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Abstra
t Bounded rea
hability analysis and bounded

model 
he
king are widely believed to perform poorly

when using de
ision diagrams instead of SATpro
edures.

Re
ent resear
h suggests this to be untrue with regards

to syn
hronous systems and, in parti
ular, digital 
ir-


uits. This arti
le shows that the belief is also a myth

for asyn
hronous systems, su
h as models spe
i�ed by

Petri nets. We propose several Bounded Saturation ap-

proa
hes to 
ompute bounded state spa
es using de
i-

sion diagrams. These approa
hes are based on the es-

tablished Saturation algorithm, whi
h bene�ts from a

non-standard sear
h strategy that is very di�erent from

breadth-�rst sear
h, but employ di�erent �avors of de-


ision diagrams: Multi-valued De
ision Diagrams, Edge-

valued De
ision Diagrams, and Algebrai
 De
ision Dia-

grams. We apply our approa
hes to studying deadlo
k

as a safety property. Our extensive ben
hmarking shows

that our algorithms often, but not always, 
ompare fa-

vorably against two SAT-based approa
hes that are ad-

vo
ated in the literature.

1 Introdu
tion

Bounded model 
he
king (BMC) is a well-established

te
hnique for reasoning about rea
tive systems [3℄. Un-

like 
onventional model 
he
king based on expli
it or

symboli
 representations of state spa
es [17℄, bounded

model 
he
king takes a system, a bound B, and a safety

property φ, unwinds the system's transition relation B
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times, and derives a propositional formula that is satis�-

able if and only if there exists a path through the system

of length at most B that demonstrates the violation of φ.

Due to the impressive te
hnology advan
es in SAT solv-

ing (see, e.g., [30℄), su
h satis�ability problems 
an often

be de
ided e�
iently.

BDDs vs. SAT. BMC is an in
omplete veri�
ation te
h-

nique unless the bound ex
eeds the state-spa
e diameter,

or unless it is 
ombined with additional 
he
ks [27,29,

34℄. However, as faults involve relatively short 
ounterex-

amples in pra
ti
e, BMC has proved itself an e�
ient

debugging aid and veri�
ation method: bounded model


he
kers are nowadays used to debug and verify digi-

tal 
ir
uits [16℄, Petri nets [21,31℄, and software [24,32℄.

Several studies have found su
h model 
he
kers bene�-


ial in industrial settings, espe
ially when 
ompared to

symboli
 model 
he
kers using de
ision diagrams [18℄.

It is widely believed that SAT methods are key to

the performan
e of bounded model 
he
kers. Re
ent re-

sear
h by Cabodi et al. [6℄, however, 
ounters this sug-

gestion. Their work proposes enhan
ements to standard

te
hniques based on Binary De
ision Diagrams (BDDs),

making BDD-based BMC 
ompetitive with SAT-based

approa
hes. Their results were obtained in the 
ontext of

debugging syn
hronous systems and digital 
ir
uits, for

whi
h BDDs are known to work well. It has remained an

open question whether the aforementioned belief is also

a myth with regards to asyn
hronous systems that are

governed by interleaving semanti
s, su
h as distributed

algorithms expressed in Petri nets.

Contribution. Our aim is to prove that de
ision dia-

grams are 
ompetitive with SAT solvers for the bounded

model 
he
king of asyn
hronous systems. To this end, we

propose several new approa
hes for bounded rea
habil-

ity 
he
king using de
ision diagrams based on Satura-

tion [9℄, an established symboli
 algorithm for generat-

ing the state spa
es de�ned by asyn
hronous systems.
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By taking into a

ount event lo
ality and interleaving

semanti
s and by using a di�erent iteration strategy for


omputing �xpoints, Saturation is often orders of mag-

nitude more e�
ient than advan
ed breadth-�rst sear
h

(BFS) algorithms implemented in popular model 
he
k-

ers [14℄. In parti
ular, Saturation's sear
h strategy is de-

signed to 
ompute �sub-�xpoints� on de
ision-diagram

nodes while traversing the de
ision diagram in a bottom-

up fashion, thereby exploring states at greater distan
es

earlier than standard BFS-based approa
hes do.

The di�
ulty in adapting our Saturation algorithm

to bounded rea
hability 
he
king lies in its non-standard

sear
h strategy whi
h is 
ompletely di�erent from BFS.

We present several solutions using Multi-valued De
ision

Diagrams (MDDs) [25℄, Edge-valued De
ision Diagrams

(EDDs, 
alled EV+MDDs in [12℄), and Algebrai
 De
i-

sion Diagrams (ADDs [2℄, also 
alled MTBDDs [15℄).

