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Abstract

Continuoustime Bayesiannetworks(CTBN) describe
structured stochasticprocesseswith �nitely many
statesthat evolve over continuoustime. A CTBN is
a directed (possibly cyclic) dependency graph over
a set of variables,eachof which representsa �nite
statecontinuoustime Markov processwhosetransi-
tion model is a function of its parents. We address
theproblemof learningparametersandstructureof a
CTBN from fully observed data. We de�ne a conju-
gateprior for CTBNs and show how it can be used
bothfor Bayesianparameterestimationandastheba-
sisof aBayesianscorefor structurelearning.Because
acyclicity is not a constraintin CTBNs,we canshow
thatthestructurelearningproblemis signi�cantly eas-
ier, bothin theoryandin practice,thanstructurelearn-
ing for dynamicBayesiannetworks(DBNs). Further-
more,asCTBNscantailor theparametersanddepen-
dency structureto the different time granularitiesof
theevolution of differentvariables,they canprovide a
better�t to continuous-timeprocessesthanDBNswith
a �x edtimegranularity.

1 Intr oduction

Learning about complex dynamic systemsis an impor-
tant task. From learning the timing and organizationof
metabolicpathways in cells to studyingtrendsin demo-
graphicdatato analyzingwebserver logs, therearemany
differentprocessesthatwewould like to understand.

Dynamic Bayesian networks (DBNs) (Dean &
Kanazawa, 1989) are a standardmodel used to learn
andreasonaboutdynamicsystems.DBNs modela tempo-
ral processby discretizingtime andproviding a Bayesian
network fragmentthat representsthe probabilistictransi-
tion from the stateat time t to the stateat time t + � t.
Using sucha model for learningaboutthe structureof a
dynamicsystemhasa signi�cant limitation — namely, the
structurewe learnmay be a functionof the � t parameter
we chooseas much as it is a function of the underlying
structureof theprocess.

The discretizationof time imposesseveral problems.
First, in standardDBN models,we mustchoosea uniform
time granularity. However, in many real-world processes
differentvariablescanhave very differenttime granulari-
ties, makingany singlechoiceof � t inappropriate.Sec-

ond, when we discretizetime, we aggregateinto a vari-
able's transitionmodelall of thestatechangesthat it takes
over theentirecourseof thetime slice. Whenthevariable
evolvesata �ner timegranularitythan� t, thisapproxima-
tion canbea verypoorone.

Furthermore,the best possibletime-slicedapproxima-
tion to the variable's evolution model can be quite com-
plex. First, it will often involve dependency edgeswithin
a timeslice,whichsigni�cantly complicateslearningalgo-
rithms. Second,a DBN that bestencodesthe aggregated
dependency will exhibit entanglement:As the discretiza-
tion losesinformationaboutthevaluesof a variable's par-
ents,the valuesof the variable's ancestorsmight become
relevant. Thus,a time-slicedDBN that representsthepro-
cessdynamicswill oftenbedenselyconnected,whichboth
obscuresthetruestructureof theprocess,andmakesit hard
to learnfrom limited data.

In (Nodelmanet al., 2002) we presentedthe alterna-
tive framework of continuous time Bayesiannetworks
(CTBNs). This framework allows for modellingstochastic
processesover a structuredstatespaceevolving in contin-
uoustime. In thispaper, we considertheproblemof learn-
ing thestructureof CTBNsfrom data.We usea Bayesian
learningframework for CTBNs,usinga Bayesianscoring
function derivedfrom an appropriateconjugateparameter
prior. Weprovideanalgorithmthatsearchesoverthespace
of possibleCTBN structuresfor one that maximizesthis
Bayesianscore;thisalgorithmis signi�cantly simplerthan
DBN learningalgorithms.

2 ContinuousTime BayesianNets

In thissection,wereview thecontinuoustimeBayesiannet-
work (CTBN) framework presentedin (Nodelmanet al.,
2002). A CTBN representsa stochasticprocessover a
structuredstatespace,consistingof assignmentsto some
setof local variablesX = f X 1; : : : ; X n g, whereeachX i

hasa �nite domainof valuesVal(X i ).

2.1 Mark ov Processes

Let us �rst considera Markov processover a singlevari-
able.A �nite state,continuoustime,homogeneousMarkov
processX (t) with statespaceVal(X ) = f x1; : : : ; xk g is
describedby aninitial distributionP 0

X andann � n matrix
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whereqx i x j is theintensityof transitioningfrom statex i to
statex j andqx i =

P
j 6= i qx i x j .

