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Abstract

In this papemwe presentillanguagdor nite statecon-
tinuoustime Bayesiametworks (CTBNs), which de-
scribestructuredstochastigrocessethatevolve over
continuoustime. The stateof the systemis decom-
posednto asetof localvariablesvhosevalueschange
over time. The dynamicsof the systemaredescribed
by specifyingthe behaior of eachlocal variableasa
function of its parentsin a directed(possiblycyclic)
graph.Themodelspeci es,atary givenpointin time,
thedistribution overtwo aspectswhenalocalvariable
changesdts value and the next valueit takes. These
distributions are determinecby the variables current
valueandthecurrentvaluesof its parentsn thegraph.
More formally, eachvariableis modelledasa nite
statecontinuoustime Markov processwhosetransi-
tion intensitiesarefunctionsof its parents We present
a probabilisticsemanticdor the languagen termsof
the generatie modela CTBN de nes over sequences
of events. We list typesof queriesonemight askof a
CTBN, discusgheconceptuahindcomputationatlif -
cultiesassociateavith exactinferenceandprovide an
algorithmfor approximateinferencewhich takes ad-
vantageof the structurewithin the process.

1 Intr oduction

Considera medicalsituationwhereyou have administered
adrugto a patientandwish to know how long it will take
for thedrugto take effect. Theanswelto this questionwill
likely dependon variousfactors,suchashow recentlythe
patienthaseaten.We wantto modelthe temporalprocess
for the effect of the drugandhow its dynamicsdependon
theseother factors. As anotherexample,we might want
to predictthe amountof time thata personremainsunem-
ployed,which candependon the stateof the economyon
theirown nancial situation,andmore.

Althoughthesequestiongouchon a wide variety of is-
sues,they areall questionsaboutdistributions over time.
Standardvaysof approachinguchquestions— eventhis-
tory analysis(Blossfeldet al., 1988; Blossfeld& Rohwer
1995; Andersonet al., 1993)andMarkov processmodels
(Duf e etal.,1996;Lando,1998)— work well, but do not
allow the speci cation of modelswith a large structured
statespacewvheresomevariablesdo notdirectly depencon
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others. For example,the distribution over how fasta drug
takes effect might be mediatedby how fastit reacheghe
bloodstreanwhich may itself be affectedby how recently
thepersorhaseaten.

Bayesiametworks(Pearl,1988)areastandardpproach
for modelling structureddomains. With sucha represen-
tation we can be explicit aboutthe direct dependencies
which are presentand usethe independencieto our ad-
vantagecomputationallyHowever, Bayesiametworksare
designedto reasonaboutstatic processesand cannotbe
useddirectly to answerthe typesof questionghatconcern
ushere.

Dynamic Bayesian networks (DBNs) (Dean &
Kanazava, 1989) are the standardextensionof Bayesian
networks to temporalprocessesDBNs modela dynamic
systemby discretizingtime andproviding a Bayesiamet-
work fragmentthat representghe probabilistictransition
of the stateattimet to the stateattimet + 1. Thus,DBNs
representhe stateof the systemat differentpointsin time,
but do not representime explicitly. As a consequencet
is very dif cult to querya DBN for a distribution over the
time at which a particular event takes place. Moreover,
since DBNs slice time into x ed increments,one must
always propagatethe joint distribution over the variables
atthe samerate. This requiremenhasseveral limitations.
First,if our systems composeaf processethatevolve at
differenttime granularities,we mustrepresenthe entire
systemat the nest possiblegranularity Second,if we
obtain obsenationswhich are irregularly spacedn time,
we muststill representheinterveningtime slicesatwhich
no evidenceis obtained.

Hankset al. (1995) presentanotherdiscretetime ap-
proachto temporalreasoningelatedto DBNs which they
extend with a rule-basedformalism to model endoge-
nouschangeso variableswhich occurbetweerexogenous
events. They alsoincludean extensie discussiorof vari-
ousapproacheprobabilistictemporalreasoning.

We providethealternatve framavork of continuougime
Bayesiannetworks This frameawork explicitly represents
temporaldynamicsandallows usto querythe network for
thedistribution over thetime whenparticulareventsof in-
terestoccur Givensequencesf obsenationsspacedrreg-



ularly throughtime, we canpropagatéhejoint distribution
from obsenation to obsenation. Our approachis based
on the frameawork of homaeneoudarkov processesbut
utilizesideasfrom Bayesiametworksto provide a graphi-
calrepresentatiotanguagédor thesesystemsEndogenous
changesare modelledby the statetransitionsof the pro-
cess.Thegraphicalrepresentatioallows compactmodels
for processemvolving alargenumberof co-evolving vari-
ables, and an effective approximateinferenceprocedure
similarto cliquetreepropagation.

2 ContinuousTime

We beggin with thenecessarpackgroundnmodellingwith
continuougime.

2.1 HomogeneoudMark ov Processes

Ourapproachs basedntheframavork of nite statecon-
tinuoustime Markov processesSuchprocessearegener
ally de ned asmatricesof transitionintensitieswherethe
(i; j) entry givesthe intensity of transitioningfrom state
i to statej andthe entriesalongthe main diagonalmake
eachrow sumto zero. Speci cally, our frameavork will be
basedon homaeneoudvarkov processes— onein which
thetransitionintensitiesdo not dependntime.

