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Abstract

Searchingthe spaceof policies directly for the
optimalpolicy hasbeenonepopularmethodfor
solvingpartiallyobservablereinforcementlearn-
ing problems.Typically, with eachchangeof the
target policy, its valueis estimatedfrom the re-
sultsof following thatvery policy. This requires
a largenumberof interactionswith theenviron-
ment as different polices are considered. We
presenta family of algorithmsbasedon likeli-
hoodratioestimationthatusedatagatheredwhen
executingone policy (or collection of policies)
to estimatethe valueof a differentpolicy. The
algorithmscombineestimationandoptimization
stages.The former utilizes experienceto build
a non-parametricrepresentationof anoptimized
function. The latter performsoptimization on
this estimate.We show positiveempiricalresults
andprovidethesamplecomplexity bound.

1. Intr oduction

Researchin reinforcementlearningfocuseson designing
algorithmsfor anagentinteractingwith anenvironmentto
adjustits behavior to optimizealong-termreturn.For envi-
ronmentswhich arefully-observable(i.e. theobservations
the agentmakescontainall of the necessaryinformation
aboutthestateof theenvironment),this problemcanoften
besolvedusingaone-steplook aheadanalysisto formulate
thesolutionasadynamicprogrammingproblem.However,
for thecaseof partially observabledomains(i.e. theobser-
vationsarestochasticor incompleterepresentationsof the
environment's state),the perceptualaliasingof the obser-
vationsmakessuchmethodsinfeasible.

One viable approachis to searchdirectly in a parame-
terized spaceof policies for a local optimum. Follow-
ing Williams's REINFORCE algorithm (Williams, 1992),

searchingby gradientdescenthasbeenconsideredfor a
varietyof policy classes(Marbach,1998;Baird & Moore,
1999;Meuleauet al., 1999;Suttonet al., 1999;Baxter&
Bartlett, 2000). A commonlyrecognizedshortcomingof
all thesevariationsongradientdescentpolicy searchis that
they requirea very large numberof samples(instancesof
agent-environmentinteraction)to converge.

This inef�ciency arisesbecausethevalueof thepolicy (or
its derivative) is estimatedby samplingfrom the returns
obtainedby following that samepolicy. Thus, after one
policy is evaluatedanda new oneproposed,the samples
taken from the old policy must be discarded. Eachnew
stepof the policy searchalgorithmrequiresa new set of
samples.Thekey to solvingthis inef�ciency is to usedata
gatheredwhen using one policy to estimatethe value of
anotherpolicy. The methodknown as “lik elihood ratio”
estimationenablesthis datareuse.

Stochasticgradient methodsand likelihood ratios have
been long used for optimization problems (see work
of Glynn (1986; 1989; 1990; 1994)). Recently,
stochasticgradientdescentmethods,in particular REIN-
FORCE (Williams, 1992; Williams & Peng,1991), have
beenusedin conjunctionwith policy classesconstrained
in various ways: with external memory (Peshkinet al.,
1999), �nite statecontrollers(Meuleauet al., 1999) and
in multi-agentsettings(Peshkinet al., 2000). The idea
of using likelihood ratios in reinforcementlearning was
suggestedby Szepesvari (1999) and developedfor solv-
ing MDPs with function approximationby Precupet al.
(2000)andfor gradientdescentin �nite statecontrollersby
Meuleauet al. (2000).However, only on-lineoptimization
wasconsidered.Shelton(2001b;2001a)developedgreedy
algorithm for combiningsamplesfrom multiple policies
in normalizedestimatorsanddemonstrateda dramaticim-
provementin performance.PeshkinandMukherjee(2001)
showed that likelihood-ratioestimationenablesthe appli-
cationof methodsfrom statisticallearningtheoryto derive
PAC boundsonsamplecomplexity.



Kearnset al. (1999a)provide a methodfor estimatingthe
returnof every policy simultaneouslyusingdatagathered
while executinga�x edpolicy without theuseof likelihood
ratios.In somedomains,thereis anaturaldistancebetween
observationsandactionswhich also allows one to re-use
experiencewithout likelihoodratio estimation. Ormoneit
andGlynn(2000)demonstratealgorithmsfor kernel-based
RL in onesuchdomain:�nancial planingandinvestments.