In the EDD- and ADD-based approa
hes, we store

not only the rea
hable states but also the distan
e of

ea
h state from the initial state(s). EDDs extend EV-

BDDs [26℄ just as MDDs extend BDDs. Ea
h state stored

in su
h a de
ision diagram 
orresponds to a path from

the diagram's root to its terminal node, whereas the dis-

tan
e of the state from the initial state(s) is the sum of

the weights of the edges along that path. The resulting

EDD-based Bounded Saturation algorithm 
omes in two

variants. The �rst one 
omputes all rea
hable states at

distan
e no more than a user-provided bound B. The

se
ond one �nds additional states at distan
e greater

than B but at most K·B, where K is the number of the

levels in the EDD. Just as ordinary BFS, both 
an �nd

minimal-length 
ounterexamples. However, the se
ond

variant is usually more e�
ient in terms of runtime and

memory, even though it dis
overs more states. Su
h be-

havior, while 
ounterintuitive at �rst, is not un
ommon

for de
ision diagrams.

The ADD-based Bounded Saturation approa
h stores

the distan
e expli
itly in terminal nodes and bounds the

forward traversal when the distan
e stored rea
hes B.

It therefore �nds exa
tly all the states at distan
e up

to the bound B. We also 
onsider MDD-based Bounded

Saturation, presenting approa
hes that remove the need

to store distan
e information within de
ision diagrams.

We employ BFS-style iterations in ea
h Saturation step

and bound forward traversal by limiting the number of

iterations. The MDD-based algorithm also 
omes in two

variants; they di�er in the way the symboli
 forward

traversal is bounded.

Experiments and results.We evaluate our Bounded Satu-

ration algorithms against two SAT-based algorithms for

bounded rea
hability 
he
king whi
h have been devised,

respe
tively, by Heljanko [21℄ and by Ogata, Tsu
hiya,

and Kikuno [31℄. Both are aimed at �nding deadlo
ks in

asyn
hronous systems spe
i�ed by Petri nets. We imple-

mented our algorithms in the Petri-net veri�
ation tool

SmArT [8℄, and ran them on the suite of examples used in

both [21℄ and [31℄, whi
h was �rst proposed by Corbett

in [19℄, as well as on models taken from the SmArT re-

lease. The stati
 variable ordering used in our algorithms

was 
omputed via a heuristi
 [33℄.

Our experiments show that Bounded Saturation per-

forms better or on par with 
ompeting SAT-based al-

gorithms, and is less e�
ient in only few 
ases. Thus,

it is a myth that de
ision diagrams are un
ompetitive

with respe
t to SAT solvers for BMC. Just as the roles

of bounded and unbounded model 
he
king are 
omple-

mentary, so is the use of SAT solvers and de
ision dia-

grams.

Organization. The next se
tion provides ba
kground on

de
ision-diagram-based rea
hability analysis, in
luding

the di�erent �avors of de
ision diagrams we employ, and

on our Saturation algorithm. It also introdu
es a running

example that is used throughout this arti
le to illustrate

di�erent 
on
epts and algorithms. Se
. 3 presents our

various Saturation-based approa
hes to bounded rea
h-

ability 
he
king, whi
h are then 
arefully analyzed and


ompared to established SAT-based approa
hes via ex-

tensive ben
hmarking in Se
. 4. Finally, Se
. 5 dis
usses

related work, while our 
on
lusions and suggestions for

future work are presented in Se
. 6.

2 Ba
kground

We 
onsider a dis
rete-state model M = (Ŝ,Sinit,R),

where Ŝ is a (�nite) set of states, Sinit ⊆ Ŝ are the initial

states, andR ⊆ Ŝ×Ŝ is a transition relation. We assume

the global model state to be a tuple (xK , ..., x1) of K lo
al

state variables, where xl ∈ Sl = {0, 1, ..., nl−1}, for K≥

l≥1 and nl > 0, is the lth lo
al state variable. Thus, Ŝ =
SK × · · · × S1, and we write R(i[K], ..., i[1], j[K], ..., j[1])
or simply R(i, j) if the model 
an move from 
urrent

state i to next state j in one step.

Most symboli
 approa
hes en
ode xl in bl boolean

variables, where bl is either nl or ⌈log nl⌉ (
alled one-hot

and binary en
oding, respe
tively), and a set of states via

a BDD with
∑

K≥l≥1 bl levels. Ordered Multi-valued De-


ision Diagrams (MDDs) [25℄ instead map xl to level l,

whose nodes have nl outgoing edges. MDDs 
an be im-

plemented dire
tly, as is done in our tool SmArT [8℄, or

as an interfa
e to BDDs [20℄.

