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Abstract

In thispaperwepresenta languagefor �nite statecon-
tinuoustime Bayesiannetworks (CTBNs),which de-
scribestructuredstochasticprocessesthatevolve over
continuoustime. The stateof the systemis decom-
posedinto asetof localvariableswhosevalueschange
over time. Thedynamicsof thesystemaredescribed
by specifyingthebehavior of eachlocal variableasa
function of its parentsin a directed(possiblycyclic)
graph.Themodelspeci�es,atany givenpoint in time,
thedistributionovertwo aspects:whenalocalvariable
changesits value and the next value it takes. These
distributionsaredeterminedby the variable's current
valueandthecurrentvaluesof its parentsin thegraph.
More formally, eachvariableis modelledas a �nite
statecontinuoustime Markov processwhosetransi-
tion intensitiesarefunctionsof its parents.Wepresent
a probabilisticsemanticsfor the languagein termsof
thegenerative modela CTBN de�nes over sequences
of events.We list typesof queriesonemight askof a
CTBN,discusstheconceptualandcomputationaldif�-
cultiesassociatedwith exactinference,andprovidean
algorithmfor approximateinferencewhich takes ad-
vantageof thestructurewithin theprocess.

1 Intr oduction

Considera medicalsituationwhereyou have administered
a drugto a patientandwish to know how long it will take
for thedrugto takeeffect. Theanswerto thisquestionwill
likely dependon variousfactors,suchashow recentlythe
patienthaseaten.We want to modelthe temporalprocess
for theeffect of thedrugandhow its dynamicsdependon
theseother factors. As anotherexample,we might want
to predicttheamountof time thata personremainsunem-
ployed,which candependon thestateof theeconomy, on
their own �nancial situation,andmore.

Althoughthesequestionstouchon a wide varietyof is-
sues,they areall questionsaboutdistributionsover time.
Standardwaysof approachingsuchquestions— eventhis-
tory analysis(Blossfeldet al., 1988;Blossfeld& Rohwer,
1995;Andersonet al., 1993)andMarkov processmodels
(Duf�e et al.,1996;Lando,1998)— work well, but donot
allow the speci�cation of modelswith a large structured
statespacewheresomevariablesdonotdirectlydependon

others.For example,thedistribution over how fasta drug
takeseffect might be mediatedby how fast it reachesthe
bloodstreamwhich may itself beaffectedby how recently
thepersonhaseaten.

Bayesiannetworks(Pearl,1988)areastandardapproach
for modellingstructureddomains. With sucha represen-
tation we can be explicit about the direct dependencies
which are presentand usethe independenciesto our ad-
vantagecomputationally. However, Bayesiannetworksare
designedto reasonaboutstatic processes,and cannotbe
useddirectly to answerthetypesof questionsthatconcern
ushere.

Dynamic Bayesian networks (DBNs) (Dean &
Kanazawa, 1989)are the standardextensionof Bayesian
networks to temporalprocesses.DBNs modela dynamic
systemby discretizingtime andproviding a Bayesiannet-
work fragmentthat representsthe probabilistictransition
of thestateat time t to thestateat time t + 1. Thus,DBNs
representthestateof thesystemat differentpointsin time,
but do not representtime explicitly. As a consequence,it
is very dif�cult to querya DBN for a distribution over the
time at which a particularevent takes place. Moreover,
since DBNs slice time into �x ed increments,one must
always propagatethe joint distribution over the variables
at thesamerate. This requirementhasseveral limitations.
First, if oursystemis composedof processesthatevolveat
different time granularities,we must representthe entire
systemat the �nest possiblegranularity. Second,if we
obtain observationswhich are irregularly spacedin time,
we muststill representtheinterveningtime slicesat which
noevidenceis obtained.

Hankset al. (1995) presentanotherdiscretetime ap-
proachto temporalreasoningrelatedto DBNs which they
extend with a rule-basedformalism to model endoge-
nouschangesto variableswhichoccurbetweenexogenous
events. They alsoincludean extensive discussionof vari-
ousapproachesprobabilistictemporalreasoning.

Weprovidethealternativeframeworkof continuoustime
Bayesiannetworks. This framework explicitly represents
temporaldynamicsandallows usto querythenetwork for
thedistribution over thetime whenparticulareventsof in-
terestoccur. Givensequencesof observationsspacedirreg-



ularly throughtime,wecanpropagatethejoint distribution
from observation to observation. Our approachis based
on the framework of homogeneousMarkov processes, but
utilizesideasfrom Bayesiannetworksto providea graphi-
cal representationlanguagefor thesesystems.Endogenous
changesare modelledby the statetransitionsof the pro-
cess.Thegraphicalrepresentationallows compactmodels
for processesinvolving alargenumberof co-evolving vari-
ables,and an effective approximateinferenceprocedure
similar to cliquetreepropagation.

2 ContinuousTime

Webeginwith thenecessarybackgroundonmodellingwith
continuoustime.

2.1 HomogeneousMark ov Processes

Ourapproachis basedontheframework of �nite statecon-
tinuoustime Markov processes.Suchprocessesaregener-
ally de�ned asmatricesof transitionintensitieswherethe
(i; j) entry gives the intensity of transitioningfrom state
i to state j and the entriesalongthe main diagonalmake
eachrow sumto zero.Speci�cally, our framework will be
basedon homogeneousMarkov processes— onein which
thetransitionintensitiesdonotdependon time.

Let X bea local variable,onewhosestatechangescon-
tinuously over time. Let the domainof X be Val(X) =
f x1;x2; : : : ;xng. We presenta homogeneousMarkov pro-
cessX(t) via its intensitymatrix:

QX =
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whereqx
i = å j6= i q

x
i j . Intuitively, the intensityqx

i givesthe
`instantaneousprobability' of leaving statexi andtheinten-
sity qx

i j givesthe `instantaneousprobability' of transition-
ing from xi to x j . More formally, asDt ! 0,

Prf X(t + Dt) = x j j X(t) = xig � qx
i jDt; for i 6= j

Prf X(t + Dt) = xi j X(t) = xig � 1� qx
i Dt

:

GiventheQX matrix we candescribethetransientbehav-
ior of X(t) as follows. If X(0) = xi then it staysin state
xi for anamountof time exponentiallydistributedwith pa-
rameterqx

i . Thus, the probability densityfunction f and
correspondingdistribution function F for X(t) remaining
equalto xi aregivenby

f (t) = qx
i exp(� qx

i t); t � 0
F(t) = 1� exp(� qx

i t); t � 0 :

The expectedtime of transitioningis 1=qx
i . Upon transi-

tioning,X shiftsto statex j with probabilityqx
i j=qx

i .

Example2.1 Assumethat wewant to modelthebehavior
of thebarometricpressureB(t) discretizedinto threestates

(b1 = falling, b2 = steady, andb3 = rising), wecouldwrite
theintensitymatrix as

QB =

2

4
� :21 :2 :01

:05 � :1 :05
:01 :2 � :21

3

5 :

If we view units for time as hours, this meansthat if the
pressure is falling, we expectthat it will stop falling in a
little lessthan5 hours(1=:21hours). It will thentransition
to beingsteadywith probability :2=:21 andto falling with
probability :01=:21.

We canconsiderthetransitionsmadebetweentwo con-
secutive different states,ignoring the time spentat each
state. Speci�cally, we can de�ne the embeddedMarkov
chainE which is formedby ignoringtheamountof timeX
spendsin its statesandnotingonly thesequenceof transi-
tionsit makesfrom stateto state.Wecanwrite outthen� n
transitionprobability matrix PE for this chain,by putting
zerosalongthemaindiagonalandqx

i j=qx
i in the(i; j) entry.

We canalsoconsiderthe distribution over the amountof
time X spendsin a statebeforeleaving again,ignoringthe
particulartransitionsX makes.We canwrite out then� n
statedurationmatrix M (which is oftencalledthecomple-
tion rate matrix or holding rate matrix), by putting the qi
valuesalongthemaindiagonalandzeroseverywhereelse.
It is easyto seethatwe candescribetheoriginal intensity
matrix in termsof thesetwo matrices:

Q = M(PE � I ) :

Example2.2 For our barometricpressure processB,

QB =

2
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2.2 Subsystems

It is oftenusefulto considersubsystemsof a Markov pro-
cess.A subsystem,S, describesthebehavior of theprocess
overasubsetof thefull statespace— i.e.,Val(S) � Val(X).
In suchcaseswe canform the intensitymatrix of thesub-
system,US, by usingonly thoseentriesfrom QX thatcor-
respondto statesin S.

Example2.3 If we want the subsystemof the barometric
pressure process,B, correspondingto the pressure being
steadyor rising (S= f b2;b3g), weget

US =
�

� :1 :05
:2 � :21

�
:

Note that, for a subsystem,the sumsof entriesalonga
row arenot, in general,zeros.This is becausea subsystem
is notaclosedsystem— i.e, from eachstate,therecanbea
positive probabilityof enteringstatesnot in Sandthusnot
representedin thetransitionmatrix for thesubsystem.



Oncewe have formeda subsystemS of X, we canalso
talk aboutthecomplementsubsystemS, which is asubsys-
temover theotherstates— i.e.,Val(S) = Val(X) � Val(S).
In general,whenexaminingthe behavior of a subsystem,
we considertheentranceandexit distributionsfor thesub-
system.An entrancedistribution is a distribution over the
statesof S, wherethe probability of a states is the prob-
ability that s is thestateto which we �rst transitionwhen
enteringthe subsystemS. An exit distribution describes
the�rst statenot in Val(S) to whichwe transitionwhenwe
leave thesubsystem.

2.3 Queriesover Mark ov processes

If we have an intensity matrix, QX, for a homogeneous
Markov processX(t) and an initial distribution over the
valueof X at time 0, P0

X , therearemany questionsabout
theprocesswhichwecananswer.

Theconditionaldistribution over thevalueof X at time
t giventhevalueat anearliertimes is

Prf X(t) j X(s)g = exp(QX(t � s)) ; for s< t :

Thus,thedistributionover thevalueof X(t) is givenby

PX(t) = P0
X exp(QXt) :

As t grows, PX(t) approachesthestationarydistribution p
for X which canbe computedby an eigenvalueanalysis.
Additionally, we can form the joint distribution over any
two time pointsusingtheabovetwo formulas:

PX(s;t) = PX(s) exp(QX(t � s)) :

Supposewe are interestedin somesubsystemS of X.
Givenan entrancedistribution P0

S into S, we cancalculate
the distribution over the amountof time that we remain
within the subsystem.This distribution function is called
a phasedistribution (Neuts1975;1981),andis givenby

F(t) = 1� P0
Sexp(USt)e:

whereUS is (asabove) thesubsystemintensitymatrix and
e is theunit vector. Theexpectedtimeto remainwithin the
subsystemis givenby P0(� US)� 1e.

Example2.4 In our barometric pressure example, if we
havea uniform entrancedistribution for the subsystemin
Example2.3, then the distribution in time over whenthe
pressure beginsto fall is givenby

F(t) = 1�
�

:5 :5
�
exp

��
� :1 :05

:2 � :21

�
t
�

e

� 1� 1:0476(0:960t) + 0:0476(0:7641t) :

Finally, givenan entrancedistribution, P0
S, to a subsys-

tem S of X, we cancalculatethe exit distribution. To do
so,we constructa new processX0by settingall intensities
to zerowithin rows correspondingto statesnot in S. This
transformation,in effect,makeseverystatewhich is not in

thesubsystemanabsorbingstate.(Oncethesystemhasen-
teredan absorbingstate,it cannever leave that state.) If
weuseourentrancedistributionover thestatesof Sfor our
initial distribution to X0 (settingtheprobabilityof starting
in otherstatesto zero),we canseethattheexit distribution
is givenby thestationarydistributionof X0. Thisis because
the only way that we canenterthe newly constructedab-
sorbingstatesis by leaving S andso the probability with
which we end up in an absorbingstateis the probability
thatwe enteredthatstateby exiting thesubsystem.