GivenQX wecandescribethetransientbehavior of X (t)
as follows. If X (0) = x then it staysin statex for an
amountof time exponentiallydistributed with parameter
qx . Thus, the probability densityfunction f for X (t) re-
mainingat x is f (qx ; t) = qx exp(� qx t) for t � 0, and
the correspondingprobability distribution function F for
X (t) remainingat x for an amountof time � t is given
by F (qx ; t) = 1 � exp(� qx t). Theexpectedtime of tran-
sitioning is 1=qx . Upon transitioning,X shifts to statex0

with probabilityqxx 0=qx .
The distribution over transitionsof X factorsinto two

pieces:anexponentialdistributionoverwhenthenext tran-
sitionwill occurandamultinomialdistributionoverwhere
the statetransitions— the next stateof the system. The
naturalparameterfor theexponentialdistribution is qx and
thenaturalparametersfor themultinomialdistribution are
� xx 0 = qxx 0=qx ; x0 6= x. (As stayingin thestatex is not a
transitionof X , thereis nomultinomialparameter� xx .)

2.2 ContinuousTime BayesianNetworks

We modelthe joint dynamicsof several local variablesby
allowing the transitionmodelof eachlocal variableX to
be a Markov processwhoseparameterizationdependson
somesubsetof othervariablesU . Thekey building block
is a conditionalMarkov process:

De�nition 2.1 A conditional Markov processX is an
inhomogeneousMarkov processwhose intensity matrix
varieswith time, but only asa functionof thecurrentval-
uesof a setof discreteconditioningvariablesU . Its inten-
sity matrix, calleda conditionalintensitymatrix (CIM), is
written QX jU andcanbeviewedasa setof homogeneous
intensitymatricesQX ju — one for each instantiationof
valuesu to U .

Theparametersof QX jU areqX ju = f qx ju : x 2 Val(X )g
and� X ju = f � xx 0j u : x; x0 2 Val(X ); x 6= x0g.

We can now combinea set of conditionalMarkov pro-
cessesto form aCTBN:

De�nition 2.2 A continuoustime Bayesiannetwork N
over X consistsof two components:an initial distribution
P 0

X , speci�ed as a BayesiannetworkB over X , and a
continuoustransitionmodel, speci�edas

� A directed(possiblycyclic) graphG whosenodesare
X 1; : : : ; X n ; PaG(X i ), oftenabbreviatedU i , denotes
theparentsof X i in G.

� A conditionalintensitymatrix,QX i jU i , for each vari-
ableX i 2 X .

The learningproblemfor the initial distribution is a stan-
dardBayesiannetwork learningtask,andwe thereforeig-
noreit for theremainderof this paper.

Example2.3 Figure 1 showsthe graph structure for a
CTBNmodellingtheeffectof a druga personmighttaketo
alleviatepainin their joints. Therearenodesfor theuptake
of thedrug andfor theresultingconcentration of thedrug
in the bloodstream. Theconcentration is affectedby how
full thepatient's stomach is. Thepain maybeaggravated
by falling pressure. Thedrug mayalso causedrowsiness.
Themodelcontainsa cycle, indicatingthat whethera per-
sonis hungrydependson howfull their stomach is, which
dependson whetheror not they are eating, which in turn
dependsonwhetherthey are hungry.

Thetransitionsof eachlocalvariablein aCTBN arecon-
trolled by the valuesof its parents.In the drug effect ex-
ampleabove, when the concentrationof the drug is low
and barometricpressureis falling, the transition model
of the variableJointPain is a Markov processparameter-
ized by QJointPainj low,falling; in this modela transitionto the
valueJointPain=high is likely. Whentheconcentrationof
the drug risesto high (due to drug uptake), the parame-
terizationof the transitionmodelof JointPain changesto
QJointPainjhigh,falling, in which a transitionto thevalueJoint-
Pain=high is muchlesslikely.

3 CTBN Parameter Estimation

We �rst considertheproblemof estimatingtheparameters
of aCTBN with a �x edstructureG. As usual,thisproblem
is not only usefulon its own, but alsoasa key component
in thestructurelearningtask.

Our data are a set of trajectoriesD = f � 1; : : : ; � h g
whereeach� i is a completesetof statetransitionsandthe
timesat which they occurred.So, for eachpoint in time,
we know thefull instantiationto all variables.

3.1 The Lik elihood Function

As in any densityestimationtask,akey elementis thelike-
lihood function.



Single Mark ov Process. Considera homogeneous
Markov processX (t). As all the transitionsareobserved,
the likelihood of D can be decomposedas a productof
the likelihoods for individual transitionsd. Let d =
hxd; td; x0

d i 2 D be the transitionwhereX transitionsto
statex0

d after spendingthe amountof time td in statexd.
We canwrite thelikelihoodfor thesingletransitiond as

L X (q; � : d) = (qx d exp(� qx d td))
| {z }

L X (q:d)

�
� x d x 0

d

�

| {z }
L X ( � :d)

:

By multiplying thelikelihoodsfor eachtransitiond, wesee
thatwecansummarizeourdataD in termsof thesuf�cient
statisticsT [x], theamountof timeX spendsin statex, and
M [x; x0], the numberof timesX transitionsfrom x to x0

for x 6= x0. If we write M [x] =
P

x 0 M [x; x0], the total
numberof transitionsleaving thestateX = x thenwehave

L X (q; � : D ) =

 
Y

d2 D

L X (q : d)