The 
omputation of a model's rea
hable state spa
e


onsists of building the smallest set of states S ⊆ Ŝ
satisfying S ⊇ Sinit and S ⊇ Image(S,R), where the

image 
omputation fun
tion

Image(X ,R) = {j : ∃i ∈ X ,R(i, j)}

des
ribes the su

essors to the set X of states. In BMC,

only a portion of this state spa
e must be examined,

namely the set of states within some given distan
e bound

B from Sinit.
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Petri net model Guarded 
ommand language model

arrive
wait

gate
in-service

serve

pool

max{1, #(wait)}

2

#(wait) Initial state: p = 2 ∧ w = 0 ∧ i = 0;
Da : p≥1→ {p′ =p−1 ∧ w′ =w+1 ∧ i′ = i};

Ds : i≥1→ {p′ =p+1 ∧ w′ =w ∧ i′ = i−1};

Dg : w≥1→ {p′ =p ∧ w′=0 ∧ i′ = i+w};

Figure 1: A limited-arrival gated-servi
e model is des
ribed using a Petri net with marking-dependent ar
 
ardinalities (left)
and guarded 
ommand language (right), respe
tively.

2.1 Symboli
 te
hniques for asyn
hronous models

A BFS-based approa
h, as used for example by NuSMV

[14℄, 
omputes the bounded state spa
e with a simple im-

age 
omputation iteration. Set X [0] is initialized to Sinit

and, after d iterations, set X [d] 
ontains the states at dis-

tan
e up to d from Sinit. With MDDs, X [d] is en
oded

as a K-level MDD and R as a 2K-level MDD whose 
ur-

rent and next state variables are normally interleaved for

e�
ien
y. The transition relation is often 
onjun
tively

partitioned into a set of 
onjun
ts or disjun
tively into

a set of disjun
ts [5℄, and is stored as a set of MDDs

with shared nodes, instead of a single monolithi
 MDD.

Heuristi
ally, su
h partitions are known to be e�e
tive

for syn
hronous and asyn
hronous systems, respe
tively.

2.2 Disjun
tive-
onjun
tive partitioning and 
haining

Our work fo
uses on the important 
lass of systems ex-

hibiting globally-asyn
hronous lo
ally-syn
hronous beha-

vior, and assumes that a given high-level model spe
i�es

a set E of asyn
hronous events, where ea
h event α ∈ E
is further spe
i�ed as a set of small syn
hronous 
om-

ponents Dα. We then write the transition relation as

R ≡
∨

α∈E Dα, and 
onjun
tively partition ea
h disjun
t

Dα into 
onjun
ts Cα,r that represent the syn
hronous


omponents of α, thus expressing R as

R =
∨

α∈E

Dα =
∨

α∈E

(
∧

r

Cα,r).

These high-level models may be spe
i�ed using Petri

nets or a guarded 
ommand language. Su
h a language


onsists of a set of 
ommands of the form

guard → assignment1‖assignment2‖ · · · ‖assignmentm,

whose meaning is that m parallel atomi
 assignments

are exe
uted 
on
urrently, whenever the boolean predi-


ate guard evaluates to true. The assignments are asyn-


hronous events and, for ea
h 
ommand, the 
orrespond-

ing parallel assignments are its syn
hronous 
omponents.

Similarly, for a Petri net, the transitions are the asyn-


hronous events, and the �ring of a transition syn
hron-

ously updates all input and output pla
es 
onne
ted to

it. We use extended Petri nets as the input formalism in

SmArT, whi
h augment ordinary nets by inhibitor ar
s

and marking-dependent ar
 
ardinalities [7,37℄.

2.3 Running example

Fig. 1 shows a Petri net and its equivalent guarded 
om-

mand language expression, whi
h models a gated-servi
e

queue with a limited pool of 
ustomers. New arrivals wait

at the gate until it is opened, and then all waiting 
us-

tomers enter the servi
e queue. Customers return to the

pool after servi
e. Ea
h state of the model 
orresponds

to a possible value of the integer variable ve
tor (p,w,i),
where p stands for pool (the number of 
ustomers in

the pool), w for wait (the number of 
ustomers waiting

at the gate), and i for in-servi
e (the number of 
us-

tomers in the servi
e queue). Assuming a pool of two 
us-

tomers, the model has an initial state of (2,0,0), one im-

mediate su

essor state (1,1,0), and six rea
hable states:

S = {(2,0,0), (1,1,0), (0,2,0), (1,0,1), (0,0,2), (0,1,1)}.

