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1 Introduction
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2 Estimators

2.1 Notation
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2.2 Importance Sampling
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Tt might be better to refer to this as a trajectory since we will not limit  to represent only sequences that have been
observed; it can also stand for sequences that might be observed. However, the symbol is over used already. Therefore, we

have chosen to use
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to represent state-observation-action-reward sequences.
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2.3 Sampling Ratios
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2.4 Importance Sampling as Function Approximation
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2.5 Normalized Estimates
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3 Estimator Properties
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2For the normalized difference estimator, the expectations shown are for the numerator of the difference. The denominator
is a positive quantity and can be scaled to be approximately 1. Because the difference is only used for comparisons, this scaling
makes no difference in its performance. See the appendix for more details.
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4.2 Two-dimensional Problem
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A.1 Unnormalized Estimator
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A.2 Unnormalized Differences
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We can now attack the variance of D.

1 o o o
= HE Z (rywgriwly — 2riwhriwly + rigw’riwy) | — E[D)?
i=j, k=l
1 ik 1 i gk
= | Z TYWwEr W | —2 v} Z TRWET W,
i=j k=1 i=j k=1
1 o
t o X rbwhrbul| -0
i=j k=1
= |R? —4ERA/¢2 —an —lR2§2 +4ERAu2 + ~ 5> +lR21)2
AT A Al = CTlaa T o falp s A Aty p T Saa Al s
—Z{RARB
1 1 1 1 1, 1

— —Ruap% 4, — —Rap% 5 — —Rpp s — —Rppy , — — — —R4Rp&>
n AHB, A n AMB. B n BHA,B n BHA A nnA,B n A BfA,B

1 1 1 1
—Rau? —Rau? — Rpu? — Rpu?® — s> —RARpV?
Tty g Sl p T Sl p T B 4 T S s AU,

1 1 1 1 1 1
|8 = AL Ratiya— i~ LB+ AL R+ Lok + TR

1 1
— R’ — R, +2RaRp + —(Ba— Rp)bap +0(—)

1
= 2| (Bhs 2R+ shs) — (R — 2R+ )

(R%Ui,A - 2RBU,24,A + 531,,4) - (R2B£,24,A - QRB/JQ%LA + 77124,A)
- 2(RARBU,24,B - RAUZ!,B - RBU,%LB + 3,24,3) (7)

+ Q(RARBgz&,B - RAM%,A - RBM%&,B + 77124»3)

1
—4(Ra — Rp)(1p — Wp.a) + (Ra — Rp)basp +0($) :

The fourth line came from applying the expansion of equation 5 along with the definitions from
equations A.1 and 6.
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At this point we need to introduce a few new definitions for the final bit of algebra.
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Most usefully, the following identities hold.
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The variance of D can now be expressed as (continuing from equation 7)
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The first line is better than the variance of the unnormalized difference. The equation is the same
except each quantity has been replaced by the “overlined” version. If we compare the two versions
(equations A.1 and 8) we can note that the non-overlined versions are all integrals averaging the
R(h) by some positive weights. However for the overlined versions, R4 or Rp are subtracted from
the returns before the averaging. We expect that R4 and Rp to be closer to the mean of these
quantities than 0 and thus the overlined quantities are smaller. In general, the variance of the
normalized estimator is invariant to translation of the returns (which is not surprising given that
the estimator is invariant in the same way). The unnormalized estimator is not invariant in this
manner. If the sampled 7%’s are all the same, b 4.8 = 14 — Rp and thus the second line is a quantity
less than zero plus a term that is only order 7712
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