3 ContinuousTime BayesianNets

Our goal in this paperis to modelMarkov processesover
systemswhosemomentarystateis de�ned as an assign-
mentto some(possiblylarge) setof variablesX. In prin-
ciple, we cansimply explicitly enumeratethe statespace
Val(X), andwrite down the intensity matrix which spec-
i�es the transition intensity betweenevery pair of these
states.However, asin Bayesiannetworks, the sizeof the
statespacegrows exponentiallywith the numberof vari-
ables,renderingthis type of representationinfeasiblefor
all but thesmallestspaces.

In thissection,weprovideamorecompactfactoredrep-
resentationof Markov processes.We de�ne a continuous
timeBayesiannetwork— a graphicalmodelwhosenodes
arevariableswhosestateevolvescontinuouslyover time,
andwherethe evolution of eachvariabledependson the
stateof its parentsin thegraph.

3.1 Conditional Mark ov Processes

In orderto composeMarkov processesin a largernetwork,
we needto introducethe notion of a conditionalMarkov
process. This is a typeof inhomogeneousMarkov process
where the intensitiesvary with time, but not as a direct
function of time. Rather, the intensitiesarea function of
the currentvaluesof a set of other variables,which also
evolve asMarkov processes.We notethata similar model
wasusedby Lando(1998),but the conditioningvariables
werenot viewedasMarkov processes,nor werethey built
into any largerstructuredmodel,asin our framework.

Let Y be a variable whose domain is Val(Y) =
f y1;y2; : : : ;ymg. AssumethatY evolvesasa Markov pro-
cessY(t) whosedynamicsare conditionedon a setV of
variables,eachof which also can also evolve over time.
Thenwe have a conditionalintensitymatrix (CIM) which
canbewritten

QYjV =

2
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:

Equivalently, we canview a CIM assetof intensitymatri-
ces,onefor eachinstantiationof valuesv to thevariablesV.
Thesetof variablesV arecalledtheparentsof Y, andde-
notedPar(Y). Notethat, if theparentsetPar(Y) is empty,
thentheCIM is simplya standardintensitymatrix.
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Figure1: Drugeffectnetwork

Example3.1 Consider a variable E(t) which models
whetheror not a person is eating (e1 = noteating, e2 =
eating) and is conditionalon a variableH(t) which mod-
els whetheror not a person is hungry (h1 = nothungry,
h2 = hungry). ThenwecanspecifytheCIM for E(t) as

QEjh1 =
�

� :01 :01
10 � 10

�
QEjh2 =

�
� 2 2
:01 � :01

�
:

Giventhis model,we expecta personwho is hungryand
not eatingto begin eatingin half an hour (1=2 hour). We
expecta person who is not hungry and is eating to stop
eatingin 6 minutes(1=10hour).

3.2 The CTBN Model

Conditionalintensity matricesprovide us a way of mod-
elling thelocal dependenceof onevariableona setof oth-
ers.By puttingtheselocalmodelstogether, wecande�ne a
singlejoint structuredmodel.As is thecasewith dynamic
Bayesiannetworks,therearetwo centralcomponentsto de-
�ne: the initial distribution andthe dynamicswith which
thesystemevolvesthroughtime.

De�nition 3.2 LetX bea setof local variablesX1; : : : ;Xn.
Each Xi hasa �nite domainof valuesVal(Xi). A continuous
time Bayesiannetwork N over X consistsof two compo-
nents:The�r st is an initial distribution P0

X , speci�edasa
BayesiannetworkB over X. Thesecondis a continuous
transitionmodel, speci�edas

� A directed(possiblycyclic) graphG whosenodesare
X1; : : : ;Xn; Par(Xi ) denotestheparentsof Xi in G.

� A conditional intensity matrix, QXjPar(X) , for each
variableXi 2 X.

Unlike traditionalBayesiannetworks, thereis no prob-
lemwith cyclesin thegraphG. An arcX ! Y in thegraph
impliesthatthedynamicsof Y'sevolution in time depends
on thevalueof X. Thereis no reasonwhy thedynamicsof
X'sevolutioncannotsimultaneouslydependonthevalueof
Y. This dependency is analogousto a DBN modelwhere
we havearcsXt ! Yt+ 1 andYt ! Xt+ 1.

Example3.3 Figure 1 showsthe graph structure for a
CTBNmodellingour drug effectexample. There arenodes

for theuptake of thedrug andfor theresultingconcentra-
tion of the drug in the bloodstream. Theconcentration is
affectedbythehowfull thepatient'sstomach is. Thedrugis
supposedto alleviatejoint pain, which maybeaggravated
by falling pressure. Thedrug mayalso causedrowsiness.
Themodelcontainsa cycle, indicatingthat whethera per-
sonis hungrydependson howfull their stomach is, which
dependsonwhetheror not they areeating.

3.3 Amalgamation

In orderto de�ne thesemanticsof a CTBN, wemustshow
how to view the entiresystemasa singleprocess.To do
this,weintroducea“multiplication” operationcalledamal-
gamationon CIMs. This operationcombinestwo CIMs to
producea single,largerCIM.

Amalgamationtakestwo conditionalintensitymatrices
QS1jC1

and QS2jC2
and forms from them a new product

CIM, QSjC = QS1jC1 � QS2jC2 whereS= S1 [ S2 andC =
(C1 [ C2) � S. Thenew CIM containstheintensitiesfor the
variablesin Sconditionedon thoseof C. A basicassump-
tion is that,astime is continuous,variablescannottransi-
tion at thesameinstant.Thus,all intensitiescorresponding
to two simultaneouschangesarezero.If thechangingvari-
ableis in S1, we canlook up thecorrectintensityfrom the
factorQS1jC1

. Similarly, if it is in S2, we canlook up the
intensityfrom thefactorQS2jC2. Intensitiesalongthemain
diagonalarecomputedat theendto make therows sumto
zerofor eachinstantiationto C.

Example3.4 Assumewehavea CTBNwith graphW � Z
andCIMs

QWjz1 =
�

� 1 1
2 � 2

�
QWjz2 =

�
� 3 3

4 � 4

�

QZjw1
=

�
� 5 5

6 � 6

�
QZjw2

=
�

� 7 7
8 � 8

�
:

Let us considerthe joint transition intensityof thesetwo
processes. As discussed,intensities such as between
(z1;w1) and (z2;w2) are zero. Now, considera transition
from(z1;w1) to (z1;w2). In thiscase, wesimplyusetheap-
propriatetransitionintensityfromthematrix QWjz1

, i.e., 1.
Assumingthat the statesin the joint spaceare ordered as
(z1;w1); (z1;w2); (z2;w1); (z2;w2), this would be the value
of the row 1, column2 entry of the joint intensitymatrix.
Asanotherexample, thevalueof therow 4, column2 entry
would be taken from QZjw2

. Theentrieson the diagonal
are determinedat theend,soas to make each row sumto
0. Thejoint intensitymatrix is, therefore,

QWZ = QWjZ � QZjW =

2

4
� 6 1 5 0

2 � 9 0 7
6 0 � 9 3
0 8 4 � 12

3

5 :

To provide a formal de�nition, we needto introduce
somenotation.Let QSjC(si ! sj j ck) betheintensityspec-
i�ed in QSjC for thevariablesin Schangingfrom statesi to
statesj conditionedon thevariablesof C having valueck.



We denotethe setof variableswhosevaluesaredifferent
betweenthe instantiationssi andsj asd(i; j). We de�ne
s[S̀ ] to be theprojectionof the instantiations ontotheset
of variablesS̀ . Finally, we use(si ;ck) to denotethe joint
instantiationoverS;C consistentwith si ;ck.

QSjC(si ! sj j ck)

=

8
>>>>>>><

>>>>>>>:

QS1jC1
(si [S1] ! sj [S1] j (si ;ck)[C1])

if jd(i; j)j = 1 andd(i; j) � S1

QS2jC2
(si [S2] ! sj [S2] j (si ;ck)[C2])

if jd(i; j)j = 1 andd(i; j) � S2

� zijk if i = j
0 otherwise

wherezijk = å j6= i QSjC(si ! sj j ck).

3.4 Semantics

Formally, let (W;F ;P) be our probability space,where
the spaceW consistsof a set of in�nite trajectoriesover
t = [0;¥ ), andF is an appropriates-algebra. (SeeGih-
manandSkorohod(1971)for a formal de�nition.)

We de�ne the semanticsof a CTBN asa singlehomo-
geneousMarkov processover the joint statespace,using
theamalgamationoperation.In particular, theCTBN N is
a factoredrepresentationof thehomogeneousMarkov pro-
cessdescribedby thejoint intensitymatrix de�ned as

QN = Õ
X2X

QXjPar(X) :

From thede�nition of amalgamation,we seethestatesof
thejoint intensitymatrix arefull instantiationsto all of the
variablesX of N . Moreover, a singlevariableX 2 X tran-
sitionsfrom xi to x j with intensityqx

i j (Par(X)) .
An alternative view of CTBNs is via a generative se-

mantics. A CTBN can be seenas de�ning a generative
modelover sequencesof events, wherean event is a pair
hX  x j ;Ti , which denotesa transitionof the variableX
to thevaluex j at timeT. Givena CTBN N , wecande�ne
thegenerativemodelasfollows.

We initialize s to be an emptyeventsequence.We de-
�ne a temporaryevent list E, which containspairsof state
transitionsandintensities;the list E is a datastructurefor
candidateevents,which is usedto computethenext event
in theeventsequence.We alsomaintainthecurrenttimeT
andthecurrentstateof thesystemx(T). Initially, we have
T = 0, andthesystemstatex(0) is initialized by sampling
at randomfrom theBayesiannetwork B whichdenotesthe
initial statedistributionP0

X .
We thenrepeatthefollowing steps,whereeachstepse-

lectsthenext eventto occurin thesystem,with theappro-
priatedistribution.

For eachvariableX thatdoesnothaveaneventin E:
Let xi = x(t)[X]
Choosethetransitionxi ! x j accordingto the

probabilitiesqx
i j (Par(X))=qx

i (Par(X))
Add hX  x j ;qx

i (Par(X)) i to E

Let qE bethesumof all theq valuesfor eventsin E
Choosethenext eventhX  x j ;qxi from E with

probabilityqx=qE
ChoosethetimetE for thenext transitionfrom an

exponentialdistributionwith parameterqE.
UpdateT  T + tE andX  x j
Add hX  x j ;Ti to s
Removefrom E thetransitionfor X andfor all

variablesY for whichX 2 Par(Y).

De�nition 3.5 Two Markov processesare said to be
stochasticallyequivalentif they havethesamestatespace
andtransitionprobabilities(Gihman& Skorohod,1973).

Theorem3.6 TheMarkov processdeterminedby thegen-
erativesemanticsis stochasticallyequivalentto theMarkov
processdeterminedby thejoint intensitymatrix.

As in a Bayesiannetwork, the graphstructurecan be
viewedin two differentyet closelyrelatedways. The�rst
is asa datastructurewith which we canassociateparame-
tersto de�ne a joint distribution. Thesecondis asa quali-
tativedescriptionof theindependencepropertiesof thedis-
tribution. To understandthisnotion,notethattherearetwo
ways to think abouta stochasticprocessX. For a �x ed
timet 2 t , X canbeviewedasa randomvariableX(t). For
a �x ed w 2 W, we canview X asa function of time (over
t ) andX(w) asa trajectory. The CTBN graphspeci�esa
notionof independenceoverentiretrajectories.

De�nition 3.7 Two Markov processesX andY are inde-
pendentif, for any �nite setsT;T0 � t , the joint distribu-
tion overthevariablesX(t);t 2 T andthejoint distribution
over the variablesY(t0);t02 T0 are independent(Gihman
& Skorohod,1971).

De�nition 3.8 We saythatY is a descendantsof X in the
(possiblycyclic) graphG if andonly if there is a directed
pathin G fromX to Y. (Notethata variablecanbeits own
descendantsaccording to this de�nition.)

Theorem3.9 If X is a local variable in a CTBNN , then
X is independentof its non-descendants(in G) giventra-
jectoriesover thesetof variablesin Par(X).

For example,in ourdrugeffectnetwork, thejoint painis in-
dependentof takingthedruggiventhemomentby moment
concentrationof thedrugin thebloodstream.

4 Reasoningin CTBNs

In thissection,wedescribesomeof thequeriesthatwecan
addressusingthis typeof representation.We thendiscuss
someof thecomputationaldif�culties thatwe encounterif
we try doingthis typeof inferenceexactly.

4.1 Queriesover a CTBN

In the previous section,we showed that we can view a
CTBN asa compactrepresentationof a joint intensityma-
trix for a homogeneousMarkov process.Thus,at leastin



principle,we canusea CTBN to answerany querythatwe
can answerusing an explicit representationof a Markov
process:We canform the joint intensitymatrix and then
answerqueriesjustaswedofor any homogeneousMarkov
process,asdescribedabove.

For example,in thedrugeffect network, we cansetthe
initial distribution suchthat the drug wasadministeredat
t = 0 hours, computethejoint distributionover thestateof
thesystemat t = 5, andthenmarginalizeit to obtaina dis-
tribution over joint painat t = 5. Additionally, becausewe
have thefull joint distribution at this point in time,we can
calculatefor t = 5 the distribution over drowsinessgiven
thattheconcentrationof thedrugis high.

Now, assumethatwe have a seriesof observations.We
cancomputethejoint distributionover thesystemstatefor
any point in time at or after the time of the last observa-
tion. We calculatethenew joint distribution at thetime of
the�rst observation,conditionon theobservation,anduse
that as the initial distribution from which to computethe
joint distributionat thenext observationtime. Thisprocess
canbe executedfor an entireseriesof observations. For
example,assumethat our patienttook the drug at t = 0,
ateafter an hour (t = 1) andfelt drowsy threehoursafter
eating(t = 4). We cancomputethedistribution over joint
pain six hoursafter taking the drug (t = 6) by computing
the joint distribution at time 1, conditioningthat distribu-
tion on theobservationof eating,andusingthatasan ini-
tial distribution with which to computethe joint distribu-
tion 3 hourslater. After conditioningon the observation
of drowsiness,we usethe result as an initial distribution
with which to calculatethe joint distribution 2 hoursafter
that.Thatjoint distributioncanbemarginalizedto give the
distributionover joint paingiventhesequenceof evidence.
Thekey is that,unlikein DBNs,weneedonly dooneprop-
agationfor eachobservationtime,evenif theobservations
areirregularlyspaced.

As notedin section2.3we cancomputethejoint distri-
butionbetweenany two pointsin time. By conditioningon
evidenceat thelatertimepoint,wecanpropagateevidence
backwardsin time. Evenmoreinterestingly, we cancalcu-
latethedistributionoverthe�rst timeavariableX takeson
aparticularvaluex: X takingthevaluex is simplyasubsys-
temof the joint intensitymatrix, andwe cancomputethe
distribution over theentrancetime into thesubsystem.For
example,we couldsetour initial distribution to onewhere
thepatienttakesthedrugandhasjoint pain.Wecouldthen
directlycomputethedistributionoverthetimeatwhichthe
joint paingoesaway. Notethatthistypeof querycouldalso
becomputedfor thetimeaftersomesequenceof evidence.

4.2 Dif�culties with Exact Infer ence

The obvious �a w in our discussionabove is that our ap-
proachfor answeringthesequeriesrequiresthatwe gener-
atethefull joint intensitymatrix for thesystemasawhole,
whichisexponentialin thenumberof variables.Thegraph-
ical structureof the CTBN immediatelysuggeststhat we
performtheinferencein adecomposedway, asin Bayesian

networks. Unfortunately, as we now show, the problems
aresigni�cantly morecomplex in thissetting.

Considera simplechainX ! Y ! Z. It might appear
that, at any point in time, Z is independentof X givenY.
Unfortunately, this is not thecase.Eventhoughthetransi-
tion intensityfor Z dependsonly on thevalueof Y at any
instancein time,assoonasweconsidertemporalevolution,
their statesbecomecorrelated.This problemis completely
analogousto theentanglementproblemin DBNs(Boyen&
Koller, 1998),whereall variablesin theDBN typically be-
comecorrelatedoversomenumberof time slices.Thepri-
marydifferenceis that,in continuoustime,eventhesmall-
esttime incrementDt resultsin thesamelevel of entangle-
mentaswe would gain from an arbitrarynumberof time
slicesin aDBN.

In fact,asdiscussedin Section3.4, theonly conclusion
we canmake abouta structureX ! Y ! Z is that the Z
is independentof X given the full trajectory of Y. As a
consequence,wecanfully reconstructthedistributionover
trajectoriesof Z, ignoring X, if we aregiven the full dis-
tribution over trajectoriesfor Y. Of course,a full distri-
bution over continuoustime processesis a fairly complex
structure. Onemight hopethat we canrepresentit com-
pactly, e.g.,usingan intensitymatrix. Unfortunately, even
whenthe distribution over the joint X;Y processis a ho-
mogeneousMarkov process,its projectionoverY is not a
homogeneousMarkov process.

A secondpotentialavenueis thefairly naturalconjecture
thatwedonotalwaysneedthefull distributionover trajec-
tories. Perhaps,if our goal is only to answercertaintypes
of queries,we canmake do with somesummaryover Y.
Most obviously, supposewe want to computethe station-
ary distribution overZ. It seemsreasonableto assumethat
Z'sstationarybehavior mightdependonlyonthestationary
behavior of Y. After all, thetransitionsfor Z aregoverned
by two matricesQZjy1

andQZjy2
. As long aswe know the

stationarydistributionfor Y, weknow whichfractionof the
time Z useseachof its transitionmatrices.So,we should
be able to computethe stationarydistribution for Z from
this information. Unfortunately, this assumptionturnsout
to beunfounded.

Example4.1 Considerthefollowing intensitymatrices.

QY =
�

� 1 1
2 � 2

�
QY0 =

�
� 10 10

20 � 20

�

QZjy1
=

�
� 3 3
15 � 15

�
QZjy2

=
�

� 5 5
4 � 4

�

Note that Y and Y0 both have the samestationary dis-
tribution,

�
:667 :333

�
. If we look at the CTBN with

the graph Y ! Z we get a stationarydistribution for Z
of

�
:7150 :2850

�
. But, if we look at the CTBN with

graph Y0 ! Z, we get a stationarydistribution for Z of�
:7418 :2582

�
.

Thus,eventhestationarybehavior of Z dependson the
speci�c trajectoryof Y andnot merelythefractionof time



it spendsin eachof its states.We cangainintuition for this
phenomenonby thinking aboutthe intensitymatrix asan
in�nitesimal transitionmatrix. To determinethe behavior
of Z, wecanimaginethatfor eachin�nitesimal momentof
time we multiply it to get to the next time instance.1 At
eachinstance,we checkthe valueof Y andselectwhich
matrix we multiply for that instant.Theargumentthatwe
canrestrictattentionto thestationarydistribution of Y im-
plicitly assumesthatwecareonly about“how many” times
we useeachmatrix. Unfortunately, matrix multiplication
doesnot commute. If we arerapidly switchingbackand
forth betweendifferentvaluesof Y wegetadifferentprod-
uct at the endthanif we switch betweenthe valuesmore
slowly. Theproductis differentbecausetheorderin which
we multipliedwasdifferent— evenif thenumberof times
we usedonematrix or theotherweresamein bothcases.

5 Approximate Inference

As we saw in the previous section, exact inferencein
CTBNs is probably intractable. In this section,we de-
scribe an approximateinferencetechniquebasedon the
clique treeinferencealgorithm. Essentially, themessages
passedbetweencliques are distributions over entire tra-
jectories,representedashomogeneousMarkov processes.
Thesemessagesarenot the correctdistributions,but they
oftenprovideausefulapproximation.

For example,consideragainour chainX ! Y ! Z. As
we mentioned,to reasonaboutX, we needto passto Z the
entiredistribution overY's trajectories.Unfortunately, the
projectionof the entire processonto Y is not a homoge-
neousMarkov process.However, we canbuild a process
overX;Y, andapproximatethedistributionoverY's trajec-
toriesasa homogeneousMarkov process.

5.1 The Clique TreeAlgorithm

Roughlyspeaking,thebasicclique treecalibrationstepis
almostidenticalto thepropagationusedin theShaferand
Shenoy (1990)algorithm,exceptthatweuseamalgamation
asa substitutefor productsandapproximatemarginaliza-
tion asasubstitutefor standardmarginalization.

Initialization of the Clique TreeWe begin by construct-
ing the clique treefor the graphG. This procedureis the
sameaswith ordinaryBayesiannetworks except that we
mustdealwith cycles. We simply connectall parentsof a
nodewith undirectededges,andthenmake all theremain-
ing edgesundirected. If we have a cycle, it simply turns
into a loop in theresultingundirectedgraph.

As usual,we associateeachvariablewith a clique that
containsit andall of its parents,andassignits CIM to that
clique. Let Ai � Ci be thesetof variablesassociatedwith
cliqueCi . LetNi bethesetof neighboringcliquesfor Ci and
let Si j bethesetof variablesin Ci \ C j . We alsocompute,
for eachcliqueCi , the initial distribution Pi(Ci). We can

1Theproductintegralcanbeusedto makethisargumentmath-
ematicallyprecise(Gill & Johansen,1990).

implementthis operationusingstandardBN inferenceon
the network B. Finally, we calculatethe initial intensity
potential fi for Ci as:

fi = Õ
X2Ai

QXjPar(X)

whereournotionof productis amalgamation.

MessagePassing The messagepassingprocessis used
purely for initial calibration. Its basicgoal is to compute,
in eachclique i, an approximateprobability distribution
over the trajectoriesof the variablesCi . This approxima-
tion is simply a homogeneousMarkov process,andis rep-
resentedasan initial distribution (computedin the initial-
izationstep)anda joint intensitymatrixoverCi , computed
in the calibrationstep(describedbelow). At this point in
thealgorithm,noevidenceis introduced.

To perform the calibration, cliques sendmessagesto
eachother. A cliqueCi is readyto sendmessageµi! j to
cliqueC j whenit hasreceivedmessagesµk! i from all the
neighboringcliquesk 2 Ni exceptpossiblyj. At thatpoint,
we computeand sendthe messageby amalgamatingthe
local intensitypotentialwith theothermessagesandelimi-
natingall variablesexceptthosesharedwith C j . More for-
mally:

µi! j = margPi
(Ci � Si j )

 

fi �

 

Õ
k2Ni ;k6= j

µk! i

!!

;

wheremargP
Y(QSjC) denotestheoperationof takinga CIM

QSjC andeliminatingthevariablesin Y. As we discussed,
we cannotcomputean exact representationof a Markov
processafter eliminating some subsetof the variables.
Therefore,wewill useanapproximatemarginalizationop-
eration,whichwedescribebelow.

Onceclique Ci has received all of its incoming mes-
sages,we cancomputea local intensitymatrix as

QCi = fi � Õ
k2Ni

µ j ! i

Answering queries After the calibration process,each
cliquei hasa joint intensitymatrixover thevariablesin Ci ,
which,togetherwith theinitial distribution,de�ne ahomo-
geneousMarkov process.We can thereforecomputethe
approximatebehavior of any of thevariablesin theclique,
andanswerany of the typesof queriesdescribedin Sec-
tion 4.1,for variableswithin thesameclique.

Incorporatingevidenceis slightly moresubtle.Assume
that we want to introduceevidenceover somevariableX
at time te. We canreasonover eachMarkov processsepa-
rately to computea standardjoint distribution Pte(Ci) over
eachclique Ci at the time point te. However, as our ap-
proximationis different in differentcliques,the distribu-
tionsoverdifferentcliqueswill notbecalibrated:Thesame
variableat differentcliqueswill typically have a different
marginaldistribution. In orderto calibratethecliquetreeto



de�ne a singlecoherentjoint distribution, we mustdecide
on a rootCr for thetree,anddo a standarddownwardpass
from Cr to calibrateall of the cliquesto Cr . Oncethat is
done,we have a coherentjoint distribution, into which we
caninsertevidence,andwhichwecanqueryfor theproba-
bility of any variableof interest.

If we havea sequenceof observationsat timest1; : : : ;tn,
we usetheprocessdescribedaboveto propagatethedistri-
butionto timet1, weconditionontheevidence,andthenwe
usethenew cliquedistributionsat time t1 asinitial distri-
butionsfrom which we propagateto t2. This processis re-
peateduntil wehavepropagatedto timetn andincorporated
the evidence,after which we arereadyto answerqueries
thatreferto time(s)afterthelastevidencepoint.

For evidenceafter thequerytime, we propagatetheev-
idencefrom the�nal evidencepoint backward,iteratingto
thequerytime,constructingtheprobabilityof thelaterev-
idencegiven the query. Multiplying this by the forward
propagationfrom thepreviousparagraphyieldstheproba-
bility of thequeryconditionedonall of theevidence.

5.2 Mar ginalization

The core of our algorithm is an “approximatemarginal-
ization” operationon intensitymatriceswhich removesa
variable(X in our example)from an intensitymatrix and
approximatestheresultingdistribution over theothervari-
ablesusinga simplerintensitymatrix. More formally, the
marginalizationoperationtakesa CIM QSjC, a setof vari-
ablesY � S, and an initial distribution P over the vari-
ablesof S. It returnsa reducedCIM of the form QS0jC =
margP

Y(QSjC), whereS0= S� Y.

5.2.1 The Linearization Method

Ideally, the transition probabilities derived from the
marginalized matrix QS0jC would be equal to the actual
transition probabilities derived from the original matrix
QSjC. Let s0� y be the full instantiationto S of s0 to S0

and y to Y. Considerthe transitionfrom s1 = s0
1 � y1 to

s2 = s0
2 � y2 over an interval of lengthDt. We would like

ourmarginalizedprocessto obey

P(s0
2js0

1;c) = å
y1;y2

P(s0
2 � y1js0

1 � y2;c)P(y1js0
1;c)

for all Dt, s1, s2, andc. As discussedabove,thisis generally
notpossible.

Our linearizationapproachis basedon two approxima-
tions. First, we assumethat thevalueof thevariablesin Y
donot changeover time,sothatwe canusethevaluesof y
at thebeginningof theinterval:

P(s0
2js0

1;c) � å
y

P(s0
2 � yjs0

1 � y;c)P0(yjs0
1;c) ;

whereP0 is thedistributionat thebeginningof theinterval.
Second,we usea linearapproximationto thematrix ex-

ponential:
exp(QDt) � I + QDt :

Theresultingapproximationis

QS0jC(s0
1 ! s0

2 j c)

� å
y

QSjC(s0
1 � y ! s0

2 � y j c)P0(y j s0
1;c)

We call this expressionthe linear approximation of the
marginal.

Example5.1 ConsidertheCIMsfromExample4.1;amal-
gamatedinto a singlesystem,weget:

QYZ =

2

4
� 4 1 3 0

2 � 7 0 5
15 0 � 16 1
0 4 2 � 6

3

5 :

If P0
Y =

�
:3 :7

�
, P0

Zjy1
=

�
:7 :3

�
, and P0

Zjy2
=

�
:3 :7

�
, thenthelinear approximationis

margP0

Y (QYZ) =
�

� 4 4
5:6101 � 5:6101

�
:

5.2.2 The SubsystemMethod

Unfortunately, unlesswe plan to do our inferencewith a
signi�cant amountof time slicing, theassumptionsunder-
lying the above methoddo not hold. In particular, if we
wantour approximationto work betterover a longertime
interval, we needto accountfor the fact that thevariables
we areeliminatingcanchangeover time. To do this, we
will sacri�ce someaccuracy over short time intervals —
whichcanbeseenin Section6.

To compute the subsystem approximation of the
marginal,we �rst considereachassignmentof valuess0 to
S0. We take all statess that areconsistentwith s0 (which
correspondto thedifferentassignmentsto Y), andcollapse
theminto a singlestate(or row of theintensitymatrix). To
understandtheapproximation,we recall thatour approxi-
mateintensitymatrixQ canbewrittenasM(PE � I ) where
M is thematrix describingthedistribution over how much
time we spendin a particularstateandPE is thetransition
matrix for theembeddedMarkov chain,which determines
thedistribution over thevalueto which we transition. We
approximatethesetwo distributionsfor eachsubsystemand
thenform thenew reducedmatrixby multiplying.

Our reducedsubsystemcorrespondingto X0 hasonly a
singlestate,so its entry in the reducedholding matrix M
will beonly a singleparametervaluecorrespondingto the
momentaryprobabilityof simplystayingin thesamestate.
In ouroriginal intensitymatrix,thisparametercorresponds
to theprobabilityof stayingwithin thesubsystem.Ourap-
proximationchoosesthis parameterso as to preserve the
expectedtime thatwe staywithin thesubsystem.

ThetransitionmatrixPE representsthetransitionmatrix
for the chain. Again, asour collapsedsystemhasonly a
singlestate,weareonly concernedwith parameterizingthe
intensitiesof transitioningfrom thenew stateto statesout-
sidethesubsystem.Theseprobabilitiesarepreciselythose
thatcharacterizetheexit distribution from thesubsystem.



Beforeproviding theexact formulasfor thesetwo com-
putations,we recall that both the holding time for a sub-
systemandits exit distribution dependon the distribution
with whichwe enterthesubsystem.Over time,we canen-
ter thesubsystemmultiple times,andtheentrancedistribu-
tion differseachtime. For theapproximation,however, we
mustpick a singleentrancedistribution. Thereareseveral
choicesthat we canconsiderfor an approximateentrance
distribution. Onesimplechoiceis to take the initial distri-
bution andusethe portion which correspondsto beingin
thesubsystemat the initial time point. We couldalsouse
theappropriateportionof thedistributionata latertime,t � .

Givenanentrancedistribution P0, we cannow compute
boththeholdingtime andtheexit distribution. Recallthat
thedistributionfunctionovertheholdingtimewithin asub-
systemis givenby:

F(t) = 1� P0exp(USt)e

In orderto preservetheexpectedholdingtime,wemustset
ourholdingintensityvalueto be:

P0(� US)� 1e:

Theapproximationfor thePE matrix is asinglerow vector
correspondingto theexit distribution from thesubsystem,
usingP0 asourentrancedistribution.

Example5.2 Consider again the system from Exam-
ple5.1.Thesubsystemapproximationfor t � = 0 is

margP0

Y (QYZ) =
�

� 3:7143 3:7143
5:7698 � 5:7698

�
:

1=3:7143= 0:2692is theexpectedholdingtimein thesub-
system

US =
�

� 4 1
2 � 7

�
;

which corresponds to Z = z1. In particular,
P0

Yjz1
(� US)� 1e = 0:2692 where we have calculated

P0
Yjz1

=
�

:5 :5
�
.

6 Experimental Results

For our experiments,we usedthe example network de-
scribedin Figure1. We implementedbothexact inference
andourapproximationalgorithmandcomparedtheresults.
In ourscenarioat t = 0, thepersonmodelledby thesystem
experiencesjoint pain due to falling barometricpressure
andtakesthedrugto alleviatethepain,is noteating,hasan
emptystomach,is nothungry, andis notdrowsy. Thedrug
is uptakingandthecurrentconcentrationis 0.

Weconsidertwo scenarios.For both,Figure2 showsthe
resultingdistribution over joint pain asa function of time
andthe KL-divergencebetweenthe true joint distribution
and the estimatedjoint distribution. In the �rst scenario
(top row of plots),no evidenceis observed. In thesecond
scenario(bottomrow of plots),weobserveat t = 1 thatthe
personis nothungryandat t = 3, thatheis drowsy.

In both cases, (a) comparesthe exact distribution
with theapproximatedistribution for bothmarginalization
methods(linearandsubsystem)anddiffering valuesof t �

for thesubsystemapproximation.In bothcases,we useda
singleapproximationfor theentiretrajectorybetweenevi-
dencepoints. By contrast,(b) comparesthesameapprox-
imations when the dynamicsare repeatedlyrecalculated
at regular intervals by using the estimateddistribution at
theendof oneinterval asthenew entrancedistribution for
theapproximatedynamicsof thenext interval. Thegraph
shows this recomputationat both 1hr and6min intervals.
The �nal graph(c) shows the averageKL-divergencebe-
tweenthe true joint distribution andtheapproximatejoint
distributions,averagedover 60 time pointsbetweent = 0
andt = 6, asthe numberof (evenly spaced)recalculation
pointsgrowsfor bothmarginalizationmethods.

As wecanseein all of theresults,thesubsystemapprox-
imation performsbetterfor longer time segments. How-
ever, when the time-slicing becomestoo �ne, the errors
from this methodgrow. By comparison,thelinearapprox-
imationperformsverypoorlyasanapproximationfor long
intervals,but its accuracy improvesasthetime granularity
becomes�ner. Theseresultsarein accordancewith thein-
tuitions usedto build eachapproximation.The linear ap-
proximationmakes two assumptionsthat only hold over
short time intervals: eliminatedvariablesdo not change
during the interval andtheexponentiationof a matrix can
be linearly approximated.By comparison,the subsystem
approximationallowsfor multiplevariablesto changeover
theinterval of approximationbut, in doingso,givesup ac-
curacy for smalltimescales.

7 Discussion

Wehavedescribedanew modellinglanguagefor structured
stochasticprocesseswhich evolve in continuoustime. Be-
causetime is explicitly representedin the model,we can
reasonwith it directly, andevenanswerquerieswhich ask
for adistributionover time. Moreover, thecontinuoustime
model enablesus to deal with sequencesof evidenceby
propagatingthedistribution over thevaluesfrom the time
of oneobservation to thenext — evenwhentheevidence
is notevenlyspaced.

To comparethe CTBN andDBN frameworks,suppose
we start with a non-trivial CTBN. For any �nite amount
of time,probabilisticin�uence can�o w betweenany vari-
ablesconnectedby a pathin theCTBN graph.Thus,if we
want to constructan “equivalent” DBN, the 2-TBN must
befully connectedregardlessof theDt we choosefor each
time slice. We canconstructa DBN thatapproximatesthe
CTBN by picking a subsetof the connections(e.g. those
which have thestrongestin�uence). Yet, we still have the
standardproblemof exponentialblowup in performingin-
ferenceover time. Sowewouldbeled to performapproxi-
mateDBN inferencein an approximateDBN. While this
could form the basisof an approximationalgorithm for
CTBNs, we choseto work directly with continuoustime,
makingadirectapproximation.
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Figure 2: For the caseof no evidence(top) and evidence(bottom): (a) The distribution for joint pain for exact and
approximateinferencewithout recalculation,(b) Thedistribution for joint pain for exactandapproximateinferencewith
recalculationof the dynamicsevery hour andevery 6 minutes,and(c) The KL-divergencebetweenthe true distribution
andtheestimateddistributionoverall variables.

Therearestill several typesof querieswhich we cannot
yet answer. We cannotdealwith situationswheretheevi-
dencehasthe form “X stayedat the valuex for theentire
periodbetweent1 andt2.” Nor canweanswerquerieswhen
weareinterestedin thedistributionoverY at thetimewhen
X �rst transitionsto x1.

There are also many other important open questions.
Theseincludea theoreticalanalysisof the computational
propertiesof thesemodelsanda moresystematictheoreti-
cal andempiricalanalysisof thenatureof our approxima-
tion algorithm,leadingperhapsto amoreinformedmethod
for choosingtheentrancedistribution for themarginaliza-
tion operation.As an alternative approach,the generative
semanticsfor CTBNsprovidesabasisfor astochasticsam-
pling basedmethodto approximate,which we would like
to extendto situationswith evidenceusingtechniquessuch
as importancesamplingor MCMC. Even more globally,
we would like to pursueparameterlearningandstructure
learningof CTBNsfrom data.
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