This paperextendsour previouswork by presentingagen-
eralizedmethodof usinglikelihoodratioestimationin pol-
icy searchandinvestigatingtheperformanceof thismethod
under different conditionson illustrative examples. By
this publicationwe hopeto stimulatea dialogbetweenthe
communitiesof reinforcementlearningandcomputational
learningtheory. Wepresentaclearoutlineof all algorithms
in a hopeto attractwider researchcommunityto applying
thesealgorithmsin variousdomains.Wealsopresentsome
new boundson a samplecomplexity of thesealgorithms,
makingan attemptto relatetheseresultsto empirical re-
sults. We begin this paperwith a brief de�nition of re-
inforcementlearningandsamplingin order to clarify our
notation. Thenwe presentour algorithmandconsiderthe
questionof how to sample.Finally we considertheques-
tion of how muchto sampleandpresenta PAC-stylebound
asa quantitativeanswer.

2. Background

We introducetheenvironmentmodelandimportancesam-
pling in a singlemathematicalnotation. In particular, we
keepthestandardnotationfor partially observableMarkov
decisionprocessesandmodify thesamplingnotationto be
consistent.

2.1 Envir onmentModel

The classof problemswe considercan be describedby
thepartially observableMarkov decisionprocess(POMDP)
model. In a POMDP, a sequenceof eventsoccurfor each
time step:anagentobservestheobservationo(t) 2 O de-
pendenton thestateof environments(t) 2 S; it performs
anactiona(t) 2 A accordingto its policy, inducinga state
transitionof theenvironment;thenit receivesarewardr (t)
basedon the actiontaken andthe environment's state. A
POMDP is de�nedby four probabilitydistributions(andthe
spacesoverwhichthosedistributionsarede�ned): adistri-
bution over startingstates,a distribution overobservations
conditionedonthestate,adistributionovernext statescon-
ditionedon the currentstateandthe agent's action,anda
distribution over rewardsgiventhestateandaction.These
distributions,specifyingthedynamicsof theenvironment,
areunknown to theagentalongwith thestatespaceof pro-
cess,S.

LetH = f ho(1); a(1); r (1); : : : ; o(t); a(t); r (t); o(t + 1)ig
denotethe set of all possibleexperiencessequencesof
length t. Generallyspeaking,in a POMDP, a policy �
is a function specifying the action to perform at each
time step as a function of the whole previous history:
� : H ! P(A). This functionis parameterizedby avector
� 2 � . Policy class� is a set of policies realizableby
all parametersettings. We assumethat the probability
of the elementaryevent is boundedaway from zero:
0 � c < Pr(ajh; � ) < c � 1, for any a 2 A, h 2 H , and
� 2 � . A history h includesseveral immediaterewards
hr (1); : : : ; r (i ); : : :i that are typically summedto form a
return,R(h), but our resultsareindependentof themethod
usedto computethereturn.

Togetherwith thedistributionsde�ned by the POMDP, any
policy � 2 � de�nesa conditionaldistribution Pr(hj� ) on
the classof all historiesH . The valueof policy � is the
expectedreturn accordingto the probability inducedby
this policy on the history space: V (� ) = E� [R(h)] =P

h2 H [R(h) Pr(hj� )] ; whereE� standsfor EPr (h j � ) . We
assumethat policy values(and returns)are non-negative
andboundedby Vmax . Theobjectiveof theagentis to �nd
a policy � � with optimal value: � � = argmax� V (� ). Be-
causetheagentdoesnothaveamodelof theenvironment's
dynamicsor reward function, it cannot calculatePr(hj� )
andmustestimateit via sampling.

2.2 Sampling

If we wish to estimate the value V (� ) of the policy
� , we may draw samplehistories from the distribution
induced by this policy by executing the policy multi-
ple times in the environment. After taking N samples
�h = f hi g; i 2 (1; : : : ; N ) we canusetheunbiasedestima-
tor:

V̂�h (� ) =
1
N

X

i

R(hi ) :

Imagine,however, that we areunableto samplefrom the
policy � directly, but insteadhave samplesfrom another
policy � 0. The intuition is that if we knew how “similar”
thosetwo policieswereto oneanother, we couldusesam-
plesdrawn accordingto thedistribution� 0andmakeanad-
justmentproportionalto thesimilarity of thepolicies.For-
mally wehave:
V (� ) =

P
h R(h) Pr(hj� ) =

P
h R(h) Pr (h j � ′)

Pr (h j � ′) Pr(hj� )