2.4 Event lo
ality

In asyn
hronous models, the exe
ution of ea
h event usu-

ally modi�es or depends on just a small subset of state

variables. In the running example, event gate Dg depends

only on variable w, and modi�es only variables w and i.

Given an event α, we de�ne the sets of variables VM (α)
and VD(α) that 
an be modi�ed by α or 
an disable α,

respe
tively:

VM (α) = {xl : ∃i, j ∈ Ŝ,Dα(i, j) ∧ i[l] 6= j[l]} ;

VD(α) = {xl : ∃i, i′∈Ŝ,∀k 6= l, i[k]= i′[k] ∧

∃j∈Ŝ,Dα(i, j)∧ 6∃j′∈Ŝ,Dα(i′, j′)} .

Further de�ning

Top(α) = max{l : xl ∈ VM (α) ∪ VD(α)} and

Bot(α) = min{l : xl ∈ VM (α) ∪ VD(α)} ,

we 
an then partition the event set E a

ording to the

value of Top into the subsets El = {α : Top(α) = l},
for K ≥ l ≥ 1. In [10℄ we observed that a 
haining or-

der [35℄, where these subsets are applied to an MDD in

bottom-up fashion, results in good speed-ups with re-

spe
t to a stri
t BFS symboli
 state-spa
e generation.

The bounded version of this 
haining heuristi
 is shown

in Fig. 3 and dis
ussed in Se
. 3.

By exploiting event lo
ality, we 
an store Dα in an

MDD over just the 
urrent and next state variables with
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index k, for Top(α) ≥ k ≥ Bot(α); variables outside this
range undergo an identity transformation when 
omput-

ing the result of �ring α, i.e., remain un
hanged.

2.5 Saturation-based �xpoint 
omputation

The Saturation algorithm to 
ompute the rea
hable state

spa
e of an asyn
hronous system was originally proposed

in [9℄ for models in Krone
ker-produ
t form; it has sin
e

been extended to general models [13℄ and applied to

shortest path 
omputations and CTL model 
he
king

[12℄. Saturation has been shown to redu
e runtime and

memory requirements by several orders of magnitude

with respe
t to BFS-based algorithms, when applied to

asyn
hronous systems [9,13℄.

Saturation may best be understood as a dynami
 pro-

gramming approa
h to the symboli
 rea
hability prob-

lem of asyn
hronous systems. It re
ursively 
omputes

�sub-�xpoints� on de
ision-diagram nodes in a bottom-

up fashion, i.e., from level 1 of a de
ision diagram up

to the root node at level K, by �ring events α with

Top(α) = l on nodes at level l. A node at level l is


alled saturated, on
e the �sub-�xpoint� on it is rea
hed,

i.e., no more �rings of events α with Top(α) = l leads to

the dis
overy of new (sub-)states. The entire rea
hable

state spa
e is explored when the root node is saturated.

Hen
e, Saturation is unique in that it does not perform

a monolithi
 �xpoint 
omputation over a global de
ision

diagram, as standard breadth-�rst iteration strategies

do. Instead, it divides the monolithi
 �xpoint 
ompu-

tation into light-weight 
omputations on ea
h de
ision-

diagram node. This exploits event lo
ality and respe
ts

the underlying semanti
 
on
ept of interleaving. We refer

the reader to [9,10,11℄ for details.

To adapt Saturation to bounded rea
hability 
he
k-

ing, it is important to note that, in symboli
 algorithms,

transition relation and state set 
an be des
ribed by dif-

ferent DD types; e.g., one may use MDDs to represent

the transition relation and ADDs to represent state sets.

Moreover, in order to bound the state spa
e exploration,

one may en
ode not just the rea
hable states but also

their distan
e from Sinit within de
ision diagrams. This


an be a
hieved by using either ADDs or EDDs, where

EDDs 
an be exponentially more 
ompa
t than ADDs.

In Se
. 3, also another way of a

omplishing Bounded

Saturation is proposed, whi
h eliminates the need to

store distan
es and uses plain MDDs instead. This may

redu
e the sizes of de
ision diagrams substantially when


ompared to ADD or EDD en
odings. Our formal algo-

rithms of Saturation for bounded state-spa
e exploration

using MDDs, EDDs, and ADDs are des
ribed in Se
. 3.

In the following, we �rst de�ne ADDs and EDDs.