!  
Y

d2 D

L X (� : d)

!
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Y

x

qM [x ]
x exp(� qx T[x])

! 0

@
Y

x

Y

x 06= x

� M [x;x 0]
xx 0

1

A : (1)

CTBNs. In a CTBN N , eachvariableX 2 X is con-
ditioned on its parentsetU , and eachtransitionof X is
consideredin the context of the instantiationto U . With
completedata,we know the valueof U during the entire
trajectory, soweknow ateachpoint in timepreciselywhich
homogeneousintensitymatrix QX ju governedthedynam-
icsof X . Thus,thelikelihooddecomposesby variableas

L N (q; � : D ) =
Y

X i 2 X

L X i (qX i jU i
; � X i jU i : D )

=
Y

X i 2 X

L X i (qX i jU i
: D )L X i (� X i jU i : D ) :

ThetermL X (� X jU : D ) is theprobabilityof thesequence
of statetransitions,disregardingthe timesbetweentransi-
tions. Thesestatechangesdependonly on thevalueof the
parentsat the instantof the transition.Therefore,with the
suf�cient statisticM [x; x0ju], wehave

L X (� : D ) =
Y

u

Y

x

Y

x 06= x

� M [x;x 0j u ]
xx 0j u :

Thecomputationof L X (qX jU : D ) is moresubtle.Con-
sidera particulartransitiond wherea statein which X =
x; U = u transitionedto anotherstateX = x; U = u0

after time t. In other words, the duration in the state
wasterminatednot dueto a transitionof X , but dueto a
transitionof one of its parents. Intuitively, thesetransi-
tions still dependon X 's dynamics,as they canonly oc-
cur if X stayedat the value x for at leasta durationof
t. The probability that X stayedat x for this durationis
1 � F (qx ju ; t) = exp(� qx ju t).

More formally, the suf�cient statisticT [xju], the total
amountof time whereX = x and U = u, can be de-
composedinto two differentkindsof durations:T [xju] =
Tr [xju] + Tc[xju], whereTr [xju] is the total over dura-
tionstd that terminatewith X remainingequalto x (these
includetransitionswhereU changedvalue,aswell asthe
endof a trajectory),andTc[xju] is thetotal over durations
td that terminatewith a changein the value of X . It is
easyto seethat the termsfor the differenttransitionsthat
compriseTr [xju] combine,sothatwe have

L X (qX jU : D ) =
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Thus,we do not needto maintainthe distinctionbetween
Tc[xju] andTr [xju]. Instead,we cansimply useT[xju] as
thesuf�cient statistic.

We can now write the log likelihood as a sum of local
variablelikelihoodsof theform

`X (q; � : D ) = `X (q : D ) + `X (� : D )

=

"
X

u

X

x

M [xju] ln(qx ju ) � qx ju � T [xju]

#

+
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u

X

x

X

x 06= x

M [x; x0ju] ln( � xx 0j u )

3

5 :

Fromthis formula,wecanderive theMLE parameters:

q̂x ju = M [x ju ]
T [x ju ] ; �̂ xx 0j u = M [x;x 0j u ]

M [x ju ] : (2)

3.2 The BayesianApproach

To performBayesianparameterestimation,andto de�ne a
Bayesianscorefor our structuresearch,we needto de�ne
a prior distribution over the parametersof our CTBN. As
usual,for computationalef�ciency, we want to usea con-
jugateprior — onewheretheposterior(afterconditioning
on thedata)is in thesameparametricfamily astheprior.

Let usbegin with constructinganappropriateprior for a
singleMarkov process.Recall that a Markov processhas
two setsof parameters:a multinomialdistributionparame-
terizedby � , andanexponentialdistributionparameterized
by q. The multinomial distribution is familiar from tra-
ditional Bayesiannetworks wherethe standardconjugate
prior is a Dirichlet distribution (Heckermanet al., 1995;
Geiger& Heckerman,1995). An appropriateconjugate
prior for the exponentialparameterq is the Gammadis-
tribution P(q) = Gamma(�; � ), where

P(q) =
(� ) � +1

�( � + 1)
q� exp(� q� ) :



If we assumethat

P(� ) = Dir (� xx 1 ; : : : ; � xx k )

P(q) = Gamma(� x ; � x )

P(� ; q) = P(� )P(q);

then,afterconditioningon thedata,wehave

P(� j D ) = Dir (� xx 1 + M [x; x1 ]; : : : ; � xx k + M [x; xk ])
P (q j D ) = Gamma(� x + M [x]; � x + T [x]) :

We generalizethis ideato a parameterprior for anentire
CTBN by making two standardassumptionsfor parame-
ter priors in Bayesiannetworks (Heckermanet al., 1995).
globalparameterindependence:

P(q; � ) =
Y

X 2 X

P(qX jPa(X ) ; � X jPa(X ) )

andlocal parameterindependence:

P(qX jU ; � X jU ) =

 
Y

u

P(qx ju )

!  
Y

x

Y

u

P(� x ju )

!

:

If ourparameterprior satis�estheseassumptions,sodoes
our posterior, asit belongsto thesameparametricfamily.
Thus,wecanmaintainourparameterdistribution in closed
form, andupdateit usingthe obvious suf�cient statistics:
M [x; x0ju] for � x ju , andM [xju]; T [xju] for qx ju .

Given a parameterdistribution, we canuseit to predict
thenext event,averagingout theeventprobabilityover the
possiblevaluesof theparameters.As usual,thisprediction
is equivalentto using“expected”parametervalues,which
have the sameform as the MLE parameters,but account
for the“imaginarycounts”of thehyperparameters:

q̂x ju =
� x j u + M [x ju ]
� x j u + T [x ju ] ; �̂ xx 0j u =

� xx 0j u + M [x;x 0j u ]
� x j u + M [x ju ] : (3)

Note that, in principle, this choice of parametersis
only valid for predictinga single transition, after which
we shouldupdateour parameterdistribution accordingly.
However, asis oftendonein othersettings,wecan“freeze”
theparametersto theseexpectedvalues,andusethemfor
predictinganentiretrajectory.

4 Learning CTBN Structure

We now turn to the problemof learningthe structureof
a CTBN. We take a score-basedapproachto this task,
de�ning a Bayesianscorefor evaluatingdifferent candi-
datestructures,andthenusinga searchalgorithmto �nd a
structurethathashighscore.

4.1 ScoringCTBNs

TheBayesianscoreoverstructuresGis de�ned as

scoreB (G : D ) = ln P(D j G) + ln P(G) : (4)

We cansigni�cantly increasethe ef�ciency of our search
algorithmif we assumethatour prior satis�escertainstan-
dard assumptions. We assumethat our structureprior
P(G) satis�es structure modularity, so that P(G) =Q

i P(Pa(X i ) = PaG(X i )) . We alsoassumethatour pa-
rameterprior satis�esparametermodularity: For any two
structuresGandG0suchthatPaG(X ) = PaG0(X ), wehave
that P(qX ; � X j G) = P(qX ; � X j G0). Combiningpa-
rametermodularityandparameterindependence,wehave

P(qG; � G j G) =
Y

X i

P(qX i jU i
j Pa(X i ) = PaG(X i ))

P(� X i jU i j Pa(X i ) = PaG(X i )) :

As P(G) doesnot grow with theamountof data,thesig-
ni�cant term in Eq. (4) is the marginal likelihoodP(D j
G). This termincorporatesouruncertaintyover theparam-
etersby integratingoverall of their possiblevalues:

P(D j G) =
Z

qG ;� G

P(D j qG; � G)P(qG; � G j G)dqGd� G:

As in Eq.(1), thelikelihooddecomposesasa product:

P(D j qG; � G) =
Y

X i

L X i (qX i jU i
: D )L X i (� X i jU i : D )

=

 
Y

X i

L X i (qX i jU i
: D )

!

| {z }
L (q:D )

 
Y

X i

L X i (� X i jU i : D )

!

| {z }
L ( � :D )

:

Using this decomposition,andglobal parameterindepen-
dence,we now have

P(D j G) =
Z

qG ;� G

L(qG : D )L (� : D )P(� G)P(qG)dqGd� G

=

 Z

qG

L(qG : D )P(qG)dqG

!

(5)

�
� Z

� G

L(� G : D )P(� G)d� G

�
: (6)

Using local parameterindependence,the term (5) canbe
decomposedas

Y

X 2 X
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P(qx j u )L X (qx j u : D )dqx j u

=
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X 2 X
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u
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0

( � x j u )
� x j u +1

�( � x j u +1) (qx j u ) � x j u exp(� qx j u � x j u )

� (qx j u )M [x j u ] exp(� qx j u � T [xju])dqx j u
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X 2 X
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x

Z 1

0
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� x j u +1

�( � x j u +1) (qx j u ) � x j u + M [x j u ]

� exp(� qx j u (� x j u + T [xju]))

#

dqx j u

=
Y

X 2 X

Y

u

Y

x

�( � x j u + M [xju] + 1)(� x j u ) � x j u +1

�( � x j u + 1)(� x j u + T [xju]) � x j u + M [x j u ]+1

=
Y

X 2 X

MargLq(X ; PaG(X ) : D ) :



As the distributionsover the parameters� areDirichlet,
theanalysisof the termEq. (6) is analogousto traditional
Bayesiannetworks,simplifying to

Y

X 2 X

Y

u

Y

x

�( � x ju )
�( � x ju + M [xju])