=
P

h R(h) Pr( h j � )
Pr( h j � ′) Pr(hj� 0) = E� ′

h
R(h) Pr( h j � )

Pr( h j � ′)

i
:

Now we canconstructan unbiasedindirect estimatorfor
the distribution Pr(hj� 0) which is called an importance
samplingestimator(Rubinstein,1981)V̂ IS

� ′ ; �h (� ) of V (� ):

V̂ IS
� ′; �h (� ) =

1
N

X

i

R(hi )
Pr(hi j� )
Pr(hi j� 0)

:



We cannormalizetheimportancesamplingestimateto ob-
tain a lower varianceestimateat the cost of addingbias.
Suchan estimatoris called a weightedimportancesam-
pling estimatorandhastheform

V̂ WIS
� ′; �h (� ) =

1
P

i
Pr( h i j � )
Pr( h i j � ′)

X

i

R(hi )
Pr(hi j� )
Pr(hi j� 0)

;

which hasbeenfound to be better-behaved thanV IS
� ′; �h (� )

both theoreticallyand empirically (Meuleauet al., 2000;
Shelton,2001b;Precupet al., 2000).

Note that both estimatorscontainthe quantity Pr( h i j � )
Pr (h i j � ′) , a

ratio of likelihoods. The key observation for the remain-
der of this paper is that while an agent is not assumed
to have a model of the environmentand thereforeis not
able to calculatePr(hj� ), it is able to calculatethe like-
lihood ratio Pr( h j � )

Pr( h j � ′) for any two policies � and � 0 (Sut-
ton & Barto,1998;Meuleauet al., 2000;Peshkin,2001).
Pr(hj� ) can be written as a product of �( h) and 	( h)
where�( h) =

Q T
t =1 Pr(a(t)jo(1); : : : ; o(t); � ) is thecon-

tribution of all of the agent's actionsto the likelihoodof
thehistory, and	( h) is thecontribution of environmental
events.Becausethe	( h) componentis independentof the
policy (i.e. it doesnotdependonthepolicy parameter, only
onthehistoryandthePOMDP distributions),it cancelsfrom
theratio,andwe have Pr (h j � )

Pr( h j � ′) = �( h j � )
�( h j � ′) . �( hj� ) depends

only ontheagent,theobservations,andtheactions(not the
states),is known to the agent,andcan be computedand
differentiated. This allows us to constructmore ef�cient
learningalgorithmsthatcantake advantageof pastexperi-
ence.

Finally, if the samplingdistribution is not constant(i.e.
eachsampleis drawn from a differentdistribution), a sin-
gle unbiasedimportancesamplingestimatorcan be con-
structedby usingall of thesampleswheretheassumedsin-
gle samplingdistribution is the mixture of the true sam-
pling distributions.Thus,if samplesweretakenaccording
to policies� 1; � 2; : : : ; � n , Pr(hj� 0) from above is replaced
with 1

N

P
j Pr(hj� j ). Shelton(2001b)givesmoredetails

for importancesamplingestimatorswith independent,but
not identically drawn, samples.Using this new estimator
allows us to changepolicies(samplingdistributions)dur-
ing sampling.

3. Algorithms

Considerconstructinga proxyenvironmentthatcontainsa
non-parametricmodelof thevaluesof all policiesasillus-
tratedby Figure1. This modelis a resultof trying several
policies� 1 : : : � N . Given an arbitrarynew policy � 2 � ,
theproxyenvironmentreturnsanestimateof its valueV̂ (� )
as if the policy were tried in the real environment. As-
sumingthatobtainingasamplefrom environmentis costly,

we want to constructthe proxy modulebasedonly on a
small numberof queriesaboutpolicies f � i g; i = 1 : : : N
that returnvaluesRi . Thesequeriesare implementedby
the sample routine(Table1). After gettingN samples,
it requiresmemoryof sizeO(N T(log jOj + log jAj )) to
storethedata,whereT is thelengthof a trial andO andA
arethesetsof possibleobservationsandactionrespectively.
However, for many policy classesthismemoryrequirement
canbereduced.For example,if thepolicy classis reactive
(conditionedon thecurrentobservation,theprobabilityof
thecurrentactionhasno dependenceon thepast),thehis-
tory can be summarizedsuf�ciently by the countsof the
numberof timeseachactionwaschosenaftereachobser-
vation.This requiresmemoryof sizeO(N log(T)jOjjAj ).

$
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Figure1. A diagramof the policy evaluationprocess.The sam-
pling processis costly and thereforeonly performeda limited
numberof times. The proxy collectsthe samplesfrom the en-
vironmentandconstructsanagent-centricmodelthatpredictsthe
effectsof hypotheticalagentpolicies. Theagentlearnsby inter-
actingwith theproxy.

This proxy can be queriedby the learning algorithm as
shown in table2. In responseto apolicy parametersettings,
theroutineevaluate returnsits estimateof theexpected
returnand its derivative. The algorithmshown in table2
computestheweightedimportancesamplingestimate.For
simplicity, theinnerloop (over j ) is shown. In practicethe
computationsin thisloopdonotneedtoberedonefor every
evaluation.Usingmemoryof sizeO(N ), thevalues� 0

i can
be computedaheadof time (in constanttime per sample)
thusreducingtheevaluationto O(N ) time.

The evaluate routinerelieson two otherroutines:one
to calculate�( hj� ) andoneto calculatethe derivative of
�( hj� ). Recall that �( hj� ) is the policy's factor of the
probabilityof thehistoryh. As anexample,if we assume
thepolicy to bereactive,theparameter� o;a to betheprob-
ability to selectingactiona after observingo, andno;a to
be the countof the numberof timesactiona waschosen



Table1. Thesample routineacceptsa policy parametersetting
andoutputsthereturnandhistoryfrom onesampleof thepolicy.
Notethatin many casestheentirehistoryneednotbereturned.

Input: policy �
Init:
h  () ; R  0
Getinitial observationo0.

For eachtimestept of thetrial:
Draw next at from � (ot ; at ; �� )
Executeat .
Getobservationot , rewardr t .
R  R + r t

concatenate (h; (ot ; at ))
Output: experiencehR; hi

afterobservingo duringthehistory,

�( hj� ) =
Y

o;a

(� o;a )n o;a

@�( hj� )
@� o;a

=
no;a

� o;a
�( hj� ) :

Meuleauet al. (2000); Peshkin(2001) describehow to
computethesequantitiesfor reactive policieswith Boltz-
manndistributionsandShelton(2001b)describeshow to
computethesequantitiesfor �nite-statecontrollers.

Any policy searchalgorithm can now be combinedwith
this proxy environment to learn from scarceexperience.
Table3 shows a generalreinforcementlearningalgorithm
family usingtheproxy. Thede�nitions of pick sample ,
add data , and optimize are crucial to the behavior
of the algorithm. The REINFORCE algorithm (Williams,
1992) is one particular instantiationof the learn rou-
tine wherepick sample returns� � without consulting
the data,add data forgetsall of the previous dataand
replacesit with the most recentsample,andoptimize
performsonestepof gradientdescent(using V̂ IS instead
of V̂ WIS ). The explorationextensionto REINFORCE pro-
posedby Meuleauet al. (2000)is exactly thesameexcept
the pick sample routinenow returnsa policy that is a
mixtureof � � andarandompolicy.

In orderto make effective useof all of thedata,we de�ne
add data to appendthenew datasampleto thecollection
of data. This allows our algorithmto rememberall previ-
ousexperience.Additionally, we usean optimize rou-
tine thatperformsfull optimization(not just a singlestep).
In REINFORCE andotherpolicy searchmethods,the cur-
rent policy guessembodiesall of the known information
aboutthepast(forgotten)samples.It is thereforeimportant
to only take smallstepsof decreasingsizeto insuretheal-
gorithm converges. Becausewe now rememberall of the

Table2. The evaluate routinecomputesthe proxy's estimate
of thevalueof apolicy andits derivative. Theinnerloop (over j )
canberemovedwith caching,makingtheroutinefaster.

Input: policy � , dataD = fh� i ; Ri ; hi ig for i 2 f 1 : : : N g
Init: V̂  0, � V̂  0, �  0
For i = 1 to N :

Init: 	 0
i  0

For j = 1 to N :
� 0

i  � 0
i + �( hi j� j )

� i  �( hi j� )
�  � + � i

� ′

i

For i = 1 to N :
V̂  V̂ + Ri

� i
� ′

i

V̂  V̂
�

For i = 1 to N :
�� i  @�( h i j � )

@�
� V̂  � V̂ + (Ri � V̂ ) �� i

� ′

i

� V̂  � V̂
�

Output: proxyevaluationV̂ andderivative� V̂

previoussamplesandwedonothaveany restraintonwhich
policy we mustusefor thenext sample,we cansearchfor
thetrueoptimumof theestimatorateverystep.

4. How to Sample?

We still are left with a choice for the routine
pick sample . This routine representsour balancebe-
tweenexplorationandexploitation.For this paper, we will
considera simplepossibilityto illustratethis trade-off. We
let thepick sample routinehave a singleparameterp� .
pick sample is stochasticandwith probabilityp� it re-
turns � � . The remainderof the time it returnsa random
policy chosenuniformly overthespace� . Thus,thelarger
thevalueof p� , themoreexploitativethealgorithmis.

4.1 Illustration: Bandit Problems

Let usconsidera trivial exampleof a banditproblemto il-
lustratetheimportanceof exploitationandexploration.The
environmenthasa degeneratestatespaceof onestate,in
which two actions,a1 anda2, areavailable. Thespaceof
policies available is stochasticandencodedwith onepa-
rameter, the probability of taking the �rst action, which
is constrainedto be in the interval [c; c] = [:1; :9]. We
considertwo problems,called“HT” (hiddentreasure)and
“HF” (hidden failure) both of which have the sameex-
pectedreturnsfor actions:1 for a1 and0 for a2. In HF, a1

alwaysreturns1, while a2 returns10 with probability :99
and� 990with probability:01. In HT, a2 alwaysreturns0,
while a1 returns� 10with probability:99 and+1090 with



Table3. The learn routineacceptsthenumberof trials it is al-
lowedandreturnsits guessat theoptimalpolicy. It relieson four
externalroutines:pick sample which selectsa policy to sam-
ple given thedataandthecurrentbestguess,sample asshown
in table1, add data which addsthenew datapoint to thedata
collectedso far, andoptimize which performssomeform of
optimizationon theproxyevaluationfunction.

Input: numberof samples/trialsN
Init: D  () , � �  randompolicy
For i = 1 to N :

�  pick sample (D ; � � )
hR; hi  sample (� )
D  add data (D ; h� ; R; hi )
� �  optimize (D ; � � )

Output: hypotheticaloptimalpolicy � �

probability :01. We would expecta greedylearningalgo-
rithm to samplenearpoliciesthat look betterunderscarce
information, tendingto choosethe sub-optimala2 in the
HT problem. This strategy is inferior to blind sampling,
which samplesuniformly from the policy spaceand will
discover the hiddentreasureof a1 faster. By contrast,for
theHF problemwe would expectthegreedyalgorithmto
do betterby initially concentratingon thea2, which looks
better, anddiscoveringthehiddenfailuresoonerthanblind
sampling.

Weranthelearn algorithmfrom table3 for differentset-
tingsof theparametersN andp� . Figure2 shows thetrue
valueof theresultingpolicies,averagedover 1000runsof
thealgorithm. While theplotsmay look discouraging,re-
memberthattheseproblemsarein somewaysaworse-case
situation.Thetruevalueof theactionsonlybecomesappar-
entaftersamplingontheorderof 100times.Theplotssup-
port our hypothesisaboutthe relative successof exploita-
tion. However, althoughactinggreedilyis somewhatbetter
in HF, it is muchworsein HT. This illustrateswhy, with-
outany prior knowledgeof thedomainandgivena limited
numberof samples,it is importantnot to guidesampling
toomuchby optimization.

5. How Much to Sample?

If we wish to guaranteewith probability1 � � that theer-
ror in theestimateof thevaluefunction is lessthan� , we
canderive boundson thenecessarysamplesizeN , which
dependon� , � , Vmax , andthecomplexity of thehypothesis
classexpressedby thecoveringnumberN . Ournew result
is anextensionof thesamplecomplexity boundfor the IS

estimator(Peshkin& Mukherjee,2001)to theWIS estima-
tor. We only quotethe resultshere. The key point in the
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Figure2. Resultsfor the bandit problems. Top: “HT”: hidden
treasure.Bottom: “HF”: hiddenfailure. Plottedis the expected
returnof theresultingpolicy againstthenumberof sampletaken,
N , andtheprobabilityof exploiting, p� .

derivationis thefactthat

sup
�h; �h ′2 H

�
�
�V̂ WIS

�h � V̂ WIS
�h ′

�
�
� �

Vmax cT

N cT + cT ;

where �h0 differs from �h only by one membertrajectory
hi . Two inequalitiesfollow from this fact. Denote� =
max(cT ; (1 � c)T ). Thevarianceof the WIS estimatorac-
cordingto Devroye's theoremis boundedas

Var
n

V̂ WIS
�h

o
�

V 2
max � 4N

4(N + � 2)2

and McDiarmid's theoremMcDiarmid (1989) gives us a
PAC bound(for derivationseePeshkin(2001)):

� = Pr
�

sup
� 2 �

�
�
�V̂ WIS (� ) � E

h
V̂ WIS (� )

i �
�
� > �

�

� 4N
�

� ;
�
8

�
exp

�
�

� 2(N + � 2)2

32V 2
max � 4N

�
;

which gives a samplecomplexity bound very similar to
theseobtainedby Kearnset al. (1999b)(seenext section).



Table4. Comparisonof samplecomplexity bounds.
Algorithm Lowerboundonsamplecomplexity N

likelihoodratio
�

Vmax

�

� 2

24T (1 � c)4T (K(�) + log(8=� ))

reusabletrajectories
�

Vmax

�

� 2

22T V C(�)
�

T + log
�

Vmax

�

�
+ log(1=� )

�
log(T)

It is well known(Rubinstein,1981)thatvarianceof WIS es-
timateis O( 1

N ). Theweakdependenceon thehorizonT is
interestingandin accordancewith empirical�ndings. The
coveringnumberis de�ned throughthevalueV (� ) andde-
scribesthecomplexity of a policy class(e.g. reactive poli-
ciesor �nite statecontrollers)with respectto thestructure
of a rewardfunction.

5.1 Comparison to VC Bound

The pioneeringwork by Kearnset al. (1999a)considers
the issueof generatingenoughinformation to determine
the near-bestpolicy. We compareour samplecomplexity
resultsfrom above with a similar resultfor their “reusable
trajectories”algorithm. Using a randompolicy (selecting
actionsuniformly at random),reusabletrajectoriesgener-
atesasetof historytrees.Thisinformationis usedto de�ne
estimatesthat uniformly convergeto the true values. The
algorithmrelieson having a generative modelof theenvi-
ronment,whichallowssimulationof aresetof theenviron-
mentto any stateandtheexecutionof any actionto sample
an immediatereward. The reuseof informationis partial:
theestimateof a policy valueis built only on thesubsetof
experiencesthatare“consistent”with theestimatedpolicy.

Wewill makeacomparisonbasedonasamplingpolicy that
selectsoneof two actionsuniformly at random:Pr(ajh) =
1
2 . For thehorizonT, thisgivesusanupperbound� on the
likelihoodratio:

w� (h; � 0) � 2T (1 � c)T = � :

Substitutingthis expressionfor � , we can compareour
boundsto theboundof Kearnset al. (1999a)aspresented
in table4. Themetricentropy K(�) takestheplaceof the
VC dimensionV C(�) in termsof policy classcomplexity.
Metric entropy is a morere�ned measureof capacitythan
VC dimension;the VC dimensionis an upperboundon
thegrowth functionwhich is anupperboundon themetric
entropy (Vapnik,1998).

5.2 Illustration: Load-Unload Problem

The complexity of the problemis measuredby thecover-
ing number, N . It encodesthecomplexity of thecombina-
tion of the POMDP andthe policy class.We usethe load-
unloadproblemof �gure 3 to illustratetheeffect of policy

j j j

j j j

Y

Y

Y

Y

Y

�

:
9

I
:

Y

�

Figure3. Diagram of the “load-unload” world. The agentob-
servesits position(box) but not whetherthecart is loaded(node
within thebox). Thecartloadsin theleft-moststate.If it reaches
theright-mostpositionwhile loaded(upperpath),it unloadsand
getsa unit of reward. The agenthasa choiceof moving left or
right at eachposition. Eachtrial begins in the “load” stateand
lasts100 steps.Theoptimal controllerrequiresonebit of mem-
ory.

complexity. The agentis a cart designedto shuttleloads
backandforth betweentwo end-pointson a line. Thecart
doesnot have sensorsto indicatewhetherit is loadedor
unloaded,but it candetermineits positionon theline. The
optimalpolicy is onewherethecartmovesbackandforth
betweentheleftmostandrightmoststatesmoving asmany
loadsaspossible.To dosorequiressomeform of memory.
For our example,we will use�nite-state controllerswith
�x edmemorysizes(Shelton,2001a;Peshkin,2001).

A �nite-state controller is a classof policieswith a �x ed
memorysize. Thecontrollerhasits own internalmemory
statethatis restrictedto oneof a�nite numberof values.At
eachtime step,it not only selectswhich actionto take,but
alsoamemorystatefor thenext timestep.Thecontroller's
choiceof actionandnext memorystateareindependentof
the pastgiven the currentobservation andmemorystate.
This model is an extensionof the reactive policy classto
allow thecontrollerto remembera smallamountaboutthe
past.Finite-statecontrollershave thecapabilityof remem-
beringinformationfor anarbitrarily longperiodof time.

Figure4 demonstratesthe effect of policy complexity on
theperformanceof thealgorithm. This plot is thesameas
the onesin �gure 2 except that the exploitation probabil-
ity, p� , hasbeen�x edat 0:5. The four linesdepictresults
for differentpolicy classes,� . The solid line is for reac-
tivepolicies(policieswith nomemory)whereasthedashed
anddottedlinesarefor �nite-statecontrollerswith varying
amountsof memory. Only onebit of memoryis required
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Figure4. The expectedreturn of the policy found by the algo-
rithm asa functionof thenumberof samplesfor theenvironment
shown in �gure 3. Theexploitationparameter, p� , wassetto 0:5.
Theseresultsareaveragedover 80 separaterunsfor eachnumber
of samples.Thesolid line plots theperformanceusinga reactive
policy (no memory).Thedashedanddottedlinesarefor policies
with differing amountsof memory. Noticethatwhile thereactive
policy classconvergesmorequickly, its optimumis muchlower.
All of the otherpolicy classeshave the potentialto converge to
the optimal returnof 13. However, increasedpolicy complexity
resultsin slower learning.

to performoptimally in thisenvironment.Usingmorethan
two statesof memoryis super�uous. We canseethat the
simpler the policy class,the more quickly the algorithm
converges. However, with too simple a policy class(i.e.
reactive policies),the convergenceis to a suboptimalpol-
icy. For comparison,the thin dashedline presentsthebe-
haviour of REINFORCE with two internalstatecontroller.
As we have seenREINFORCE forgetspastexperienceand
picksupveryslowly with thesizeof experience.

6. Discussion

Likelihood-ratioestimationseemto show promisein us-
ing dataef�ciently . Thepick sample routinewepresent
hereis only one(simplistic)methodof balancingexploita-
tion andexploration. More sophisticatedmethodsinclud-
ing maintaininga distribution over the spaceof policies
mightallow for abetterbalanceandthepossibilityof learn-
ing ausefulsamplingbiasin apolicy spacefor aparticular
applicationdomainand transferringit from one learning
problemin that domainto another. In general,estimating
the varianceof the proxy evaluatorcould aid in selecting
new samplesfor eitherexplorationor exploitation.

WhereREINFORCE keepsonly themostrecentsample,our
algorithmkeepsall of the samples. If a large amountof

datais collected,it maybenecessaryto employ a method
betweenthesetwo extremesandrememberarepresentative
set of the samples. Deciding which samplesto “forget”
wouldbeadif�cult, but crucial,task.

Samplecomplexity boundsdependonthecoveringnumber
asa measureof the complexity of the policy space.Esti-
mating the covering numberis a challengingproblemin
itself. However it would be moredesirableto �nd a con-
structive solutionto a coveringproblemin a senseof uni-
versalpredictiontheory (Merhav & Feder, 1998;Shtarkov,
1987). Obviously, given a covering numbertheremight
be several ways to cover the space. Finding a covering
setwould be equivalentto reducinga global optimization
problemto anevaluationof severalrepresentativepolicies.

Another way to usesamplecomplexity resultsis to �nd
whatis theminimalexperiencenecessaryto beableto pro-
vide the estimatefor any policy in the classwith a given
con�dence. This would be similar to the structuralrisk
minimizationprincipalby VapnikVapnik (1998). The in-
tuition is that given very limited data, one might prefer
to searcha primitive classof hypotheseswith high con-
�dence, ratherthan to get lost in a sophisticatedclassof
hypothesesdueto low con�dence.
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