2.6 Algebrai
 De
ision Diagrams

ADDs [2℄ are a well-known variant of BDDs that 
an

represent non-boolean fun
tions by allowing an arbitrary

�nite set of terminal nodes instead of just the two ter-

minal nodes 
orresponding to the boolean values true

and false. Here, ADDs are used to en
ode bounded state

spa
es as well as the state distan
es from the set of

initial states, and are thus de�ned over the semi-ring

(N ∪ {∞},min,+,∞, 0), where N ∪ {∞} is the under-

lying 
arrier; min and + are the two binary arithmeti


operators minimum and plus, respe
tively; in�nity ∞ is

the identity for operator min and the annihilator for op-

erator +; and 0 is the identity for +. We extend the

original de�nition of ADDs presented in [2℄ and allow

ea
h variable xl, for l ∈ {K, ..., 1}, to take nl ≥ 2 di�er-

ent values.

De�nition 1 (ADD [2℄). An ADD on the domain Ŝ =
SK × · · · × S1 is a dire
ted, a
y
li
 multi-graph, where:

� Ea
h node p belongs to a level in {K, ..., 1, 0}, de-
noted by p.lvl.

� There is a single root node r⋆ at level K.

� Level 0 
ontains a �nite set of terminal nodes, whi
h

are all distin
t and where one terminal node is la-

beled with ∞, and the other terminal nodes are la-

beled with natural numbers.

� A node p at level l > 0 has nl outgoing edges, labeled

from 0 to nl − 1. The edge labeled by il points to a

node q, whi
h is either a node at level p.lvl−1 or the

terminal node ∞. We write p[il] = q, if the ith edge

of p points to node q.

� There are no dupli
ate nodes, i.e., if ∀0 ≤ i < nl.

p[i] = q[i], then p = q.

The fun
tion fp : Sl×· · ·×S1 → N ∪ {∞} en
oded by

ADD node p, with p.lvl = l > 0, is fp(il, . . . , i1) =
fp[il](il−1, . . . , i1). For terminal nodes, we let fi0 = i0,

for i0 ∈ N, and f∞ = ∞. The fun
tion en
oded by the

entire ADD is fr⋆ . 2

Figs. 2(a) and (b) show two ADDs storing a total fun
-

tion f1 and a partial fun
tion f2, respe
tively. Here, �par-

tial� means that some of its values are∞; for better read-

ability, we omit the terminal node ∞ and the edges and

nodes that lead to it from the graphi
al representation.

2.7 Edge-valued De
ision Diagrams

EDDs [12℄ are an alternative to ADDs for en
oding fun
-

tions of the form SK ×· · ·×S1 → N ∪ {∞}. They store

fun
tion values in their edges instead of the terminal

nodes, and often result in a more 
ompa
t en
oding than

ADDs in our appli
ation.

De�nition 2 (EDD [12℄). An EDD on the domain

Ŝ = SK × · · · × S1 is a dire
ted, a
y
li
 graph with

labeled and weighted edges, where:

� Ea
h node p belongs to a level in {K, ..., 1, 0}, de-
noted p.lvl.
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Figure 2: The ADD (a) or EDD (
) to store total fun
tion f1, and the ADD (a) or EDD (
) to store partial fun
tion f2.

� There is a single root node r⋆ at level K, with an

in
oming �dangling� edge having weight ρ⋆ ∈ N. We

write su
h an edge as 〈ρ⋆,r⋆〉.
� Level 0 
ontains a single terminal node, ⊥.

� A non-terminal node p at level l > 0 has nl ≥ 2
outgoing edges, labeled 0 to nl − 1. We write p[i] =
〈v,q〉 if the ith edge has weight v ∈ N ∪ {∞} and

points to node q. In addition, we write p[i].val = v

and p[i].node = q.

� If p[i].val=∞, then p[i].node =⊥; otherwise, p[i].node

is at level p.lvl−1.
� Ea
h non�terminal node has at least one outgoing

edge labeled 0.

� There are no dupli
ate nodes, i.e., if ∀0 ≤ i < nl.

p[i].node = q[i].node and p[i].val = q[i].val, then

p = q.

The fun
tion f〈v,p〉 : Sl×· · ·×S1 → N∪{∞} en
oded by

edge 〈v,p〉, with p.lvl = l > 0, is f〈v,p〉(il, . . . , i1) = v +
f〈p[il].val,p[il].node〉(il−1, . . . , i1), where f〈x,⊥〉 = x. Thus,

the fun
tion en
oded by the entire EDD is f〈ρ⋆,r⋆〉, where

ρ⋆ is the minimum value assumed by this fun
tion. 2

As de�ned, EDDs 
an 
anoni
ally represent any fun
-

tion of the form Ŝ → N ∪ {∞}, ex
ept the 
onstant ∞,

for whi
h we use an EDD with r⋆ =⊥ (at level 0, not K),

and ρ⋆ = ