BDDs and MDDs
for state-space generation
and symbolic model checking




PART: FILE:BDD/binary-decision-diagramsMOD.tex

(Reduced ordered) binary decision diagrams (BDDs)

“Graph-based algorithms for boolean function manipulation”
Randy Bryant (Carnegie Mellon University)
IEEE Transactions on Computers, 1986
CiteSeer most cited document!
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BDDs are a canonical representation of boolean functions f : BY — B

For the root node, f(x4=0,x3=1,x0=1,%x1=0) = f(x4=0,x3=1,x2=1,x3=1) =1
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Ordered binary decision diagrams (BDDs) 3

A BDD is an acyclic directed edge-labeled graph where:
e The only terminal nodes can be 0 and 1, and are at level 0.lvl =1.lvl =0
e A nonterminal node pis atalevel k, with L > k > 1 p.lvl =k
e A nonterminal node p has two outgoing edges labelled 0 and 1, pointing to children p[0] and p[1]
e The level of the children is lower than that of p; p|0].lvl < p.lvl, p[1].lvl < p.lvl

e Anode p at level k encodes the function v,, : BL — B defined recursively by

: ) D ifk =0
Up\T1,y...,L71) =
: Vplzp](TL, -y 21) ik >0

Instead of levels, we can also talk of variables:
e The terminal nodes are associated with the range variable x

e A nonterminal node is associated with a domain variable x, with L > k > 1
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Canonical versions of BDDs 4

For canonical BDDs, we further require that

e There are no duplicates: if p.lvl = gq.lvl and p[0] = ¢[0] and p[1] = q|1], then p = ¢

Then, if the BDD is quasi-reduced, there is no level skipping:
e The only root nodes with no incoming arcs are at level L

e The children p|0] and p[1] of a node p are at level p.lvl — 1

Or, if the BDD is fully-reduced, there is maximum level skipping:

e There are no redundant nodes p satisfying p|0] = p[1]

Both versions are canonical , if functions f and g are encoded using BDDs:
e Satisfiability, / # 0, or equivalence, [ = ¢ O(1)

e Conjunction, f A g, disjunction, f \V g, relational product: O(|If1] x ||gll), if fully-reduced
Zszz1 O([f]x x [lgl|x), if quasi-reduced

|| f|| = number of nodes in the BDD encoding f
|| f||x = number of nodes at level k in the BDD encoding f



PART: FILE:BDD/bdd-def.tex

Quasi-reduced vs. fully-reduced BDDs 5
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Fully-reduced BDDs: each node in the BDD encodes a different function

Quasi-reduced BDDs: each node at a given level of the BDD encodes a different function
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Properties of fully-reduced ordered BDDs 6

Given a boolean expression, or a function, f : BY — BB, there is a unique BDD encoding it
(for a fixed variable order x,, ..., x1)

Many functions have a very compact BDD encoding
The constant functions O and 1 are represented by the nodes 0 and 1, respectively
Given the BDD encoding boolean expression f: test whether f = 0or f = 1in O(1) time

Given the BDDs encoding boolean expressions f and g: test whether f = ¢ in O(1) time

The variable ordering affects the size of the BDD, consider x; < yr, A --- ANx1 < 11

o with the order (z 7, Yy, ..., T1,Y1) O(L) nodes
o with the order (7, ..., 21, Yr, -, Y1) O(2%) nodes
The BDD encoding of some functions is exponentially large for any order

o the expression for bit 32 of the 64-bit result of the multiplication of two 32-bit integers

Finding the optimal ordering that minimizes the BDD size is an NP-complete problem



TTE" the if-then-else operator 7

Any function f : B — B of L variables Xz, . . ., X; can be expressed as
e a boolean vector of size 2%, or a full binary tree of height L
e an expression over Xy, . .., X1 using the operator set { -, A\, V, =, <}, {—, A}, or {—, V}

e a disjunctive normal form (DNF) expression over Xy, ..., X1
D C . : . _
\/d:1 /\C:d1 td,c where each td,C IS either X or its complement =X, also written as X;.

e a conjunctive normal form (CNF) expression over Xy, ..., X1
C D. . : : —
/\C:1 \/d:1 lc,a Where each t. g4 is either X, or its complement =Xy, also written as Xy,

® an expression over Xy,, ..., X using only the /T'F operator and the constants 0 and 1
ITE(f,9:h) = (fAg)V(=fAh)
e an if-then-else normal form (INF) expression over Xy, ,...,X; where variables appear only in

tests, i.e., as the first parameter of [ TE
o—~f=ITE(f,0,1)

o fVvg=ITE(f,1,ITE(g,1,0))

o fANg=ITE(f,ITE(g,1,0),0)

o f=9g=ITE(f,ITE(g,1,0),1)

o f< g=ITE(f,ITE(g,1,0),ITE(g,0,1))
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Let f|c/x] be the expression obtained from f by substituting variable x with the constant ¢ € B

Then, f = ITE(x, f[1/x], f[0/x]) is the Shannon expansion of f with respect to x

Given an arbitrary boolean expression f over X, ..., X1, we can put it in INF as follows:

e let fo be f]0/x] fo does not contain x,
e let f1 be f|1/xy] f1 does not contain x7,
e let foo be fol0/xp_1] foo contains neither X7, nor Xr,_1
e let fo1 be foll/x1 1] fo1 contains neither x7, nor Xy, _1
e let f1g be f1]0/x1 1] f10 contains neither x, nor Xy,_1
e let f11 be f1]1/x1 1] f11 contains neither X, nor X,_1
o

o [ = ITE(XL,[TE(XL_l,\..,./,\..,.—/),[TE(XL_l,\.././,\.././))

fir fio for  foo

\ A 7
~~ Ve

J1 Jo




ITE ;BDDSmeﬁxannon expansion, and BDDs (cont.)

To derive the ordered BDD (OBDD) corresponding to f:
e identify O and 1 with terminal nodes
e identify each f,, foro € B!, 0 < k < L, with a non-terminal node

e let a 0-edge go from node f, to node f,q and a 1-edge go from node f, to node f,q

Two expressions f, and f,, for o, p € B!, 0 < k < L, may coincide:

e their 0-edges point to the same node and their 1-edges point to the same node

If we merge, or share these duplicate nodes, we have a quasi-reduced OBDD

In addition, an expression fj;, ...;, may be independent of Xy, i.e., fi,...i;. 10 = fip--ipi11:

e the (-edge and the 1-edge of fj, ...;, point to the same node

If we bypass and remove these redundant nodes, we have a reduced OBDD or ROBDD
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The unique table and the operation cache 10

To ensure canonicity, all decision diagram operations use a Unique Table (a hash table):
e Search key: the node’s level and sequence of children’s node_ids Return value: a node_id
e Alternative: one UT per level, no need to store the node’s level, but more fragmentation
e All (non-dead) nodes are referenced by the UT

e Collisions must be lossless, multiple nodes with different node_td may have the same hash_val

With the UT, we avoid duplicate nodes

To achieve polynomial complexity, all operations use an Operation Cache (a hash table):
e Search key: OpCODLE and sequence of operands’ node_ids Return value: node_td
e Alternative: one OC per operation type, no need to store OpCODE, but more fragmentation
e Before computing OpCODE (node_idy, node_ids, ...), we search the OC
e If the search is successful, we avoid recomputing a result

e Collisions can be either lossless or lossy

With the OC, we consider every node combination instead of every path combination



I'TE and'the Apply operator for fully-reduced BDDs 11

The if-then-else, or ITE, ternary operator is defined as ITE(f,g,h) = (f A g) V (=f A h)

Let f|c/xk] be the function obtained from f by substituting variable . with the constant ¢ € B

Then, f = ITE(xk, f|1/xk], f|0/x)]) is the Shannon expansion of f with respect to variable xj

For any binary boolean operator ©:  [TFE(x,u,v) ® ITE(x,y,z) = ITE(x,u® y,v® 2)

This is the basis for the recursive BDD operator Apply

1

© 00N O O b W

10

bdd Apply(operator ®, bdd p, bdd q) is fully-reduced version
local bdd r;

2 if Cache contains entry (®, p, g : r) then return 7;

ifp € {0,1}and g € {0,1} thenreturn p ® ¢;

if p.lvl = q.lvl then
r « UniqueTableInsert(p.lvl, Apply(®, p[0], q[0]), Apply(©, p[1], ¢[1]));
else if p.lvl > q.lvl then
r «— UniqueTableInsert(p.lvl, Apply(©®, p[0], q), Apply(®, p[1], q));
else since p.lvl < q.lvl then
r «— UniqueTableInsert(q.lvl, Apply(®, p, q[0]), Apply(®, p, q[1]));
enter (®, p, q : r) in Cache;
return 7;




Union (Or) and Intersection (And) for fully-reduced BDDs 12

bdd Union(bdd p, bdd q) is fully-reduced version

local bdd 7;
1 ifp=0o0rqg = 1 thenreturn g;
if g = 0 or p = 1 then return p;
if p = g then return p;
if Cache contains entry { UnionCODE, {p, q} : ) then return r;
if p.lvl = q.lvl then
r «— UniqueTableInsert(p.lvl, Union(p[0], q|0]), Union(p[1], q[1]));
else if p.lvl > q.lvl then
r «— UniqueTableInsert(p.lvl, Union(p|0], q), Union(p[l], q));
else since p.lvl < q.lvl then
10 r < UniqueTableInsert(q.lvl, Union(p, q[0]), Union(p, q[1]));
11 enter (UnionCODE, {p, q} : r)in Cache;
12 return r;

© 00 N O O hh WODN

Intersection(p, q) differs from Union(p, q) only in the terminal cases:

Union: ifp = 0orq = 1 thenreturn ¢; Intersection: if p =1 or ¢ = 0 then return g;
if g = 0 or p = 1 then return p; if g = 1 or p = 0O then return p;

complexity O (product of the number of nodes in p and q)
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Computing the relational product symbolically

Given an L-level BDD on (x, ..., x1) rooted at p, encoding aset )) C X

Given a 2L-level BDD on (x 1, s ..., 1, ) rooted at r, encoding a function A/ : X — 2%

Relational Product(p., 74 ) returns the root of the BDD encoding {j: Fi€ YV A j€ N(i)}

bdd RelationalProduct(bdd p, bdd2 r) is quasi-reduced version

local bdd q, q1, qo;

1 if p = 0 orr = 0 then return O;

ifp=1andr = 1 thenreturn 1;

if C'ache contains entry ( RelationalProductCODE, p,r : q) then return g;

qo < Union(Relational Product(p[0], r[0][0]), RelationalProduct(p[1], r[1][0]));
q1 < Union(RelationalProduct(p[0], r[0][1]), RelationalProduct(p[1], r[1][1]));
q <« UniqueTableInsert(p.lvl, qo, q1);

enter ( RelationalProductCODE, p,r : q) in Cache;

return q,

00 N O O b~ WOWDN
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BDD encoding of the next-state function

14

e Given a current set of states S encoded as a BDD in L variables (zp,, ..., a:l)
e Gievn the next-state function A/ encoded as a BDD in 2L variables (xp,, ' ..., x1,x)

e We compute the set of states ' (S) reachable from S in one step

X
SET _, ™
UNION  *3 §
X2
X1

lterations to generate the state space X,..,c: mMax distance d of any state from initial states + 1

Peak BDD size usually occurs well before reaching the final BDD for X.cqch
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Using BDDs to build the state space  X,..qch 15

An L-level BDD encodes a set of states ) as a subset of the potential state space X = BY

1= (iL, s 'él) € ) < the corresponding path from the root leads to terminal 1
A 2 L-level BDD encodes the next-state function N : X — 2%

j € N(i) & the system can go from i to j in one step

The state space X,..,cp is the fixpoint of the iteration

Xinit U N(Xinit) U NN (Xipir)) U NNN(Xinit))) U

Standard method Alternative All method
EzploreBdd(Xinit, N) is AllExplore Bdd(Xinit,N) is
1Y — Xinit: known states 1Y — Xinit;
2 U — Xinit; unexplored states 2 repeat
3 repeat 3 O — ), old states
4 W — N(U); potentially new states 4 Y= OUN(0) new states
5 U—W\Y, truly new states 5 until O =Y
6 Y —YUlU: 6 return );
7 until U = (;
8 return V;
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Explicit vs. symbolic state space generation 16

Explicit generation of the state space &X,..,.; adds one state at a time

e memory O(states), increases linearly, peaks at the end

10 (w0 |wp| i |wp|  jO (whiw| 0
il il1] il1] il1]

il2l il2l il2l

3] 113]

Symbolic generation of the state space X,....p, With decision diagrams adds sets of states instead

e memory O(decision diagram nodes), grows and shrinks, usually peaks well before the end
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Ordered multiway decision diagrams (MDDs) 17

Assume a domain X = X, X -+ x X1, where X, = {0,1,...,n,—1}, forsome ny € N

Assume the range Xy = B

An MDD is an acyclic directed edge-labeled graph where:

e The only terminal nodes can be 0 and 1, and are at level 0.lvl =1.lvl =0
e A nonterminal node pis atalevel k, with L. > k > 1 p.lvl =k
e For each i, € X, a nonterminal node p at level k£ has an outgoing edge pointing to child p[zk]

e The level of a child is lower than that of p plix].lvl < p.lvl

e A node p at level k encodes the function Up - )/(\ — [B defined recursively by

: ) D ifk =0
Up\T1,y...,L71) =
! Vplzp](TL, -y x1) ik >0

Instead of levels, we can also talk of variables:
e The terminal nodes are associated with the range variable x

e A nonterminal node is associated with a domain variable x, with L > k > 1
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Canonical versions of MDDs

18

For canonical MDDs, we further require that

e There are no duplicates: if p.lvl = q.lvl = k and plig| = q|ix] for all i, € X, then p = ¢

Then, if the MDD is quasi-reduced, there is no level skipping:
e The only root nodes with no incoming arcs are at level L

e If anode p is at level k, each child p|ix] is at level k — 1

Or, if the MDD is fully-reduced, there is maximum level skipping:

e There are no redundant nodes p at level k satisfying p|ix| = ¢ for all i, € X
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Quasi-reduced vs. fully-reduced MDDs 19

guasi-reduced fully-reduced

full storage 4 full storage
L3
L2
L]
L4

What if we don’t know the range of each X;.?

i 5 L I3

We can simply assume X = N

All but a finite number of edges point to O L2

Only nodes encoding () are redundant T

Fully-reduced MDDs: each node in the MDD encodes a different function
Quasi-reduced MDDs: each node at a given level of the MDD encodes a different function
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MDDs to encode sets 20

An important application of decision diagrams is to encode large sets to be manipulated symbolically

To encode a set ) C X', we store its indicator function fy, in a decision diagram rooted at node p:

(iL, ...,il) cy & fy(iL, ...,il) =1 & ?}p(’iL, ...,’il) =1

X, ={0,1,2,3} 0[1[2]3
\/

X3 :{0,1,2} v (il|2

Xo ={0,1}

X, ={0,1,2}




ﬁm(m(@r)and Intersection (And) for quasi-reduced MDDs 21

mdd Union(lvl k, mdd p, mdd q) is

local mdd 1,710, ..., Tn, —1;
1 if p = 0 then return g;

2 if g = 0 then return p;

3 if p = q then return p;

4 if Cache contains entry { UnionCODE, {p, q} : r) then return r;
5 foreach 2, € X\ do

6 i, < Union(k—1,plix], q[ix]);

7 end for

8 r «— UniqueTableInsert(k,ro,...,"n, —1);

9 enter (UnionCODE, {p,q} : r)in Cache;
10 return 7;

Intersection(k, p, q) differs from Union(k, p, q) only in the terminal cases:

Union: if p = 0 then return q; Intersection: if p = 1 then return q;
if ¢ = 0 then return p; if g = 1 then return p;

complexity:
O (3" ;>4>1 #(nodes atlevel k in p) x #(nodes at level k in ¢))
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Symbolic state-space generation of safe Petri nets [Pastor9 4] 2

We can store

e any set of markings ) C X = BI”! of a safe PN with a |P|-level BDD

e any relation over X, or function X — 2%, such as V, with a 2|P|-level BDD

We can encode N using 4- |5| boolean functions, each corrresponding to a very simple BDD

e APM, = Hp:F_p fetl@p=1) (all predecessor places of «v are marked)
e NPM, = Hp:F_p ety =0) (no predecessor place of «v is marked)
o ASMo =l p+pa-1(®p=1) (all successor places of a are marked)

o NSM, = Hp:F+p Wty =10) (no successor place of « is marked)
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Symbolic state-space generation of safe Petri nets (cont.) 23

The topological image computation for a transition &z on a set of states {/ can be expressed as

NoU) = (U = APM,,) - NPM ) +~ NSM ) - ASM

where “--" indicates the cofactor operator and “-” indicates boolean conjunction
Given
e a boolean function f over (zp,...,x1)

e aliteral xp, = ip, with L > k > 1landi, € B

the cofactor f + (xp = i1) is defined as

o f(va'"7xk—|—17ik7xk—17'°'7371)
The extension to multiple literals, f + (zr, = k., ..., Tk, = ik, ), IS recursively defined as
® f(xLa <. 7xkc—|—17ikcaxkc—l7 <. 7371) - (xkc_l — ikc_la cee s Ly = Zkl)

Thus, N is stored in a disjunctively partition formas N = U N,
acl
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Chaining the next-state function A [Roig95] 2

If N is stored in a disjunctively partitioned form as N = Uaeg N, using |E| MDDs, the effect of
W — N(U); potentially new states
U—WN\Y, truly new states
is exactly achieved with the statements
W —0;
for each @ € £ do

W — WUNLU);
U—W\Y,

However, if we do not require strict breadth-first order, we can use chaining and do

foreach a € &€ do
U—UUNLU);
U—U\Y,



Symbolic SsGen: breadth-first vs. chaining, new vs. all states 25
BfSsGen(Xipnit, {No : a € E}) ChSsGen(Xinit, {Na : a € E})
1Y «— Xinit; known states 1Y «— Xinit; known states
2 U — Xinit; unexplored known states 2 U — Xinit; unexplored known states
3 repeat 3 repeat
4 W «— ; 4 foreach o« € £ do
5  foreach v € £ do 5 U—UUNLU);
6 W — WUNLU); 6 U—UuUu\y, truly new states
7 U—W\Jy, truly new states 7 Yy —Yyuu:
8 Y —JYyulu:; 8 until U = (;
9 until U = 0; 9 return V;
10 return );
AllIBfSsGen(Xinit, {Na : a € E}) AlIChSsGen(Xinit, {No : a € EY})
1Y « Xinit; known states 1Y Xinit; known states
2 repeat 2 repeat
3 O — Y, save old state space 3 O — Y, save old state space
4 W «— 0 4 foreach o € € do
5 foreacha € € do 5 Y —YUNL(Y);
6 W — WUNL(O); 6 unti O =);
7 Y —OUW: 7 return )/;
8 untii O =);
9 return )/;
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Comparing the four approaches

26

Time (sec) Memory (MB)

N | |Xreacn| || Bf AlIBf Ch AllCh| Bf AllBf Ch AllCh || final
Dining Philosophers: L=N/2, |X}| =34 forall k

50 |2.2x10% || 376| 36.8| 1.3 1.3|| 146.8| 1316 2.2 2.2 || <0.1
100 | 5.0x10% |/ 644.1| 630.4| 5.4 5.3|>999.9|>9999| 8.9 8.9 || <0.1
1000 | 9.2 x 10°%° — —|895.4| 915.5 — —|895.2| 895.0|| 0.3
Slotted Ring Network: L = N, |Xx|=15forall k

5|5.3x10* 0.2 03| 0.1 0.1 0.8 1.1| 0.3 0.2 || <0.1
10 | 8.3x10° 215| 241| 21 1.2 39.0 45.0| 5.7 3.3|| <0.1
15|1.5x10" || 745.4| 771.5| 185 89| 3443| 3754| 351| 20.2| <0.1
Round Robin Mutual Exclusion:  L=N-+1, |Xx|=10for all k except |X1|=N+1

10 | 2.3x10* 0.2 03| 0.1 0.1 0.6 1.2 01 0.1/| <0.1
20 | 4.7%x 10’ 2.7 44| 0.3 0.3 5.9 12.8| 05 0.5 <0.1
50 | 1.3x10% || 263.2| 427.6| 2.9 28| 126.7| 257.7| 4.3 3.8|| 0.1
FMS: L=19, |Xx|=N+1forall kexcept |X17|=4,|X12|=3,|X7|=2

5|2.9x10° 0.7 07| 0.1 0.1 2.6 22| 04 0.2 || <0.1
10 | 2.5%x10° 7.0 58| 0.5 0.3 18.2 14.7| 2.3 1.3 <0.1
25 (8.5x10"° || 677.2| 437.9| 129 51| 319.7| 245.3| 427 21.2| 01
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The EX algorithm for CTL (symbolic version) 27

All sets of states and relations over sets of states are encoded using DDs
An algorithm to build the DD encoding the set of states that satisfy EXp

Assume that the DD encoding the set P of states satisfying p has been built already

BuildEXsymbolic(P) is

1 return RelationalProduct(P,N~1); perform one backward step in the transition relation