�
Y

x 06= x

�( � xx 0j u + M [x; x0ju])
�( � xx 0j u )

=
Y

X 2 X

MargL� (X ; PaG(X ) : D ) :

Using this decomposition, and the assumption of
structure modularity, the Bayesian score in Eq. (4)
can now be decomposedas a sum of family scores
FamScore(X ; PaG(X ) : D ) that measuresthe quality of
PaG(X ) asa parentsetfor X givendataD :

scoreB (G : D ) =
X

X i 2 X

FamScore(X i ; PaG(X i ) : D )

=
X

X i 2 X

ln P(Pa(X ) = PaG(X i ))+

ln MargLq(X i ; U i : D ) + ln MargL� (X i ; U i : D ) :

4.2 Model Search

Given the scorefunction, it remainsto �nd a structureG
thatmaximizesthescore.Thistaskis anoptimizationprob-
lem overpossibleCTBN network structures.Interestingly,
thesearchspaceoverCTBN structuresis signi�cantly sim-
pler thanthatof BNsor DBNs.

Chickering et al. (1994) show that the problem of
learninga optimalBayesiannetwork structureis NP-hard.
Speci�cally, they de�ne the problem k-Learn: Finding
thehighestscoringBayesiannetwork structure,wheneach
variableis restrictedto have at mostk parents.Theprob-
lem k-Learn is NP-hardeven for k = 2. Intuitively, the
reasonis that we cannotdeterminethe optimal parentset
for eachnodeindividually; dueto theacyclicity constraint,
the choiceof parentsetfor onenoderestrictsour choices
for othernodes.ThesameNP-hardnessresultclearlycar-
riesover to DBNs, if we allow edgeswithin a time slice.

However, this problemdoesnot arise in the context of
CTBN learning. Here,all edgesareacrosstime — repre-
sentingthe effect of the currentvalueof onevariableon
the next valueof the other. Thus, we have no acyclicity
constraints,and we can optimize the parentset for each
variableindependently. Speci�cally, if werestrictthemax-
imum numberof parentsto k, we cansimply exhaustively
enumerateeachof thepossibleparentsetsU for jU j � k
andcomputeFamScore(X j U : D ). We thenchooseas
Pa(X ) thesetU which maximizesthe family score.For
�x edk, this algorithmis polynomialin n. Therefore,

Theorem4.1 Theproblemk-Learn for CTBNs,for �xed
k, canbesolvedin polynomialtimein thenumberof vari-
ablesn andthesizeof thedatasetD .

In practice,wedonotwish to exhaustively enumeratethe
possibleparentsetsfor eachvariableX . We can there-
fore usea greedyhill-climbing searchwith operatorsthat
addanddeleteedgesin the CTBN graph. However, due
to the lack of interactionsbetweenthe familiesof differ-
entvariables,wecanperformthisgreedysearchseparately
for eachvariableX , selectinga locally optimal family for
it. Thus,thisheuristicsearchcanbeperformedmuchmore
ef�ciently thanfor BNsor DBNs.

5 Structure Identi�ability

Sofar, wehavefocusedontheproblemof learningaCTBN
that provides a good �t to sometraining dataD . How-
ever, we have not addressedthe fundamentalquestionof
thescopeof this learningprocedure:Whichstochasticpro-
cessescanwerepresentusingaCTBN,andcanwereliably
identify themfrom trainingdata?

5.1 RepresentationalAbility

We begin by consideringthescopeof theCTBN represen-
tation:Whichunderlyingdistributionscanwerepresentus-
ing a CTBN?More formally, we saythattwo Markov pro-
cessesarestochasticallyequivalentif they have the same
statespaceandtransitionprobabilities(Gihman& Skoro-
hod,1973).Now, considera homogeneousstochasticpro-
cessover Val(X ), de�ned asanintensitymatrix QX . We
would like to determinewhen thereis a CTBN which is
stochasticallyequivalentto QX .

In Nodelmanetal. (2002),weprovidedasemanticsfor a
CTBN in termsof anamalgamationoperation,whichtakes
a CTBN andconvertsit into a singleintensitymatrix that
speci�esa homogeneousstochasticprocess.For a CTBN
N , let QN be the inducedjoint intensitymatrix. We can
now de�ne

De�nition 5.1 A CTBNstructure G is an S-mapfor a ho-
mogeneousstochasticprocessQX if thereexistsa CTBNN
over thegraphGsuch thatQN is stochasticallyequivalent
to QX .

As discussedin Nodelmanet al. (2002),a basicassump-
tion in thesemanticsof CTBNsis that,astime is continu-
ous,variablescannottransitionat thesameinstant. Thus,
in the joint intensitymatrix, all intensitiesthatcorrespond
to two simultaneouschangesarezero.More precisely:

De�nition 5.2 A homogeneousstochastic process QX

with entriesqxx 0 is said to be variable-basedif, for any
two assignmentsx and x 0 to X that differ on more than
onevariable, qxx 0 = 0.

It turnsout that this condition is the only restrictionon
theCTBN expressivepower. Let G> bethefully connected
directedgraph.Thenwe canshow that

Theorem5.3 ThegraphG> is a S-mapfor anyvariable-
basedhomogeneousstochasticprocessQX .



Thus, we can representevery variable-basedhomoge-
neousprocessassomeparameterizationoverthegraphG> .
In fact,this parameterizationis unique:

Theorem5.4 LetN andN 0betwoCTBNsoverG> . Then
QN and QN 0

are stochasticallyequivalentif and only if
their conditionalintensitymatricesare identical.

Let NQ X representthe uniqueCTBN over G> which is
stochasticallyequivalentto QX .

Although capturinga stochasticprocessusing a fully-
connectedCTBN is notveryinteresting,it providesuswith
thetoolsfor proving ourmainresult.

Theorem5.5 A CTBN structure G is an S-map for a
variable-basedprocessQX if and only if NQ X satis�es
the following condition: For every variable X , and any
two assignmentsx ; x 0 to Val(X ) such that x andx 0 agree
on thevalueof X andPaG(X ), wehavethatqx = qx 0.

Thus,wecannotrepresentthesameprocessusingtwo fun-
damentallydifferentCTBN structures.We can only add
spuriousedges,correspondingto vacuousdependencies.

Theorem5.6 For any variable-basedprocessQX , there
existsa structure G� such that, for any S-mapG for QX ,
G� � G.

Let us comparethis result to the caseof Bayesiannet-
works. There,any distribution hasmany minimal I-maps;
indeed,many distributionsevenhaveseveralperfectmaps,
eachof whichcapturesthestructureof thedistributionper-
fectly. In the caseof CTBNs, we have a uniqueminimal
S-map. To obtainsomeintuition for this difference,con-
siderthesimpleexampleof a two-variableCTBN N with
thegraphX ! Y . UnlesstheedgebetweenX andY is
vacuous,this graphcannotgive rise to thesametransition
probabilitiesasany CTBN N 0 with thegraphX  Y . To
seethat, recall that in N , the variableY is an inhomoge-
neousMarkov processwhosetransitionprobabilitiesvary
over time asa function of the changingvalueof X . But,
in N 0, the variableY is a homogeneousMarkov process
whosetransitionprobabilitiesneverchange.

5.2 Identi�ability

Now that we have determinedthat any variable-based
stochasticprocesshasa uniqueminimal CTBN represen-
tation, the main questionis whetherwe can identify this
CTBN from data.More precisely, assumethatour dataD
is generatedfrom someprocessQX , andlet G� bethemin-
imal S-mapfor QX . Wewould likeour learningalgorithm
to returna network whosestructureis G� . Our learningal-
gorithmsearchesfor thenetwork structurethatmaximizes
theBayesianscore.Thus,thekey property(ignoringpos-
siblelimitationsof our searchprocedure)is thefollowing.

De�nition 5.7 A scoringfunctionis said to be consistent
if, as the amountof data jD j ! 1 , the following holds
with probability that approaches1: Thestructure G� will
maximizethescore, andthescore of all structuresG 6= G�

will havea strictly lowerscore.

Onceagain,comparethis situationto thatof Bayesiannet-
works. There,thebestwe canhopefor is thatall andonly
structuresthat are I-equivalentto the “true” network will
maximizethescore.

To prove thatour scoreis consistent,it helpsto consider
its behavior astheamountof dataincreases.

Theorem5.8 Astheamountof datajD j ! 1 ,

scoreB (G : D ) = `(q̂G; �̂ G : D ) �
ln jD j

2
Dim[G] + O(1)

(7)
where Dim[G] is thenumberof independentparameters in
G, andq̂G and�̂ G are theMLE parametersof Eq.(2).

Eq. (7) is simply the standardBIC approximationto the
Bayesianscore (Lam & Bacchus,1994), which carries
over to CTBNs. It shows that, asymptotically, the CTBN
Bayesianscoretradesoff �t to dataandmodelcomplexity.
We aremore likely to addan arc if it representsa strong
connectionbetweenthevariables.Moreover, astheamount
of datagrows, we obtainmoresupportfor weakconnec-
tions,andaremorelikely to introduceadditionalarcs.

Theorem5.9 scoreB (G : D ) is consistent.

TheproofshowsthattheBIC scoreis consistent;asconsis-
tency is anasymptoticproperty, it suf�ces to show thecon-
sistency of theBayesianscore.Theargumentfor thecon-
sistency of theBIC scoreis astandardone:If G is asuper-
setof G� , it canrepresentQX exactly; thus,with enough
data,thedifferencebetweenthelog-likelihoodcomponents
of thescoreof G andG� will go to zero. But, G hasmore
parameters,leadingto a higher penaltyand thus a lower
score. If G is not a supersetof G� , it follows from Theo-
rem 5.6 that it is not capableof representingQX . In this
case,astheamountof datagrows,thelikelihoodportionof
thescorewill dominateandG� will havethehigherscore.

6 Experimental Results

We testedour CTBN learningframework on varioussyn-
thetic datasets,generatedfrom CTBNs. We useda sim-
ple greedyhill-climbing algorithmover thespaceof struc-
tures,optimizing the family for eachvariableseparately.
For comparison,wealsolearnedDBNsusingdifferenttime
granularities.To allow afair comparison,weusedthesame
greedyhill-climbing algorithmthere.

We �rst testedability of CTBNs and DBNs to capture
verysimpledependencies.We constructeda CTBN model
with four binary variablesarrangedin a chain. The �rst
variable randomlyswitchesbetweenits stateson a time
scaleof 1 time unit andeachof theothervariablesfollows
its predecessoronthesametimescale.In total,thereare14
parametersin this network. We learneda CTBN structure
with increasingamountsof data,andDBNswith with vary-
ing time granularities.The numberof parameterslearned
canbeseenin Figure2(a). TheCTBN learningconverges
very quickly to thecorrectnumberof parameters,and,in-
deed,to thecorrectstructure.Moreover, aswecanseefrom
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Figure2: (a) For a 4-nodechainnetwork, thenumberof parametersof the learnedstructuresasa functionof theamountof time the
datawascollected,for CTBNsandDBNs with varyingtime granularity. (b) Examplelearnedstructuresfor the4-nodechainnetwork.
(c) & (d) Log-likelihoodsof testdatafor networkslearnedfrom varyingamountsof datageneratedfrom thedrugeffect network. Each
trajectorycorrespondsto 6 unitsof time,andabout18transitions.Thethin line showsthelikelihoodfor thetruenetwork. (c) CTBN with
learnedparametersandstructureandCTBN with learnedparametersonly. (d) LearnedCTBN modelandDBN modelswith differing
timeslicedurations.(e)& (f) Hammingdistancesfor randomlygenerated10-nodeCTBNs,for varyingamountsof data.Eachtrajectory
correspondsto 150unitsof time, andabout1000transitions.(e) Distancebetweenthetruestructureandthehighestscoringstructure.
(f) Distancebetweenthehighestscoringstructureandthestructurelearnedby greedysearchfor randomCTBNs.

the error bars,thereis very low variancein the structures
produced.By contrast,theDBN learningalgorithm�uctu-
atessigni�cantly, anddoesnot convergeto theright num-
berof parametersevenwith a largeamountof data.

Typical structuresareshown in Figure2(b). As we can
see,a DBN with time slicesmuchshorterthantheaverage
rateof changeof thesystemdoesconvergeto a reasonable
structure;however, for largeamountsof data,thestructure
still becomesmorecomplex thanthecorrespondingCTBN.
For atimegranularityonthesameorderasthetimescaleof
thesystem,thingsbecomemoredif�cult for theDBN, asit
mustmodelmultiple transitionsin a singletimestep,lead-
ing to entanglementwhich increaseswith the amountof
availabledata.Finally, if thetime-slicingis toocoarse,the
DBN learnsamodelof thesteady-statedistributionwithout
any modelof thetransitionprobabilities.

Wethentestedourability to recovermorecomplex struc-
tures. We generateddifferent amountsof data from the
drug effect network of Figure1, andusedit to learntwo
models: one wherewe learnedboth the CTBN structure
and the parameters,and the other wherewe simply esti-
matedparametersfor the correctnetwork structure. We
then computedthe log-likelihoodof test datafor all net-
works,includingthegeneratingnetwork. In all caseswhere

we useda learnednetwork, we usedtheexpectedparame-
ters of Eq. (3) throughoutthe entire test trajectory. The
resultsare shown in Figure 2(c). Even for fairly small
amountsof data,our resultswith unknown structureare
essentiallyidenticalto thosewith thecorrectstructure.

To further test the ability of our algorithm to recover
structure,we generated100randomnetworksof 10 binary
processes.We �x ed a maximumparentsetsizeof 4 and
generatedarandomgraphstructureobeying thisconstraint.
We thendrew the multinomial parametersof the network
from Dirichlet distributions(with parametersall 1) andthe
exponentialparametersfrom a Gammadistribution (with
both parametersequalto 1). In �gure 2(e) we compared
themaximum-scorestructure(with thesameconstrainton
parentsets)to the true structure. The Hammingdistance
measuredis thenumberof arcspresentin only oneof the
graphs.As predictedby Theorem5.9,astheamountof data
grows, thecorrectstructurehasthehighestscore.Indeed,
this happenseven for very reasonableamountsof data.
More interestingly, in avery largefractionof thecases,the
simplegreedysearchalgorithmrecoversthe highestscor-
ing network very reliably. Figure2(f) shows thedifference
betweenthe maximum-scorestructureand the onefound
by greedysearch.As we cansee,the local minima in the



searchspacearelessfrequentastheamountof datagrows,
and in generalthe differencebetweenthe exhaustive and
greedysearchtechniquesis small(roughlyoneedgediffer-
encefor reasonableamountsof data).

Finally, we wantedto comparethegeneralizationperfor-
manceof learnedCTBNswith thoseof learnedDBNs. To
do so,we hadto extendtheDBN modelto includedistri-
butionsover when,within a time slice, a given transition
occurred. We assumeda uniform distribution within the
timeslice,augmentingit with aparameterfor eachvariable
thatdeterminestheprobabilitythatthevalueof thevariable
transitionsmorethanoncewithin a time slice. The value
of this parameterwasalsolearnedfrom data. Figure2(d)
comparesthegeneralizationability of learnedCTBNsand
learnedDBNs with varyingtime granularity. As expected,
thecorrectDBN structureexhibitsentanglementdueto the
temporaldiscretization,andthereforerequiresmoreedges
to approximatethe distribution well. Even for small � t,
the amountof data requiredto estimatethe much larger
numberof parametersis signi�cantly greater. As � t grows
large,theperformanceof theDBN decreasesrapidly. Inter-
estingly, asin thechainnetwork, for largevaluesof � t, the
DBNssimplycannotcapturethetransitiondynamicsaccu-
ratelyenoughto convergeto competitiveperformance.

7 Discussionand Conclusions

We havepresentedaBayesianstructurelearningalgorithm
for continuoustime Bayesiannetworks. As we showed,
learningtemporalprocessesasa CTBN hasseveralimpor-
tant advantages.As we are not discretizingtime, we do
not needto choosesomesingletime granularityin which
to modeltheprocess.Themodelfor eachvariablecanre-
�ect its own time granularity, betterrepresentingits evo-
lution. Furthermore,asCTBNsdo not aggregatemultiple
transitionsoverthecourseof atimeslice,they avoid entan-
glementdueto aggregation. Thus,they allow us to learn
a modelthatmoredirectly re�ects thedependenciesin the
process.Finally, with no intra-time-sliceedges,acyclicity
is not a concern,so that the taskof searchingfor a high-
scoringnetwork is computationallysigni�cantly simpler,
bothin theoryandin practice,thanin thecaseof DBNs.

It is useful to comparethe ability of DBNs andCTBNs
to representdifferenttemporalprocesses.CTBNs arede-
signedto representpurely Markovian processes— those
wherethe instantaneoustransitionmodeldependsonly on
the currentstate. Suchprocessescanbe representedvery
compactlyasa CTBN, taking full advantageof any struc-
ture. By contrast,to representthesedynamicscorrectly
as a DBN, we would needto aggregatethe in�uence of
one variableon anotherover the entire time slice, lead-
ing to entanglementof the in�uences and thereby to a
more complicatednetwork structure,with more parame-
ters, that obscuresthe independenciesin the underlying
process.But, DBNs provide a moreexpressive modelfor
processesevolving overdiscretetimepoints— afully con-

nectedDBN with intra-time-slicearcshasmore free pa-
rametersthanthe fully connectedCTBN. (For example,if
thereare2 binaryvariables,a fully-connectedDBN has12
free parametersanda fully-connectedCTBN hasonly 8.)
Thus,theDBN canrepresentcertaintransitionmodelsthat
donotarisefrom apurelyMarkoviancontinuous-timepro-
cess.Overall,DBNs area goodchoicefor domainswhere
thedatais naturallytime-slicedandwherequestionsabout
eventsoccuringbetweentimepointsarenotrelevant.How-
ever, therearedomainswherethedatahasnonaturaltime-
slices(e.g.,computersystemmonitoringor web/database
transactions).Suchdomainsaremorenaturallymodelled
asCTBNsthanDBNsandtheestimationof fewerparame-
tersmakeCTBNssimplerto learn.

However, accuratemodelling of most datasetswill re-
quireanextensionof thework presentedhere.TheMarko-
vian assumptionrestrictsthe expressive power of CTBNs
to modeling exponentialdistributions over time. To al-
low more expressive distributions, hidden statemust be
introduced,eitherexplicitly (throughhiddenvariables)or
implicitly (by using delayedexponentialsor mixturesof
exponentials). Theseextensionsare not straightforward.
Whereasin traditionalBayesiannetworks, a hiddenvari-
abletakesany of a discretenumberof possiblevalues,in
CTBNs a hiddenvariabletakesany trajectoryasa value.
The spaceof trajectoriesis in�nite both in the numberof
transitionsandthetimesatwhichthetransitionsoccur. Our
currentresearchis focusedon addinghiddenstatewhich
would make CTBN learningapplicableto a wide rangeof
practicalapplicationswherefull observability is typically
anunrealisticassumption.
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