matrix (CIM), is
written Qx jy andcanbeviewedasa setof homaeneous
intensity matricesQy j, — one for ead instantiation of
valuesu toU . I

Theparametersf Qx ju areqy;, = fau 1 x 2 Val(X)g
and xju = f wou i % x%2 Val(X);x 6 x%.

We cannow combinea setof conditionalMarkov pro-
cesseso form aCTBN:

De nition 2.2 A continuoustime Bayesiannetwork N
over X consistsof two componentsaninitial distribution
P2, speciedas a BayesiannetworkB over X , and a
continuougransitionmodel| speci edas

A directed(possiblycyclic) graph G whosenodesare

theparentsof X; in G.

A conditionalintensitymatrix, Qx ,ju, , for ead vari-
ableX; 2 X .1

The learningproblemfor the initial distribution is a stan-
dardBayesiametwork learningtask,andwe thereforeig-
noreit for theremaindeiof this paper

Example 2.3 Figure 1 showsthe graph structue for a
CTBNmodellingtheeffectof a drug a personmighttake to
alleviatepainin their joints. Theie are nodedor theuptale
of thedrug andfor theresultingconcentation of thedrug
in the bloodsteam. The concentation is affectedby how
full the patient's stomadt is. The pain maybe aggravated
by falling pressue. Thedrug mayalso causedrowsiness.
Themodelcontainsa cycle indicatingthat whethera per
sonis hungrydependsn howfull their stomad is, which
dependson whetheror not they are eating which in turn
depend®n whetherthey are hungry

Thetransitionsof eachlocal variablein aCTBN arecon-
trolled by the valuesof its parents.In the drug effect ex-
ample above, when the concentratiorof the drug is low
and barometricpressureis falling, the transition model
of the variable JointPain is a Markov processparameter
ized by Q wintrainjlowfaliing: IN this modela transitionto the
valueJointPain=high is likely. Whenthe concentratiorof
the drug risesto high (due to drug uptale), the parame-
terizationof the transitionmodel of JointPain changego
Q Jointrainj high fallings iN Which a transitionto the value Joint-
Pain=high is muchlesslikely.

3 CTBN Parameter Estimation

We rst considerthe problemof estimatingthe parameters
of aCTBN with a x edstructureG. As usualthisproblem
is not only usefulon its own, but alsoasa key component
in the structurdearningtask.

Our dataare a set of trajectoriesD = f 1;:::; ng
whereeach ; is acompletesetof statetransitionsandthe
timesat which they occurred. So, for eachpointin time,
we know thefull instantiatiorto all variables.

3.1 The Lik elihood Function

Asin ary densityestimatiortask,akey elements thelik e-
lihood function.



Single Mark ov Process. Considera homogeneous
Markov processX (t). As all thetransitionsareobsenred,
the likelihood of D canbe decomposeds a productof
the likelihoods for individual transitionsd. Let d =
hxd;td;xgi 2 D bethetransitionwhereX transitionsto
statexg after spendingthe amountof time tq in statexgq.
We canwrite thelik elihoodfor the singletransitiond as

Lx(q; :d)= qud exp{(Z %td)g X4 X9
Lx (g:d) lL_X{(ZT.)}

By multiplying thelikelihoodsfor eachtransitiond, we see
thatwe cansummarizeourdataD in termsof thesufcient

statisticsT [x], theamountof time X spendsn statex, and
M [x; x7), the numberof timesX  tgansitionsfrom x to x°
for x & x% If wewrite M[x] =  ,oM [x; X9, thetotal

numberof transitiondeaving thestateX = x thenwe have
! !