Where

° N“l IS the inverse or backwards transition relation:
icN'(§j) < jeN({)
e givenarelaton R : A — 28 andaset A’ C A:

RelationalProduct( A, R) = R(A") = U R(i) CB
e A’
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The EU algorithm for CTL (symbolic version) 28

Two algorithms to build the DD encoding the set of states that satisfy EpUq
Assume that the DDs encoding the sets P and O of states satisfying p and ¢ have been built already

BuildEUsymbolic(P, Q) is
1Y 0
2 U — O; initialize the unexplored set U/ with the states satisfying g
3 repeat
4 Y «— Union(Y,U); currently known states satisfying EpUqg
5 W « RelationalProduct(U, N 1); perform one backward step in the transition relation
6 Z «— Intersection(W, P); discard the states that do not satisfy p
7 U < Difference(Z,)); discard the states that are not new
8 until U = 0,
9 return V;

BuildEUsymbolicAll(P, Q) is
1Y« O; initialize the currently known result with the states satisfying g
2 repeat
3 O — ) save the old set of states
4 W « RelationalProduct (Y, N~ 1); perform one backward step in the transition relation
5 Z « Intersection(W, P); discard the states that do not satisfy p
6 YV« Union(Z,)); add to the currently known result
7 until O =);
8 return YV;
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The EG algorithm for CTL (symbolic version)

29

An algorithm to build the DD encoding the set of states that satisfy EGp

Assume that the DDs encoding the set P of states satisfying p has been built already

BuildEGsymbolic(P) is
1Y« P;

repeat

O ),

Y « Intersection(Y, W)
untl O = Y
return V;

initialize )/ with the states satisfying p

save the old set of states

2
3
4 W « RelationalProduct(), N_l); perform one backward step in the transition relation
5
6
7

This algorithm starts with a larger set of states and reduces it

This algorithm is not based on finding the strongly connected

components of A
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Decision diagrams to encode numeric functions
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Ordered multiterminal multiway decision diagrams (MTMDDSs) 31

Assume a domain X = X, X -+ x X1, where X, = {0,1,...,n,—1}, forsome ny € N

Assume a range Xy = {0, 1,...,ng—1}, forsome ng € N (or an arbitray Xj...)

An MTMDD is an acyclic directed edge-labeled graph where:
e The only terminal nodes are values from X[y and are at level Vig € Xy, 19.lvl =0
e A nonterminal node pis atalevel k, with L > k > 1 p.lvl =k
e A nonterminal node p at level k has n;, outgoing edges pointing to children p[zk] for1, € X}

e The level of the children is lower than that of p: p|0].lvl < p.lvl, p[1].lvl < p.lvl

e A node p at level k encodes the function Up - )/(\ — X defined recursively by

: ) P ifk =20
Up\T1,y...,L71) =
! Vplzp](TL, -y x1) ik >0

Instead of levels, we can also talk of variables:
e The terminal nodes are associated with the range variable x

e A nonterminal node is associated with a domain variable x, with L > k > 1
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Canonical versions of MTMDDs

32

For canonical MTMDDs, we further require that

e There are no duplicates: if p.lvl = q.lvl = k and plig| = q|ix] for all i, € X, then p = ¢

Then, if the MTMDD is quasi-reduced, there is no level skipping:
e The only root nodes with no incoming arcs are at level L

e Each child p[ix| of a node pis at level p.lvl — 1

Or, if the MTMDD is fully-reduced, there is maximum level skipping:

e There are no redundant nodes p satisfying plix| = ¢ for all i, € X
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Quasi-reduced vs. fully reduced MTMDDs

PART: FILE:MTMDD/mtmdd-def.tex

{0,1,2,3}

Xy =

{0,1,2}
{0,1}
X1 = {0,1,2}

Xy =

Xo =

X1—>N

:X4><°'

These MTMDDs encode a function X
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Ordered edge-valued multiway decision diagrams (EVMDDSs) 34

Assume a domain X = X, X -+ x X1, where X, = {0,1,...,n,—1}, forsome ny € N

Assume the range Z and the combinator “+” (addition over the integers)

An EVMDD is an acyclic directed edge-labeled graph where:
e The only terminal node is {2 and is at level 0 O.vl =0
e A nonterminal node pis atalevel k, with L > k > 1 p.lvl =k
e A nonterminal node p at level k£ has n;, outgoing edges
e For iy € X}, edge p|ix| points to child p|ig|.child, and has value plix].val € Z
e The level of the children is lower than that of p plig].child.lvl < p.lvl

e Anedge (0,p), with p.lvl = k encodes the function v(, ) : X — 7 defined recursively by