Let X bealocal variable,onewhosestatechangegon-
tinuously over time. Let the domainof X be Val(X) =

cessX(t) viaits intensitymatrix:

o dip in
o _E S P z _
X = . . . ’
du e I

whereq{‘ = &6 0 Intuitively, t_heintensityq? givesthe
“instantaneouprobability' of leaving statex; andtheinten-
sity qixj givesthe “instantaneougrobability' of transition-
ing from x; to xj. More formally, asDt! 0,

PrfX(t+ D) = xjj X(t) = xig  qjDt;fori 6 j
PrfX(t+ D)= xjX(t)=xg 1 gDt

Giventhe Qx matrix we candescribethetransientbehar-
ior of X(t) asfollows. If X(0) = x; thenit staysin state
X for anamountof time exponentiallydistributedwith pa-
rameterg®. Thus, the probability densityfunction f and
correspondingdlistribution function F for X(t) remaining
equalto x; aregivenby

f(t)= gexp( q1); t O
F)=1 exp( gft); t O:

The expectedtime of transitioningis 1=g. Upon transi-
tioning, X shiftsto statex; with probability gf;=gj.

Example 2.1 Assumehat we wantto modelthe behavior
of thebarometricpressue B(t) discretizedinto threestates

(by = falling, b, = steadyandbs = rising), wecouldwrite
theintensitymatrix as

2 3
21 2 01
Qg=4 05 1 :055:
01 2 21

If we view units for time as hours, this meansthat if the
pressue is falling, we expectthat it will stopfalling in a
little lessthan’5 hours (1=:21 hours). It will thentransition
to beingsteadywith probability :2=:21 andto falling with
probability :01=:21.

We canconsiderthe transitionsmadebetweertwo con-
secutve different states,ignoring the time spentat each
state. Speci cally, we cande ne the embeddedviarkov
chainE whichis formedby ignoringtheamountof time X
spendsn its statesandnoting only the sequencef transi-
tionsit makesfrom stateto state.We canwrite outthen n
transitionprobability matrix Pg for this chain, by putting
zerosalongthe maindiagonalandgi| =g in the(i; j) entry.
We canalso considerthe distribution over the amountof
time X spendsn a statebeforeleaving again,ignoringthe
particulartransitionsX makes. We canwrite outthen n
statedurationmatrix M (which is often calledthe comple-
tion rate matrix or holding rate matrix), by putting the q;
valuesalongthe maindiagonalandzeroseverywhereelse.
It is easyto seethatwe candescribethe original intensity
matrix in termsof thesetwo matrices:

Q=M(Pe I):
Example 2.2 For our barometricpressue processB,
2 302 3 1
21 0 0 2 2—1%
Qg=4 0 1 05@4% 0 3° IA
. 20 1
0 0 :21 5 O

2.2 Subsystems

It is oftenusefulto considersubsystemsf a Markov pro-
cess A subsystemS, describeshebehaior of theprocess
overasubsetf thefull statespace—i.e.,Val(S§) Val(X).
In suchcasesve canform the intensitymatrix of the sub-
systemUs, by usingonly thoseentriesfrom Qx thatcor-
respondo statedn S.

Example 2.3 If we want the subsystenof the barometric
pressue process,B, correspondingto the pressue being
steadyor rising (S= f by; bsg), weget

1 :05
Us= 2 =
Note that, for a subsystemthe sumsof entriesalonga
row arenot,in generalzeros.Thisis because subsystem
is notaclosedsystem— i.e, from eachstate therecanbea
positive probability of enteringstatesnotin Sandthusnot
representeth thetransitionmatrix for the subsystem.



Oncewe have formeda subsystens of X, we canalso
talk aboutthe complemensubsysten®, whichis a subsys-
temovertheotherstates— i.e., Val(S) = Val(X) \al(9).
In general whenexaminingthe behaior of a subsystem,
we considetthe entranceandexit distributionsfor the sub-
system.An entrancedistribution is a distribution over the
statesof S, wherethe probability of a states is the prob-
ability thats is the stateto which we rst transitionwhen
enteringthe subsystents. An exit distribution describes
the rst statenotin Val(S) to which we transitionwhenwe
leave thesubsystem.

2.3 Queriesover Mark ov processes

If we have an intensity matrix, Qx, for a homogeneous
Markov processX(t) and an initial distribution over the
valueof X attime O, Pg)(, thereare mary questionsabout
theprocessvhichwe cananswer

The conditionaldistribution over the valueof X attime
t giventhevalueatanearliertimesis

PrEX() ] X(s)g = exp(Qx(t

Thus,thedistribution overthevalueof X(t) is givenby

9);fors<t:

Px(t) = P% exp(Qxt) :

Ast grows, Px(t) approachethe stationarydistribution p
for X which canbe computedby an eigervalue analysis.
Additionally, we canform the joint distribution over ary
two time pointsusingthe above two formulas:

Px(sit) = Px(s)exp(Qx(t 9)):

Supposewe are interestedn somesubsystens of X.
Givenan entrancelistribution P into S, we cancalculate
the distribution over the amountof time that we remain
within the subsystem.This distribution functionis called
aphasedistribution (Neuts1975;1981),andis givenby

F(t)=1 Plexp(Ust)e:

whereUs is (asabove) the subsystenintensitymatrix and
eis theunit vector Theexpectedime to remainwithin the
subsystenis givenby P°( Usg) le.

Example 2.4 In our barometric pressue example if we
havea uniform entrancedistribution for the subsystenn
Example2.3, thenthe distribution in time over whenthe
pressue beginsto fall is givenby

- i :05

5 5 exp 2 21 t e

1 1:04760:960) + 0:047§0:7641) :

F(ty=1

Finally, given an entrancedistribution, Pg, to a subsys-
tem S of X, we can calculatethe exit distribution. To do
s0,we constructa new processX®by settingall intensities
to zerowithin rows correspondingdo statesnotin S. This
transformationin effect, makesevery statewhichis notin

thesubsystenanabsorbingstate.(Oncethe systemhasen-
teredan absorbingstate,it cannever leave that state.) If
we useour entrancalistribution over the statesof Sfor our
initial distribution to X° (settingthe probability of starting
in otherstatego zero),we canseethatthe exit distribution
is givenby thestationarydistribution of X°. Thisis because
the only way thatwe canenterthe newly constructedab-
sorbingstatesis by leaving S and so the probability with
which we end up in an absorbingstateis the probability
thatwe enteredhatstateby exiting the subsystem.