Lx(q; :D)= Lx(q:d) Lx( :d)
d2D | 0 d2D 1
Y M [x] Y M [xx O A
= o' Mexp( g Tx) @ wSIAL (1)
X X X9 x
CTBNs. In aCTBN N, eachvariableX 2 X is con-

ditioned on its parentsetU, and eachtransitionof X is
consideredn the context of the instantiationto U. With
completedata,we know the value of U during the entire
trajectory soweknow ateachpointin time preciselywhich
homogeneoumtensitymatrix Qx j, governedthedynam-
icsof X . Thus,thelikelihooddecomposeby variableas

Ln (a;

Y
= Lx, (dx,ju, *D)Lx,( x,ju; :D):
Xi2X

:D): in(qujUi; XijU; D)
Xi2X

ThetermLyx ( xju : D) istheprobabilityof thesequence
of statetransitions disregardingthe timesbetweentransi-
tions. Thesestatechangesiependonly on the valueof the
parentsat the instantof the transition. Therefore with the
sufcient statisticM [x; x4u], we have

Y Y Y
:D) =

u X

M [xx %u] .
xx 9u :

Lx(

x96 x

Thecomputatiorof L x (qx j, : D) is moresubtle.Con-
sidera particulartransitiond wherea statein which X =
x; U = u transitionedto anotherstateX = x;U = u°
after time t. In other words, the durationin the state
was terminatednot dueto atransitionof X , but dueto a
transition of one of its parents. Intuitively, thesetransi-
tions still dependon X 's dynamics,asthey canonly oc-
cur if X stayedat the value x for at leasta duration of
t. The probability that X stayedat x for this durationis

1 F(%ju;t) = exp( Gjut).

More formally, the sufcient statistic T[xju], the total
amountof time whereX = x andU = u, canbe de-
composednto two differentkinds of durations:T[xju] =
T, [xju] + Tc[xju], whereT, [xju] is the total over dura-
tionsty thatterminatewith X remainingequalto x (these
includetransitionswhereU changedvalue,aswell asthe
endof atrajectory),andT.[xju] is thetotal over durations
tq that terminatewith a changein the valueof X. It is
easyto seethatthe termsfor the differenttransitionsthat

compriseT; [xju] combine sothatwe have
!

Yy M [xju] .
Lx (dxju : D) = Oju  exP( GjuTe[xju])
u X |
Y Y o
exp( Okju Tr[xju])
u X
- VY i CTixiul -
Oju  exXP( GuT[xjul) :
u X

Thus,we do not needto maintainthe distinctionbetween
Te[xju] andT, [xju]. Insteadwe cansimply useT [xju] as
thesufcient statistic.

We can now write the log likelihood as a sum of local
variablelik elihoodsof theform

x(@ D)= x(@:D)+ x( :D) "
X X _ _
= M[xjulln(u)  Ggu TIxju]
2 - 3
X X
+4 M [x; xGulIn( xcqu)®
u  x x%x
Fromthisformula,we canderivethe MLE parameters:
_ o
Gju = '\4[[;]:]]; N = Mnxﬁxf;jd?] ' @)

3.2 The BayesianApproach

To performBayesiamparameteestimationandto de ne a
Bayesianscorefor our structuresearchwe needto de ne
a prior distribution over the parameter®f our CTBN. As
usual,for computationakf ciency, we wantto usea con-
jugateprior — onewherethe posterior(afterconditioning
onthedata)is in the sameparametridamily asthe prior.

Let usbeggin with constructingan appropriateprior for a
single Markov process.Recallthata Markov processhas
two setsof parametersa multinomialdistribution parame-
terizedby , andanexponentialdistribution parameterized
by g. The multinomial distribution is familiar from tra-
ditional Bayesiannetworks wherethe standardconjugate
prior is a Dirichlet distribution (Heckermanet al., 1995;
Geiger& Heckerman,1995). An appropriateconjugate
prior for the exponentialparameterq is the Gammadis-
tribution P (q) = Gammd ; ), where

+1
(()7q exp( q):

P@ = =5



If we assumehat

P()=Dir( xxyi::i xxi)
P(g) = Gammg «; x)
P(:q=P()P(a;

then,afterconditioningon thedata,we have
P(gjD)= Gammd x + M[x]; x + T[x]) :

We generalizehis ideato a parameteprior for anentire
CTBN by makingtwo standardassumptiongor parame-
ter priorsin Bayesiametworks (Heckermanet al., 1995).
global parameterindependence

P(a; )= P(0dx jpax ) X jPa(x))
X 2X

andlocal parameterindependence
| |

Y'Y
P(qxju) P( xju)

u X u

P(Axju; xju) =

If our parameteprior satis estheseassumptionssodoes
our posterior asit belongsto the sameparametricamily.
Thus,we canmaintainour parametedistributionin closed
form, and updateit usingthe obvious sufcient statistics:
M [x; x9u] for yju, andM [xju]; T[xju] for o;y.

Given a parametedistribution, we canuseit to predict
thenext event,averagingout the eventprobability over the
possiblevaluesof the parametersAs usual this prediction
is equivalentto using“expected’parameteralues,which
have the sameform asthe MLE parametersbut account
for the“imaginarycounts”of the hyperparameters:

cutMIxjul. A et MIDxx Gul 3)
TeerTxul XU T T MUl

QXju =

Note that, in principle, this choice of parametersis
only valid for predictinga single transition, after which
we shouldupdateour parametedistribution accordingly
However, asis oftendonein othersettingswe can“freeze”
the parameterso theseexpectedvalues,andusethemfor
predictinganentiretrajectory

4 Learning CTBN Structure

We now turn to the problemof learningthe structureof
a CTBN. We take a score-basedpproachto this task,
de ning a Bayesianscorefor evaluating different candi-
datestructuresandthenusinga searchalgorithmto nd a
structurethathashigh score.

4.1 Scoring CTBNs

TheBayesiarscoe over structuresGis de ned as

scoreg (G:D)=InP(D jG + InP(G) : (4)

We cansigni cantly increasethe ef ciency of our search
algorithmif we assumahatour prior satis escertainstan-
dard assumptions. We assumethat our structure prior
B(G) satis es structue modularity, so that P(G) =
i P(Pa(Xi) = Pag(X;)). We alsoassumehatour pa-
rameterprior satis es parametermodularity. For any two
structuress andGsuchthatPag(X ) = Page(X ), wehave
thatP(qy; x j G = P(qy; x j G). Combiningpa-
rametemodularityandparametemdependenceaye have

. Y
P(ds cjiQ =
X

P( x,ju, J Pa(Xj) = Pag(X;)):

P(dx,ju, | Pa(Xi) = Pag(Xi))

As P (G) doesnot grow with theamountof data,the sig-
ni cant termin Eq. (4) is the maminal likelihood P (D j
G). Thistermincorporatesuruncertaintyover the param-
etersby integratingover all of their possiblevalues:

z
P(DjG= P(D jde: ¢)P(de: ¢ OGdged 6

dg: 6

Asin Eg. (1), thelikelihooddecomposeasa product:

P(D jde: c)= LXi(qujUi :D)Lx,( XijU; :D)
X I I
Y
Xi Xi
| {z H {z }
L(g:D) L( :D)

Using this decompositionand global parameteindepen-
dencewe now have

Z
P(DjG = L(Ag:D)L( :D)P( c)P(ds)dded 6
dg: 6 I
= L(de : D)P(gg)dag )
e
Z
L(c:D)P(e)dc : (6

G

Using local parameteindependencethe term (5) canbe
decomposeds

Y Y VY 4
P (kju)Lx (Gju - D)dgu
X2X u x 0O

Z gt
Y Y Y 1 ( xju) XM )
= (l ) ~(Gju) XU exp( Gju xju)

x2x u x O ()M I exp( Gju T[XJ'U])gqxju
Y Y Y L1 () xut

S+ M X
= e (Ggy) xie M "

x2x u x O exp( Guju( xju + T[Xjul))
Y Yy ( xjut Mxjul+ D( ) 0™
Cagxwx C ot D0 ThGUD MR
= MargLY(X;Pag(X) : D) :

X2X



As the distributions over the parameters are Dirichlet,
the analysisof the term Eq. (6) is analogougo traditional
Bayesiametworks, simplifying to

Y Yy ( xju)
cax v Cxju* Mxjul)

Y ( XX %u + M [X; Xqu])

x96 X ( xxf’ju)

Y
= MargL (X;Pag(X):D) :
X2X

Using this decomposition, and the assumption of
structure modularity the Bayesian score in Eq. (4)
can now be decomposedas a sum of family scores
FamScomr(X ; Pag(X) : D) thatmeasureshe quality of
Pas(X ) asaparentsetfor X givendataD :

scoreg (G: D) = FamScor(X;;Pag(X;) : D)
Xi2X
X
= InP(Pa(X) = Pag(Xi))+
Xi2X

In MargL%(X;;U; : D) + InMargL (X;;U;:D):

4.2 Model Search

Given the scorefunction, it remainsto nd a structureG
thatmaximizeghescore.Thistaskis anoptimizationprob-
lem over possibleCTBN network structureslinterestingly
thesearchspaceover CTBN structuress signi cantly sim-
plerthanthatof BNs or DBNSs.

Chickering et al. (1994) showv that the problem of
learninga optimal Bayesiametwork structureis NP-hard.
Speci cally, they de ne the problemk-Learn: Finding
the highestscoringBayesiametwork structurewheneach
variableis restrictedto have at mostk parents.The prob-
lem k-Learn is NP-hardevenfor k = 2. Intuitively, the
reasonis that we cannotdeterminethe optimal parentset
for eachnodeindividually; dueto theagyclicity constraint,
the choiceof parentsetfor onenoderestrictsour choices
for othernodes.The sameNP-hardnessesultclearly car
riesoverto DBNSs, if we allow edgeswithin atime slice.

However, this problemdoesnot arisein the context of
CTBN learning. Here, all edgesareacrossime — repre-
sentingthe effect of the currentvalue of one variableon
the next value of the other Thus, we have no agyclicity
constraints,and we can optimize the parentset for each
variableindependentlySpeci cally, if we restrictthemax-
imum numberof parentgo k, we cansimply exhaustvely
enumerateachof the possibleparentsetsU for jUj k
andcomputeFamScore(X j U : D). Wethenchooseas
Pa(X) thesetU which maximizesthe family score. For
x edk, thisalgorithmis polynomialin n. Therefore,

Theorem4.1 The problemk-Learn for CTBNs,for xed
k, canbesolvedin polynomialtimein the numberof vari-
ablesn andthesizeof thedataseD .

In practice we do notwishto exhaustiely enumerat¢he
possibleparentsetsfor eachvariable X . We canthere-
fore usea greedyhill-climbing searchwith operatorghat
add and deleteedgesin the CTBN graph. However, due
to the lack of interactionsbetweenthe families of differ-
entvariableswe canperformthis greedysearctseparately
for eachvariableX , selectinga locally optimalfamily for
it. Thus,this heuristicsearchcanbe performednuchmore
efciently thanfor BNsor DBNs.

5 Structure Identi ability

Sofar, wehavefocusedntheproblemof learninga CTBN
that providesa good t to sometraining dataD . How-
ever, we have not addressedhe fundamentaljuestionof
thescopeof thislearningprocedure Which stochastigro-
cessesanwerepresentisingaCTBN, andcanwereliably
identify themfrom trainingdata?

5.1 RepresentationalAbility

We begin by consideringhe scopeof the CTBN represen-
tation: Whichunderlyingdistributionscanwerepresentis-

ing a CTBN?More formally, we saythattwo Markov pro-

cesseare stotastically equivalentif they have the same
statespaceandtransitionprobabilities(Gihman& Skoro-

hod,1973). Now, considera homogeneoustochastiqro-

cessover Val(X ), de ned asanintensitymatrix Qx . We

would like to determinewhenthereis a CTBN which is

stochasticallyequivalentto Qx .

In Nodelmaretal. (2002),we provideda semanticgor a
CTBN in termsof anamalgamatioroperationwhichtakes
a CTBN andcorvertsit into a singleintensity matrix that
speci esa homogeneoustochastigrocess.For a CTBN
N, let QN be theinducedjoint intensity matrix. We can
now de ne

De nition 5.1 A CTBNstructue G is an S-mapfor a ho-
maogeneoustodasticprocess) x if thereexistsa CTBNN
overthegraphGsudthatQN is stodasticallyequivalent

toQx .

As discussedn Nodelmarnetal. (2002),a basicassump-
tion in the semanticof CTBNSsis that,astime is continu-
ous, variablescannottransitionat the sameinstant. Thus,
in the joint intensitymatrix, all intensitiesthat correspond
to two simultaneoughangesrezero.More precisely:

De nition 5.2 A homaeneousstodastic process Q x
with entries gy o is said to be variable-basedf, for any
two assignments andx°to X that differ on more than
onevariable g o = 0.

It turnsout that this conditionis the only restrictionon
the CTBN expressie power. LetG™ bethefully connected
directedgraph.Thenwe canshaow that

Theorem5.3 ThegraphG” is a S-mapfor any variable-
basechomaeneoustodasticproces x .



Thus, we can representevery variable-basechomoge-
neousprocesassomeparameterizatiooverthegraphG” .
In fact,this parameterizatiois unique:

Theorem 5.4O LetN andN °betwoCTBNsoverG™ . Then
QN and QN are stodhastically equivalentif and only if
their conditionalintensitymatricesare identical.

Let No, representhe uniqueCTBN over G which is
stochasticallyequivalentto Qx .

Although capturinga stochasticprocessusing a fully-
connectedTBN is notveryinterestingijt providesuswith
thetoolsfor proving our mainresult.

Theorem5.5 A CTBN structue G is an S-mapfor a
variable-basedprocessQx if and only if Ng, satis es
the following condition: For every variable X , and any
two assignments ; x°to Val(X ) sudh thatx andx®agree
onthevalueof X andPag(X ), wehavethatgy = oyo.

Thus,we cannotrepresenthe sameprocessisingtwo fun-
damentallydifferent CTBN structures. We canonly add
spuriousedgescorrespondingo vacuousdependencies.

Theorem5.6 For any variable-basedrocessQx , there
existsa structue G sud that, for any S-mapG for Qx ,
G G

Let us comparethis resultto the caseof Bayesiannet-
works. There,ary distribution hasmary minimal I-maps;
indeed mary distributionsevenhave several perfectmaps,
eachof which captureghestructureof thedistribution per
fectly. In the caseof CTBNs, we have a uniqueminimal
S-map. To obtainsomeintuition for this difference,con-
siderthe simpleexampleof a two-variableCTBN N with
thegraphX ! Y. Unlessthe edgebetweenX andY is
vacuousthis graphcannotgive rise to the sametransition
probabilitiesasany CTBN N °with the graphX Y. To
seethat, recallthatin N , the variableY is aninhomoge-
neousMarkov processwvhosetransitionprobabilitiesvary
over time asa function of the changingvalueof X . But,
in N© the variableY is a homogeneoudarkov process
whosetransitionprobabilitiesnever change.

5.2

Now that we have determinedthat ary variable-based
stochastigorocesshasa uniqueminimal CTBN represen-
tation, the main questionis whetherwe canidentify this
CTBN from data. More precisely assumehatour dataD

is generatedrom someproces® x , andletG bethemin-
imal S-mapfor Qx . Wewouldlike ourlearningalgorithm
to returna network whosestructures G . Ourlearningal-
gorithmsearchesor the network structurethatmaximizes
the Bayesianscore. Thus,the key property(ignoring pos-
siblelimitations of our searctprocedure)s the following.

Identi ability

De nition 5.7 A scoringfunctionis saidto be consistent
if, asthe amountof datajDj ! 1 , the following holds
with probability that appmoachesl: Thestructue G will
maximizethe scomk, andthe scoe of all structuesG6 G
will havea strictly lower scose.

Onceagain,comparehis situationto thatof Bayesiamet-
works. There,the bestwe canhopefor is thatall andonly
structureghat are I-equivalentto the “true” network will
maximizethescore.

To prove thatour scoreis consistentjt helpsto consider
its behaior astheamountof dataincreases.

Theorem5.8 AstheamountofdatajDj! 1,

scorg (G:D) = “(4g; "¢ : D) InjD]

DIm[G] + O(1)

(7
whele Dim[G] is the numberof independenparametesin
G, andqg and " aretheMLE parametes of Eq. (2).

Eq. (7) is simply the standardBIC approximationto the
Bayesianscore (Lam & Bacchus,1994), which carries
overto CTBNSs. It shows that, asymptoticallythe CTBN
Bayesiarscoretradesoff t to dataandmodelcomplexity.
We aremorelikely to addanarcif it representa strong
connectiorbetweerthevariables Moreover, astheamount
of datagrows, we obtain more supportfor weak connec-
tions,andaremorelikely to introduceadditionalarcs.

Theorem5.9 scorg; (G: D) is consistent.

Theproofshavsthatthe BIC scoreis consistentasconsis-
teng is anasymptotigroperty it sufces to shav thecon-
sisteny of the Bayesianscore. The argumentfor the con-
sisteny of the BIC scoreis astandardne:If Gis asuper
setof G , it canrepresenfx exactly; thus,with enough
datathedifferencebetweerthelog-likelihoodcomponents
of the scoreof GandG will goto zero. But, G hasmore
parametersleadingto a higher penaltyandthus a lower
score. If Gis nota supersetf G , it follows from Theo-
rem 5.6 thatit is not capableof representindd x . In this
caseastheamountof datagrows, thelikelihoodportionof
thescorewill dominateandG will have thehigherscore.

6 Experimental Results

We testedour CTBN learningframavork on varioussyn-
thetic datasets,generatedrom CTBNs. We useda sim-
ple greedyhill-climbing algorithmover the spaceof struc-
tures, optimizing the family for eachvariable separately
For comparisonywe alsolearnedDBNs usingdifferenttime
granularitiesTo allow afair comparisonye usedthesame
greedyhill-climbing algorithmthere.

We rst testedability of CTBNs and DBNs to capture
very simpledependencied/e constructeca CTBN model
with four binary variablesarrangedn a chain. The rst
variable randomly switchesbetweenits stateson a time
scaleof 1 time unit andeachof the othervariablesfollows
its predecessaynthe sameime scale.In total, thereare14
parameterén this network. We learneda CTBN structure
with increasingamountof data,andDBNs with with vary-
ing time granularities. The numberof parametergearned
canbeseenin Figure2(a). The CTBN learningcorverges
very quickly to the correctnumberof parametersand,in-
deedtothecorrectstructure Moreover, aswe canseefrom
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Figure?2: (a) For a 4-nodechainnetwork, the numberof parametersf the learnedstructuresasa function of the amountof time the
datawascollected,for CTBNsandDBNs with varyingtime granularity (b) Examplelearnedstructuresfor the 4-nodechainnetwork.

(c) & (d) Log-likelihoodsof testdatafor networks learnedfrom varyingamountsof datageneratedrom the drug effect network. Each
trajectorycorrespond$o 6 unitsof time,andaboutl8transitions.Thethin line shavsthelik elihoodfor thetruenetwork. (c) CTBN with

learnedparameterandstructureand CTBN with learnedparametersnly. (d) LearnedCTBN modelandDBN modelswith differing

time slicedurations.(e) & (f) Hammingdistancegor randomlygenerated 0-nodeCTBNSs, for varyingamountsf data.Eachtrajectory
correspondso 150 units of time, andabout1000transitions.(e) Distancebetweerthe true structureandthe highestscoringstructure.
(f) Distancebetweerthe highestscoringstructureandthe structurdearnedby greedysearcHor randomCTBNSs.

the error bars,thereis very low variancein the structures
producedBy contrastthe DBN learningalgorithm uctu-
atessigni cantly, anddoesnot corvergeto the right num-
berof parametergvenwith alargeamountof data.

Typical structuresare shavn in Figure 2(b). As we can
see,aDBN with time slicesmuchshorterthanthe average
rateof changeof the systemdoescorvergeto areasonable
structurehowever, for largeamountsof data,the structure
still becomesnorecomplex thanthecorrespondingCc TBN.
For atime granularityonthesameorderasthetime scaleof
thesystemthingsbecomemoredif cult for theDBN, asit
mustmodelmultiple transitionsin a singletime step,lead-
ing to entanglementvhich increaseswith the amountof
availabledata.Finally, if thetime-slicingis too coarsethe
DBN learnsamodelof thesteady-statdistributionwithout
ary modelof thetransitionprobabilities.

We thentestedour ability to recover morecomplex struc-
tures. We generatedlifferentamountsof datafrom the
drug effect network of Figure 1, and usedit to learntwo
models: one wherewe learnedboth the CTBN structure
and the parametersand the other wherewe simply esti-
matedparameterdor the correctnetwork structure. We
then computedthe log-likelihood of testdatafor all net-
works,includingthegeneratingietwork. In all casesvhere

we useda learnednetwork, we usedthe expectedparame-
ters of Eq. (3) throughoutthe entire testtrajectory The
resultsare shovn in Figure 2(c). Even for fairly small
amountsof data, our resultswith unknown structureare
essentiallyidenticalto thosewith the correctstructure.

To further test the ability of our algorithm to recover
structure we generated 00 randomnetworksof 10 binary
processesWe x ed a maximumparentsetsize of 4 and
generate@randomgraphstructureobeying this constraint.
We thendrew the multinomial parameter®f the network
from Dirichlet distributions(with parametersll 1) andthe
exponentialparametersrom a Gammadistribution (with
both parametergqualto 1). In gure 2(e) we compared
the maximum-scorestructure(with the sameconstrainton
parentsets)to the true structure. The Hammingdistance
measureds the numberof arcspresenin only oneof the
graphs As predictedoy Theorenb.9,astheamountof data
grows, the correctstructurehasthe highestscore. Indeed,
this happenseven for very reasonableamountsof data.
More interestinglyin avery largefraction of thecasesthe
simple greedysearchalgorithmrecoversthe highestscor
ing network veryreliably. Figure2(f) shavs the difference
betweenthe maximum-scorestructureand the one found
by greedysearch.As we cansee,thelocal minimain the



searctspacearelessfrequentastheamountof datagrows,
andin generalthe differencebetweenthe exhaustve and
greedysearchtechniquess small(roughlyoneedgediffer-
encefor reasonablamountsf data).

Finally, we wantedto comparethe generalizatiorperfor
manceof learnedCTBNswith thoseof learnedDBNSs. To
do so, we hadto extendthe DBN modelto include distri-
butions over when, within a time slice, a given transition
occurred. We assumeda uniform distribution within the
time slice,augmentingt with a parametefor eachvariable
thatdetermineshe probabilitythatthevalueof thevariable
transitionsmorethanoncewithin a time slice. The value
of this parametemwasalsolearnedfrom data. Figure 2(d)
compareshe generalizatiorability of learnedCTBNsand
learnedDBNs with varyingtime granularity As expected,
thecorrectDBN structureexhibits entanglemendueto the
temporaldiscretizationandthereforerequiresmoreedges
to approximatethe distribution well. Evenfor small t,
the amountof datarequiredto estimatethe much larger
numberof parameterss signi cantly greaterAs t grows
large,theperformancef theDBN decreasesapidly. Inter-
estingly asin thechainnetwork, for largevaluesof t, the
DBNSs simply cannotcapturethetransitiondynamicsaccu-
ratelyenoughto convergeto competitive performance.