{O‘ ifk=0,ie,p =)

v o, LLyeeey L —
(o) 2 0 + Uplay] (TL, o 1) ik >0, ie, p#Q
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Canonical versions of EVMDDs 35

For canonical EVMDDs, we first normalize each node p at level £ > 1 in one of two ways:
e p|0].val =0, or EVMDDs
e pli|.val > 0forall iy € X), and p|ji| = O for at least one ji € X EVTMDDs

Then, the usual reduction requirements apply:

e There are no duplicates: if p.lvl = q.lvl = k and plix] = qlix] forall i, € X, thenp = ¢

And, if the MDD is quasi-reduced, there is no level skipping:
e The only root nodes with no incoming arcs are at level L, and have root edge values in Z

e Each child p[ig|.child of a node p is at level p.lvl — 1

Or, if the MDD is fully-reduced, there is maximum level skipping:

e There are no redundant nodes p satisfying p|ix|.child = q and plix].val = 0 for all i, € X
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EVMDDs, quasi-reduced EV TMDDs, fully-reduced EV. "MDDs s

For EVMDDs, the value of the incoming root edge is f (0, ..., 0)
For EVTMDDs, the value of the incoming root edge is min f

The EVTMDDs normalization allows to store partial functions X — 7Z U {co}

f(0,...,0) min f
4 1|ol2]2 o
X3 X3
X9 X9
X1 X
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An example of EVBDDs 37

[Lai et al. 1992] defined edge-valued binary decision diagrams

300001111

200110011

1101010101

fl02322410

Canonicity: all nodes have a value 0 associated to the 0-arc (only the EVBDD on the left is canonical)

In canonical form, the root edge has value f(O, e ,O)
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An example of EV "MDDs 38

From BDD to MDD: the usual extension
o0-edge values: can store partial arithmetic functions
Canonization rule different from that of EVBDDs: essential to encode partial arithmetic functions

2300001111 230000 1111

2200110011 220011 0011

2101010101 210101 0101

f102322410 \\@// f1023 0000410

Canonicity: all edge values are non-negative and at least one is zero
In canonical form, the root edge has value min, _ 5 f(i)

£(1,0,0) = 0o but f(1,0,1) =4
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EVMDDs to store the lexicographic state indexing function Y a9

X, =1{0,1,2,3}
X3 ={0,1,2}
Xo ={0,1}

X1 =40,1,2}

To compute the index of a state, use edge values:

e Sum the values found on the corresponding path:

¥(2,1,1,0)=04+6+2+1+0=09

e A state is unreachable if the path is not complete:

1(0,2,0,0) =0+0+0+ o0 = 0

(a missing edge has the default value of o0)
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Example: the Minimum operator for quasi-reduced EV.  "MDDs 4

h=Minimum(f,g)

z3l0 0 0 011 1 122 22

2200 1 100 1 100 11

01 0101 010101
Do 2 020000 1 3000 2

8
—_

0200024 ccxl 3 x3
02 202400113 2

N S
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The Minimum operator for quasi-reduced EV.  "MDDs

41

1

O© 00N O O h WOWDN

10
11
12
13
14
15

edge Minimum(level k, edge {a,p), edge (3,q)) edge is a pair (int,node)
local node p’, q’, r:

local int u, o', 3"

local local 1;

if « = oo then return (3,q);
if 3 = oo then return {,p);

p — minfe, G}

if K = 0 then return (,(2); the only node at level O is 2
if Cache contains entry { MinimumCODE, k,p,q,a — 3 : 7, 7) then return (y + pu,r);
r «— NewNode(k); create new node at level k with edges set to (00,{2)

foreach 7, € X} do
p’ «— p.child[ig];
o — a— p+ p.oallix];
q' «— q.child[ig];
B — B — p+ q.vallig);
rlir] «— Minimum(k—1,{a’,p"), (8',¢")); continue downstream
UniqueTablelnsert(k, r);
enter { MinimumCODE, k,p,q,a — 3 : u,r) in Cache;
return ((,7);




PART: FILE:

42

Decision diagrams for matrices
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Matrix diagrams (MxDs) 43

Assume a domain X = X, X -+ x X1, where X, = {0,1,...,n,—1}, forsome ny € N

Assume the range R=0 = [0, +00) and the combinator “-” (multiplication over the reals)

An (edge-valued) MxD is an acyclic directed edge-labeled graph where:
e The only terminal node is €2 and is at level O.vl =0
e A nonterminal node pis at a level k, with L. > k > 1 p.lvl =k
e A nonterminal node p at level k has n;, X nj outgoing edges
® Foriy, i, € Xy, edge plig, ;| points to child plig, jk|.child, and has value plig, i}.].val >0
e The level of the children is lower than that of p plik, 1},].child.lvl < p.lvl

® Anedge (0,p), with p.lvl = k encodes the function v(, ) : X — 7 defined recursively by

o ifk=0,ie,p=1

/ /
v<0,p>(:13L,xL,...,x1,x1) — | |
O Vplzy,a) | (TL, Ty 1, 27) ik > 0,0, p #

This definition of v/, ,,, applies when no edge skips a level, otherwise we have more choices...
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Canonical versions of MxDs

44

For canonical MxDs, we first normalize each node p in one of two ways:
e max{plig,i,|.val : ig, 1, € X} =1, or

o min{p|ig,i,|.val : ix, 1, € Xi,plik, i) ].val #0} =1

Then, the usual reduction requirements apply, there are no duplicates:

e If p.lvl = q.lvl = k and pliy| = qlix] for all i, € X, thenp = ¢

And, if the MxD is quasi-reduced, there is no level skipping:

e The only root nodes with no incoming arcs are at level L, and have root edge values in Z

e Each child pli, ¢}.].child of anode p is at level p.lvl — 1

Or, if the MxD is fully-reduced, there is no redundant node p satisfying:

® pli,i,].child = qand plig, i, |.val = 1forall iy, 1), € Xy

Or, if the MxD is identity-reduced, there are no identity nodes p satisfying:
® plig,ir|.child = qand plig,ig|.val = 1forall i € Xy

® pli, i, ].val = 0forall iy # i},

NEW!N
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Quasi-reduced vs. identity-reduced MxDs; sparse storage 45

min f
min f

L2

L1
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Representing matrices with decision diagrams

46

A function f : X — A}y can be thought of as an Xj-valued one-dimensional vector of size | X|

We often need to store functions X x X — A, or two-dimensional matrices

We can use a decision diagram with 2L nonterminal levels:
e Unprimed x for the rows, or from, variables

® Primed :I:jlc for columns, or to variables

e Levels can be interleaved, (zp, 2’ , ..., x1,x}), or non-interleaved, (zr,...,x1,2" , ...

We can use a (terminal-valued) matrix diagram (MxD)
e A non-terminal node p at level k, for L > k£ > 1, has n; X nj edges

® p|if, ;] points to the child corresponding to the choices ) = ix and =}, = 7}
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ldentity patterns and identity-reduced decision diagrams 47

In the matrices that we need to encode, it is often the case that the entry is O if 3, # xﬁg

An identity pattern in an interleaved 2 L-level MDD is

e anode p at level k
e with plix] = pgk
e suchthat p; [i},] = 0 for ) # i

e and there is a node ¢ such that p; [ix] = ¢ # 0

In an identity-reduced primed level k, we skip the nodes pfb-k

An identity node in an MxD is
e anodep
e such that pliy, iy, | = Oforall ig, i), € X, i # 1},

e and plig,ix| = gforall iy € Xy

In an identity-reduced MxD, we skip these identity nodes



PAR FILE:FOILS/matrices-with-dd.tex

D L-level MDDs vs. MxDs: encodinga (3 -2) x (3 -2) matrix 4

8

8

8 8
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]
/\/‘\/g\/\/‘\/‘\

S
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An example of MTMDD: the transition rate matrix of an SPN 49

X4:{P1,p0}5{0,1} X3:4g"r%q %"y ={0,1,2) Ao {sUs ={0,1} A {1 = (0.1
R BIE

« = rate of a
(8 = rate of b
v = rate of ¢
d = rate of d
€ —rate of e

note the shaded identity patterns!!!
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An example of EV *MDD: the transition rate matrix of an SPN 50

X4:{P1,p0}5{0,1} X3 {g"r%q % r =012 A s =0, A ={0.1

« = rate of a
(8 = rate of b
v = rate of ¢
d = rate of d
¢ —rate of e

identity patterns remain!!!