3 Continuous Time BayesianNets

Our goalin this paperis to modelMarkov processesver
systemswhosemomentarystateis de ned as an assign-
mentto some(possiblylarge) setof variablesX. In prin-
ciple, we cansimply explicitly enumeratehe statespace
Val(X), andwrite down the intensity matrix which spec-
i es the transitionintensity betweenevery pair of these
states.However, asin Bayesiannetworks, the size of the
statespacegrows exponentiallywith the numberof vari-
ables,renderingthis type of representatiorinfeasiblefor
all butthesmallestspaces.

In this sectionwe provide amorecompacfactoredrep-
resentatiorof Markov processesWe de ne a continuous
time Bayesiametwork— a graphicalmodelwhosenodes
arevariableswhosestateevolves continuouslyover time,
and wherethe evolution of eachvariabledependson the
stateof its parentdn thegraph.

3.1 Conditional Mark ov Processes

In orderto composeMarkov processem alargernetwork,
we needto introducethe notion of a conditional Markov
process This is a type of inhomogeneouMarkov process
wherethe intensitiesvary with time, but not as a direct
function of time. Rather the intensitiesare a function of
the currentvaluesof a setof othervariables,which also
evolve asMarkov processesWe notethata similar model
wasusedby Lando(1998), but the conditioningvariables
werenot viewed asMarkov processesior werethey built
into ary largerstructurednodel,asin our framework.

Let Y be a variable whose domain is Val(Y) =

cessY(t) whosedynamicsare conditionedon a setV of
variables,eachof which also can also evolve over time.
Thenwe have a conditionalintensitymatrix (CIM) which
canbewritten

3
B m(V)

m
V) z _
(V) (V) an(V)
Equivalently, we canview a CIM assetof intensitymatri-
ces,onefor eachinstantiatiorof valuesv to thevariables/.
The setof variablesv arecalledthe parentsof Y, andde-

notedPar(Y). Notethat,if the parentsetPar(Y) is empty
thenthe CIM is simply a standardntensitymatrix.

B(V) V)
_§ a(V)  ay(V)
Yivo : :



Figurel: Drug effect network

Example 3.1 Consider a variable E(t) which models
whetheror not a personis eating (e; = noteating e =

eating andis conditionalon a variable H(t) which mod-
els whetheror not a personis hungry (h1 = nothungry

h, = hungry). Thenwe canspecifythe CIM for E(t) as

01 01 2 2
Qgjh, = 10 10 QERT 01 01

Giventhis model,we expecta personwho is hungryand
not eatingto begin eatingin half an hour (1=2 hour). We
expecta personwho is not hungry and is eatingto stop
eatingin 6 minuteg(1=10 hour).

3.2 The CTBN Model

Conditionalintensity matricesprovide us a way of mod-
elling thelocal dependencef onevariableon a setof oth-
ers.By puttingthesdocalmodelstogetheywe cande ne a
singlejoint structuredmodel. As is the casewith dynamic
Bayesiametworks,therearetwo centralcomponentso de-
ne: theinitial distribution andthe dynamicswith which
the systemevolvesthroughtime.

Eadc X; hasa nite domainofvaluesval(X;). A continuous
time Bayesianmnetwork N over X consistsof two compo-
nents: The r stis aninitial distribution P}, speci edasa
BayesiannetworkB over X. Thesecondis a continuous
transitionmodel| speci edas

A directed(possiblycyclic) graph G whosenodesare

A conditional intensity matrix, Qx;par(x), for ead
variableX; 2 X. 11

Unlike traditional Bayesiannetworks, thereis no prob-
lemwith cyclesin thegraphG. An arcX! Y inthegraph
impliesthatthedynamicsof Y's evolutionin time depends
onthevalueof X. Thereis noreasonvhy the dynamicsof
X'sevolutioncannotsimultaneouslylependnthevalueof
Y. This dependengis analogouso a DBN modelwhere
wehavearcsX'! Y@ landy!! Xt*1

Example 3.3 Figure 1 showsthe graph structue for a
CTBNmodellingour drug effectexample Thele are nodes

for the uptale of the drug and for the resultingconcenta-
tion of the drug in the bloodsteam. The concentation is
affectedbythehowfull thepatient'sstomadis. Thedrugis
supposedo alleviate joint pain, which maybe aggravated
by falling pressue. Thedrug mayalso causedrowsiness.
Themodelcontainsa cycle indicatingthat whethera per
sonis hungrydependsn howfull their stomad is, which
depend®nwhetheror notthey are eating

3.3 Amalgamation

In orderto de ne thesemantic®f a CTBN, we mustshav
how to view the entire systemasa single process.To do
this,weintroducea“multiplication” operatiorcalledamal-
gamationon CIMs. This operationcombinegwo CIMs to
produceasingle,larger CIM.

Amalgamationtakestwo conditionalintensity matrices
Qsyjc, and Qs,jc, and forms from them a new product
CIM, Qgc = Qsjjc; Qsjjc, whereS= § [ & andC =
(C1[ C2) S Thenew CIM containgheintensitiesfor the
variablesin S conditionedon thoseof C. A basicassump-
tion is that, astime is continuousyariablescannottransi-
tion atthesameinstant. Thus,all intensitiescorresponding
to two simultaneoushangesrezero.If thechangingvari-
ableisin S;, we canlook up the correctintensityfrom the
factorQgjc,. Similarly, if it is in S, we canlook up the
intensityfrom thefactorQg,jc,. Intensitiesalongthe main
diagonalarecomputedat the endto make the rows sumto
zerofor eachinstantiatiorto C.

Example 3.4 Assumavehavea CTBNwith graphW  Z
andCIMs

1 1 3 3

QWjZl = 2 2 QWsz = 4 4
- 5 5 _ 7 7
QZle - 6 6 QZjW2 - 8 8

Let us considerthe joint transition intensity of thesetwo

processes. As discussed,intensities sud as between
(z1;w1) and (z2;wy) are zeo. Now considera transition
from(z1; wi) to (z1;we). In this case wesimplyusetheap-

propriatetransitionintensityfromthe matrix Qu, , i.€., 1.

Assuminghat the statesin the joint spaceare ordered as

(z1;W1); (z1; W2); (Z2;W1); (22; W2), this would be the value
of therow 1, column2 entry of the joint intensitymatrix.

Asanotherexample thevalueof therow 4, column2 entry

would be taken from Qgz,,. Theentrieson the diagonal

are determinedat the end,so as to male ead row sumto

0. Thejoint intensitymatrix is, therefore,

2

3
Qwz = Qujz Qzw=*4 S5

OO NO
WO Vr
A OOOI
NW~NO

1

To provide a formal de nition, we needto introduce
somenotation.Let Qgc(s ! sjj &) betheintensityspec-
i ed in Qgc for thevariablesn Schangingrom states; to
states; conditionedon the variablesof C having valuecy.



We denotethe setof variableswhosevaluesare different
betweenthe instantiationss; ands; asd(i; j). We de ne

9S] to bethe projectionof the instantiations ontothe set

of variablesS . Finally, we use(s;ck) to denotethe joint
instantiationover S;C consistentvith s;; ck.

Qs;c(Sé Sjj )
Qsjc,(s[S]! sj[Sili (s5e)Cal)
% if jd(i; j)j = Landd(i;j) S
Qsic,(s[S]! sj[S] (s;clCal)
if jd(i; j)j = Landd(i;j) S
% Zjk ifi=j
"0 otherwise

wherezj, = 86iQgc(s! Sjjc)-
3.4 Semantics

Formally, let (W.F ;P) be our probability space,where
the spaceW consistsof a setof in nite trajectoriesover
t = [0;¥), andF is anappropriates-algebra. (SeeGih-
manandSkorohod(1971)for aformal de nition.)

We de ne the semanticof a CTBN asa single homo-
geneoudMarkov processover the joint statespace,using
theamalgamatiomperation.In particular the CTBN N is
afactoredrepresentationf thehomogeneouslarkov pro-
cesddescribedy thejoint intensitymatrix de ned as

Qn = O Qxjparx) -

X2X

Fromthe de nition of amalgamationye seethe statesof
thejoint intensitymatrix arefull instantiationgo all of the
variablesX of N . Moreover, asinglevariableX 2 X tran-
sitionsfrom x; to x;j with intensityq{‘]—(Par(X)).

An alternatve view of CTBNSs is via a generatie se-
mantics. A CTBN can be seenas de ning a generatie
modelover sequencesf events wherean eventis a pair
X x;;Ti, which denotesa transitionof the variable X
to thevaluex; attime T. GivenaCTBN N, we cande ne
thegeneratie modelasfollows.

We initialize s to be an emptyeventsequenceWe de-
ne atemporaryeventlist E, which containspairsof state
transitionsandintensities;thelist E is a datastructurefor
candidateevents,which is usedto computethe next event
in theeventsequenceWe alsomaintainthe currenttime T
andthe currentstateof the systemx(T). Initially, we have
T = 0, andthe systemstatex(0) is initialized by sampling
atrandomfrom the Bayesiametwork B which denoteghe
initial statedistribution P%.

We thenrepeathefollowing stepswhereeachstepse-
lectsthe next eventto occurin the systemwith theappro-
priatedistribution.

For eachvariableX thatdoesnot have aneventin E:
Letx = x(t)[X]
Choosehetransitionx; ! x;j accordingio the
probabilitiesqy;(Par(X)) =gi(Par(X))
AddhX  xj;q(Par(X))i to E

Let ge bethesumof all theq valuesfor eventsin E

Choosehenext eventhX  x;; i from E with
probability g*=gge

Chooseéhetimetg for thenext transitionfrom an
exponentialdistribution with parameteqe.

UpdateT T+ teandX X

AddhX  xj;Titos

Remae from E thetransitionfor X andfor all
variablesy for which X 2 Par(Y).

De nition 3.5 Two Markov processesare said to be
stochasticallyequivalentif they havethe samestatespace
andtransitionprobabilities(Gihman& Skorohod,1973).

Theorem 3.6 TheMarkov processdeterminecdy thegen-
erativesemanticss stodasticallyequivalento the Markov
procesgeterminecy thejoint intensitymatrix.

As in a Bayesiannetwork, the graph structurecan be
viewedin two differentyet closelyrelatedways. The rst
is asa datastructurewith which we canassociat@arame-
tersto de ne ajoint distribution. The seconds asa quali-
tative descriptiorof theindependencpropertieof thedis-
tribution. To understandhis notion, notethattherearetwo
ways to think abouta stochasticprocessX. For a x ed
timet 2 t, X canbeviewedasarandomvariableX(t). For
a x edw 2 W, we canview X asa function of time (over
t) andX(w) asatrajectory The CTBN graphspeci esa
notionof independencever entiretrajectories.

De nition 3.7 Two Markov processeX andY are inde-
pendentf, for any nite setsT;T? t, thejoint distribu-
tion overthevariablesX(t);t 2 T andthejoint distribution
over the variablesY(t9;t°2 TCare independent{Gihman
& Slorohod,1971).

De nition 3.8 We saythatY is a descendantsf X in the
(possiblycyclic) graph G if and only if there is a directed
pathin G fromX to Y. (Notethata variablecanbeits own
descendantaccoidingto this de nition.)

Theorem 3.9 If X is a local variablein a CTBNN, then
X is independenbf its non-descendant§n G) giventra-
jectoriesoverthesetof variablesin Par(X).

For example,in ourdrugeffectnetwork, thejoint painisin-
dependenof takingthedruggiventhemomenty moment
concentratiorof thedrugin thebloodstream.

4 Reasoningin CTBNs

In this sectionwe describesomeof the querieghatwe can
addressusingthis type of representationWe thendiscuss
someof the computationatlif culties thatwe encounteif
we try doingthis type of inferenceexactly.

4.1 Queriesover aCTBN

In the previous section,we showved that we canview a
CTBN asacompactrepresentatioof a joint intensityma-
trix for a homogeneouMarkov process.Thus,at leastin



principle,we canusea CTBN to answerary querythatwe
can answerusing an explicit representatiorof a Markov
process:We canform the joint intensity matrix and then
answerqueriegustaswe dofor arny homogeneousiarkov
processasdescribedibore.

For example,in the drug effect network, we cansetthe
initial distribution suchthatthe drug was administerecht
t = 0 hours, computethejoint distribution over the stateof
thesystematt = 5, andthenmaminalizeit to obtainadis-
tribution over joint painatt = 5. Additionally, becauseve
have thefull joint distribution at this pointin time, we can
calculatefor t = 5 the distribution over drowsinessgiven
thatthe concentratiorof thedrugis high.

Now, assumehatwe have a seriesof obsenations.We
cancomputethejoint distribution over the systenstatefor
ary pointin time at or after the time of the last obsena-
tion. We calculatethe new joint distribution at the time of
the rst obsenation,conditiononthe obsenation,anduse
that asthe initial distribution from which to computethe
joint distribution atthe next obsenationtime. This process
can be executedfor an entire seriesof obsenations. For
example,assumethat our patienttook the drug att = 0,
ateafteranhour (t = 1) andfelt drowsy threehoursafter
eating(t = 4). We cancomputethe distribution over joint
pain six hoursafter taking the drug (t = 6) by computing
the joint distribution at time 1, conditioningthat distribu-
tion on the obsenation of eating,andusingthatasanini-
tial distribution with which to computethe joint distribu-
tion 3 hourslater After conditioningon the obsenation
of drowsinesswe usethe resultasaninitial distribution
with which to calculatethe joint distribution 2 hoursafter
that. Thatjoint distribution canbe maminalizedto give the
distribution over joint paingiventhesequencef evidence.
Thekey is that,unlikein DBNs, we needonly do oneprop-
agationfor eachobsenationtime, evenif the obsenations
areirregularly spaced.

As notedin section2.3we cancomputethe joint distri-
bution betweerary two pointsin time. By conditioningon
evidenceatthelatertime point, we canpropagatevidence
backwardsin time. Evenmoreinterestingly we cancalcu-
latethedistribution overthe rst time avariableX takeson
aparticularvaluex: X takingthevaluexis simplyasubsys-
tem of the joint intensity matrix, andwe cancomputethe
distribution over the entrancdime into the subsystemFor
example,we could setourinitial distribution to onewhere
the patienttakesthedrugandhasjoint pain. We couldthen
directly computethedistribution overthetime atwhichthe
joint paingoesaway. Notethatthistypeof querycouldalso
be computedor thetime aftersomesequencef evidence.

4.2 Dif culties with Exact Inference

The obvious aw in our discussionabove is that our ap-
proachfor answeringhesequeriesrequiresthatwe gener
atethefull joint intensitymatrix for the systemasawhole,
whichis exponentiain thenumberof variables Thegraph-
ical structureof the CTBN immediatelysuggestghat we
performtheinferencan adecomposeday, asin Bayesian

networks. Unfortunately aswe now shaw, the problems
aresigni cantly morecomple in this setting.

Considera simplechainX ! Y ! Z. It might appear
that, at ary pointin time, Z is independenof X givenY.
Unfortunately this is not the case.Eventhoughthetransi-
tion intensityfor Z dependnly on the valueof Y atary
instancean time,assoonaswe considetemporalkvolution,
their statesbecomecorrelated.This problemis completely
analogouso theentanglemenproblemin DBNs (Boyen&
Koller, 1998),whereall variablesin the DBN typically be-
comecorrelatedover somenumberof time slices. The pri-
marydifferences that,in continuougime, eventhesmall-
esttime incrementx resultsin the samelevel of entangle-
mentaswe would gain from an arbitrary numberof time
slicesin aDBN.

In fact,asdiscussedn Section3.4,the only conclusion
we canmake abouta structureX ! Y ! ZisthattheZ
is independenbf X given the full trajectoryof Y. As a
consequencaye canfully reconstructhedistribution over
trajectoriesof Z, ignoring X, if we aregiventhe full dis-
tribution over trajectoriesfor Y. Of course,a full distri-
bution over continuougtime processess a fairly complec
structure. One might hopethat we canrepresenit com-
pactly, e.g.,usinganintensitymatrix. Unfortunately even
whenthe distribution over the joint X;Y processs a ho-
mogeneoudlarkov processits projectionoverY is nota
homogeneouMarkov process.

A secondotentialavenueis thefairly naturalconjecture
thatwe do notalwaysneedthefull distribution overtrajec-
tories. Perhapsif our goalis only to answercertaintypes
of queries,we can make do with somesummaryoverY.
Most obviously, supposave wantto computethe station-
ary distribution over Z. It seemgeasonabléo assumehat
Z'sstationanbehavior mightdependnly onthestationary
behaior of Y. After all, thetransitionsfor Z aregoverned
by two matricesQz,, andQzy,. As long aswe know the
stationarydistributionfor Y, we know whichfractionof the
time Z useseachof its transitionmatrices. So, we should
be ableto computethe stationarydistribution for Z from
this information. Unfortunately this assumptiorturnsout
to beunfounded.

Example 4.1 Considerthefollowingintensitymatrices.

11 10 10
Q=" 5 > Q=" 5 20

3 3 5 5

Qzy,= 15 15 Qzn™ 4 4

Note that Y and Y° both have the samestationary dis-

tribution, :667 :333 . If welook at the CTBN with

thegraphY ! Z we get a stationary distribution for Z

of :7150 :2850 . But, if we look at the CTBN with

graph YO! Z, we get a stationary distribution for Z of
17418 :2582 .

Thus, eventhe stationarybehaior of Z dependn the
speci c trajectoryof Y andnot merelythe fraction of time



it spendsn eachof its statesWe cangainintuition for this
phenomenomy thinking aboutthe intensity matrix asan
in nitesimal transitionmatrix. To determinethe behaior
of Z, we canimaginethatfor eachin nitesimal momentof
time we multiply it to getto the next time instance' At
eachinstance we checkthe value of Y and selectwhich
matrix we multiply for thatinstant. The agumentthatwe
canrestrictattentionto the stationarydistribution of Y im-
plicitly assumeshatwe careonly about‘how mary” times
we useeachmatrix. Unfortunately matrix multiplication
doesnot commute. If we arerapidly switchingbackand
forth betweerdifferentvaluesof Y we geta differentprod-
uct at the endthanif we switch betweenthe valuesmore
slowly. Theproductis differentbecause¢he orderin which
we multiplied wasdifferent— evenif the numberof times
we usedonematrix or the otherweresamein bothcases.

5 Approximate Inference

As we sav in the previous section, exact inferencein
CTBNs is probablyintractable. In this section,we de-
scribe an approximateinferencetechniquebasedon the
cligue treeinferencealgorithm. Essentially the messages
passedbetweencliques are distributions over entire tra-
jectories,representedshomogeneoudarkov processes.
Thesemessageare not the correctdistributions, but they
oftenprovide a usefulapproximation.

For example,consideragainour chainX ! Y! Z. As
we mentionedfo reasoraboutX, we needto passo Z the
entiredistribution over Y's trajectories.Unfortunately the
projectionof the entire processonto Y is not a homoge-
neousMarkov process.However, we canbuild a process
over X;Y, andapproximatethe distribution overY'strajec-
toriesasahomogeneoudlarkov process.

5.1 The Clique TreeAlgorithm

Roughlyspeakingthe basicclique tree calibrationstepis
almostidenticalto the propagatiorusedin the Shaferand
Sheng (1990)algorithm,exceptthatwe useamalgamation
asa substitutefor productsand approximatemaminaliza-
tion asa substitutefor standardnarginalization.

Initialization of the Clique TreeWe begin by construct-
ing the clique treefor the graphG. This procedurds the
sameaswith ordinary Bayesiannetworks exceptthat we
mustdealwith cycles. We simply connectall parentsof a
nodewith undirectededgesandthenmake all the remain-
ing edgesundirected. If we have a cycle, it simply turns
into aloopin theresultingundirectedyraph.

As usual,we associateachvariablewith a clique that
containsit andall of its parentsandassignits CIM to that
cligue. Let Ay C; bethesetof variablesassociateavith
cligueC;. LetN; bethesetof neighboringcliquesfor C; and
let Sj bethesetof variablesin Cij\ C;. We alsocompute,
for eachclique C;, the initial distribution B(C;). We can

ITheproductintegral canbeusedo malke thisagumentmath-
ematicallyprecise(Gill & Johansen1990).

implementthis operationusing standardBN inferenceon
the network B. Finally, we calculatethe initial intensity
potentialf; for C; as:

fi= O QxjPar(x)

X2A;
whereour notionof productis amalgamation.

MessagePassing The messagepassingprocessis used
purelyfor initial calibration. Its basicgoalis to compute,
in eachclique i, an approximateprobability distribution
over the trajectoriesof the variablesC;. This approxima-
tion is simply a homogeneoubarkov processandis rep-
resentechsaninitial distribution (computedn the initial-
izationstep)anda joint intensitymatrix overC;, computed
in the calibrationstep(describedbelon). At this pointin
thealgorithm,no evidenceis introduced.

To perform the calibration, cliques send messageso
eachother A cliqueC; is readyto sendmessages;  to
cliqgueC; whenit hasreceved messagepi i from all the
neighboringcliquesk 2 N; exceptpossiblyj. At thatpoint,
we computeand sendthe messageéry amalgamatinghe
localintensitypotentialwith the othermessageandelimi-
natingall variablesexceptthosesharedwith C;. More for-
mally:

I

Hir j = ma@ﬁ';i ) i O wi

k2N;K6 |
Wheremarg{?(Qsjc) denoteghe operationof takinga CIM
Qgc andeliminatingthe variablesin Y. As we discussed,
we cannotcomputean exact representatiorof a Markov
processafter eliminating some subsetof the variables.
Thereforewe will useanapproximatenaginalizationop-
eration,whichwe describebelow.

Onceclique C; hasreceved all of its incoming mes-
sageswe cancomputealocal intensitymatrix as

G ="f Ow i

k2N,

Answering queries After the calibration process,each
cliguei hasajoint intensitymatrix overthevariablesn C;,
which, togethemvith theinitial distribution,de ne ahomo-
geneoudMarkov process. We canthereforecomputethe
approximatebehaior of ary of thevariablesin theclique,
and answerary of the typesof queriesdescribedn Sec-
tion 4.1, for variableswithin the sameclique.
Incorporatingevidenceis slightly moresubtle. Assume
that we wantto introduceevidenceover somevariableX
attimet.. We canreasorover eachMarkov processepa-
ratelyto computea standardoint distribution P, (C;) over
eachclique C; at the time pointt.. However, as our ap-
proximationis differentin differentcliques, the distribu-
tionsoverdifferentcliqueswill notbecalibrated:Thesame
variableat differentcliqueswill typically have a different
mauginaldistribution. In orderto calibratethecliquetreeto



de ne a singlecoherenfoint distribution, we mustdecide
onarootC; for thetree,anddo a standardiovnwardpass
from C, to calibrateall of the cliquesto C;. Oncethatis

done,we have a coherenjoint distribution, into which we

caninsertevidence andwhichwe canqueryfor theproba-
bility of arny variableof interest.

we usetheprocesgescribedhbore to propagatehedistri-
butionto timety, we conditionontheevidence andthenwe
usethe new clique distributionsat time t; asinitial distri-
butionsfrom which we propagatdo tp. This processs re-
peateduntil we have propagatedbo timet, andincorporated
the evidence,after which we arereadyto answerqueries
thatreferto time(s)afterthelastevidencepoint.

For evidenceafterthe querytime, we propagatehe ev-
idencefrom the nal evidencepointbackward,iteratingto
the querytime, constructinghe probability of the laterev-
idencegiven the query Multiplying this by the forward
propagatiorfrom the previous paragraplyieldsthe proba-
bility of thequeryconditionedon all of theevidence.

5.2 Marginalization

The core of our algorithmis an “approximatemarginal-
ization” operationon intensity matriceswhich removesa
variable(X in our example)from an intensity matrix and
approximateshe resultingdistribution over the othervari-
ablesusinga simplerintensity matrix. More formally, the
maiginalizationoperationtakesa CIM Qgc, a setof vari-
ablesY S andaninitial distribution P over the vari-
ablesof S It returnsa reducedCIM of the form Qg =

maigy(Qgc), whereS='S Y.

5.2.1 The Linearization Method

Ideally, the transition probabilities derived from the
maminalized matrix Qgc would be equalto the actual
transition probabilities derived from the original matrix
Qgc. Lets” 'y bethe full instantiationto S of " to &
andy to Y. Considerthe transitionfrom s; = § y; to
= § y, over anintenval of lengthDt. We would like
our maiginalizedprocesgo obey

P(istic) = & P8 wiis] Y2 0)P(yaishic)
Y1:¥2
forall D, 1, 2, andc. Asdiscusse@bove,thisis generally
not possible.

Our linearizationapproachis basedon two approxima-
tions. First, we assumehatthe valueof the variablesin Y
do notchangeovertime, sothatwe canusethevaluesof y
atthebeginningof theinterval:

P(shc) AP vis) yo)Pyishio);
y

whereP? is thedistribution atthe beginningof theinterval.
Secondye usealinearapproximatiorto the matrix ex-
ponential:

exp(QDY) |+ QDt:

Theresultingapproximatioris

Qse(st! 2i0)

aQsc(s] y!' 9 yjoP(yjs)c)
y

We call this expressionthe linear approximation of the
maurginal.

Example 5.1 ConsidertheCIMsfromExample4.1;amal-
gamatednto a singlesystemye get:

2 4 1 3 0 3
_ 2 7 0 5 .
Qvz=4 15 0 16 1 S:
0 4 2 6
if P9 = 3 :7, P%.yl = :7 3, and P%Yz =
:3 7 ,thenthelinear approximationis
pO _ 4 4
magy (Qvz) = 56101 56101

5.2.2 The SubsystemMethod

Unfortunately unlesswe planto do our inferencewith a
signi cant amountof time slicing, the assumptionsinder

lying the abose methoddo not hold. In particular if we

wantour approximatiorto work betterover a longertime

interval, we needto accountfor the factthatthe variables
we are eliminating canchangeover time. To do this, we

will sacri ce someaccurag over shorttime intervals —

which canbeseenin Section6.

To compute the subsystem approximation of the
maiginal, we rst considereachassignmenof valuess’to
S We take all statess that are consistenwith s? (which
correspondo thedifferentassignmentto Y), andcollapse
theminto a singlestate(or row of theintensitymatrix). To
understandhe approximationwe recall that our approxi-
mateintensitymatrix Q canbewrittenasM(Pg  |) where
M is the matrix describingthe distribution over how much
time we spendin a particularstateandPg is thetransition
matrix for the embeddedviarkov chain,which determines
the distribution over the valueto which we transition. We
approximatehesewo distributionsfor eachsubsystenand
thenform thenew reducedmatrix by multiplying.

Our reducedsubsystentorrespondindo X% hasonly a
single state,soits entry in the reducedholding matrix M
will be only a singleparameteraluecorrespondingo the
momentaryprobability of simply stayingin the samestate.
In our original intensitymatrix, this parametecorresponds
to the probability of stayingwithin the subsystemOur ap-
proximationchooseghis parameteso asto presere the
expectediime thatwe staywithin the subsystem.

Thetransitionmatrix Pg representthetransitionmatrix
for the chain. Again, asour collapsedsystemhasonly a
singlestate we areonly concerneavith parameterizinghe
intensitiesof transitioningfrom the new stateto statesout-
sidethe subsystemTheseprobabilitiesarepreciselythose
thatcharacterizéheexit distribution from the subsystem.



Beforeproviding the exactformulasfor thesetwo com-
putations,we recall that both the holding time for a sub-
systemandits exit distribution dependon the distribution
with which we enterthe subsystemOvertime, we canen-
terthe subsystenmultiple times,andthe entrancealistribu-
tion differseachtime. For theapproximationhowever, we
mustpick a singleentrancedistribution. Thereareseveral
choicesthat we canconsiderfor an approximateentrance
distribution. Onesimple choiceis to take theinitial distri-
bution and usethe portion which correspondgo beingin
the subsystemat the initial time point. We could alsouse
theappropriatgortionof thedistributionatalatertime,t .

Givenanentrancdistribution P, we cannow compute
boththe holdingtime andthe exit distribution. Recallthat
thedistributionfunctionovertheholdingtime within asub-
systemis givenby:

F(t)=1 Plexp(Ug)e

In orderto preseretheexpectecholdingtime, we mustset
our holdingintensityvalueto be:

PO( Ug) le

Theapproximatiorfor the Pg matrixis asinglerow vector
correspondindo the exit distribution from the subsystem,
usingP® asour entrancedistribution.

Example5.2 Consider again the systemfrom Exam-
ple 5.1. Thesubsysterapproximationfort = 0is

3:7143
5:7698

PO _ 3:7143

margy (Qvz) = 5:7698
1=3:7143= 0:2692is theexpectecholdingtimein thesub-
system

4 1

2 7

which corresponds to Z = z. In particular,
P$jzl( Us) e = 0:2692 whee we have calculated

0 — . .
Po,= 5 5

US:

6 Experimental Results

For our experiments,we usedthe example network de-

scribedin Figurel. We implementedoth exactinference
andour approximatioralgorithmandcomparedheresults.
In ourscenariaatt = 0, thepersormodelledby thesystem
experiencegoint pain due to falling barometricpressure
andtakesthedrugto alleviatethepain,is noteating,hasan

emptystomachjs nothungry andis notdrowsy. Thedrug

is uptakingandthe currentconcentratioris O.

We considertwo scenariosFor both, Figure2 shavsthe
resultingdistribution over joint pain asa function of time
andthe KL-divergencebetweerthe true joint distribution
and the estimatedoint distribution. In the rst scenario
(top row of plots), no evidenceis obsered. In the second
scenaridbottomrow of plots),we obseneatt = 1 thatthe
personis nothungryandatt = 3, thatheis drowsy.

In both cases, (a) comparesthe exact distribution
with the approximatealistribution for both marginalization
methods(linear and subsystemanddiffering valuesof t
for the subsystenapproximation.n both caseswe useda
singleapproximatiorfor the entiretrajectorybetweerevi-
dencepoints. By contrast,(b) compareshe sameapprox-
imations when the dynamicsare repeatedlyrecalculated
at regular intervals by using the estimateddistribution at
theendof oneinterval asthe new entrancelistribution for
the approximatedynamicsof the next interval. The graph
shaws this recomputatiorat both 1hr and 6min intervals.
The nal graph(c) shaws the averageKL-divergencebe-
tweenthe true joint distribution andthe approximatgoint
distributions, averagedover 60 time pointsbetweert = 0
andt = 6, asthe numberof (evenly spacedYecalculation
pointsgrows for bothmarginalizationmethods.

Aswecanseein all of theresults thesubsystenapprox-
imation performsbetterfor longertime segments. How-
ever, when the time-slicing becomestoo ne, the errors
from this methodgrow. By comparisonthelinearapprox-
imationperformsvery poorly asanapproximatiorfor long
intervals, but its accurag improvesasthetime granularity
becomesner. Theseresultsarein accordancevith thein-
tuitions usedto build eachapproximation.The linear ap-
proximationmakes two assumptionghat only hold over
shorttime intenvals: eliminatedvariablesdo not change
during the interval andthe exponentiationof a matrix can
be linearly approximated.By comparisonthe subsystem
approximatiorallows for multiple variableso changeover
theinterval of approximatiorbut, in doingso,givesup ac-
curag for smalltime scales.

7 Discussion

We havedescribedinen modellinglanguagéor structured
stochastigrocessesvhich evolve in continuougime. Be-
causetime is explicitly representedh the model, we can
reasornwith it directly, andevenanswermuerieswhich ask
for adistribution overtime. Moreover, the continuougime
model enablesus to deal with sequencesf evidenceby
propagatinghe distribution over the valuesfrom the time
of oneobsenationto the next — evenwhenthe evidence
is notevenly spaced.

To comparethe CTBN and DBN frameaworks, suppose
we startwith a non-trivial CTBN. For ary nite amount
of time, probabilisticin uence can o w betweerary vari-
ablesconnectedy a pathin the CTBN graph.Thus,if we
wantto constructan “equivalent” DBN, the 2-TBN must
befully connectedegardlesof the Dt we choosefor each
time slice. We canconstructa DBN thatapproximateshe
CTBN by picking a subsetof the connectionge.g. those
which have the strongesin uence). Yet, we still have the
standardproblemof exponentialblowup in performingin-
ferenceovertime. Sowe would beled to performapproxi-
mateDBN inferencein an approximateDBN. While this
could form the basisof an approximationalgorithm for
CTBNSs, we choseto work directly with continuoustime,
makinga directapproximation.
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Figure 2: For the caseof no evidence(top) and evidence(bottom): (a) The distribution for joint pain for exact and
approximatdnferencewithout recalculation(b) The distribution for joint painfor exactandapproximatdnferencewith
recalculationof the dynamicsevery hour andevery 6 minutes,and(c) The KL-divergencebetweenthe true distribution

andthe estimatedistribution over all variables.

Therearestill severaltypesof querieswhich we cannot
yet answer We cannotdealwith situationswherethe evi-
dencehasthe form “X stayedat the valuex for the entire
periodbetweert; andt,.” Nor canwe answeigueriesvhen
we areinterestedn thedistributionoverY atthetimewhen
X rst transitionsto xg.

There are also mary other important open questions.
Theseinclude a theoreticalanalysisof the computational
propertiesof thesemodelsanda moresystemati¢dheoreti-
cal andempiricalanalysisof the natureof our approxima-
tion algorithm,leadingperhapgo amoreinformedmethod
for choosingthe entrancelistribution for the marginaliza-
tion operation. As an alternatve approachthe generatie
semanticéor CTBNsprovidesabasisfor astochasticam-
pling basedmethodto approximatewhich we would like
to extendto situationswith evidenceusingtechniquesuch
as importancesamplingor MCMC. Even more globally,
we would like to pursueparametetearningand structure
learningof CTBNsfrom data.
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