7 Discussionand Conclusions

We have presented Bayesiarstructurdearningalgorithm
for continuoustime Bayesiannetworks. As we shaved,
learningtemporalprocesseasa CTBN hasseveralimpor-

tant advantages.As we are not discretizingtime, we do
not needto choosesomesingletime granularityin which
to modelthe process.The modelfor eachvariablecanre-
ect its own time granularity betterrepresentingts evo-

lution. Furthermoreas CTBNs do not aggreyatemultiple
transitionsoverthecourseof atime slice,they avoid entan-
glementdueto aggreation. Thus,they allow usto learn
amodelthatmoredirectly re ects the dependenciem the
process.Finally, with no intra-time-sliceedgesagyclicity

is not a concern,so that the task of searchingor a high-
scoringnetwork is computationallysigni cantly simpler

bothin theoryandin practice thanin thecaseof DBNSs.

It is usefulto comparethe ability of DBNs and CTBNs
to representifferenttemporalprocessesCTBNs are de-
signedto represenpurely Markovian processes— those
wherethe instantaneousransitionmodeldepend®nly on
the currentstate. Suchprocessesanbe representedery
compactlyasa CTBN, taking full adwantageof ary struc-
ture. By contrast,to representhesedynamicscorrectly
asa DBN, we would needto aggreyatethe in uence of
one variable on anotherover the entire time slice, lead-
ing to entanglemenof the in uences and therebyto a
more complicatednetwork structure,with more parame-
ters, that obscuresthe independenciesn the underlying
process.But, DBNs provide a more expressve modelfor
processesvolving over discreteiime points— afully con-

nectedDBN with intra-time-slicearcs hasmore free pa-
rameterghanthe fully connectedCTBN. (For example,if
thereare2 binaryvariablesa fully-connectedDBN has12
free parametersainda fully-connectedCTBN hasonly 8.)
Thus,the DBN canrepresentertaintransitionmodelsthat
do notarisefrom a purelyMarkovian continuous-timepro-
cess.Overall, DBNs area goodchoicefor domainswhere
thedatais naturallytime-slicedandwherequestionsabout
eventsoccuringbetweertime pointsarenotrelevant. How-
ever, therearedomainswherethe datahasno naturaltime-
slices(e.g., computersystemmonitoring or web/database
transactions).Suchdomainsare more naturallymodelled
asCTBNsthanDBNs andthe estimationof fewer parame-
tersmake CTBNssimplerto learn.

However, accuratemodelling of most datasetawill re-
quireanextensionof thework presentedhere. The Marko-
vian assumptiorrestrictsthe expressie power of CTBNs
to modeling exponentialdistributions over time. To al-
low more expressve distributions, hidden state must be
introduced eitherexplicitly (throughhiddenvariables)or
implicitly (by using delayedexponentialsor mixtures of
exponentials). Theseextensionsare not straightforward.
Whereasn traditional Bayesiannetworks, a hiddenvari-
abletakesary of a discretenumberof possiblevalues,in
CTBNs a hiddenvariabletakesary trajectoryasa value.
The spaceof trajectoriesis in nite bothin the numberof
transitionsandthetimesatwhichthetransitionsoccur Our
currentresearchis focusedon addinghiddenstatewhich
would make CTBN learningapplicableto a wide rangeof
practicalapplicationswherefull obsenability is typically
anunrealisticassumption.
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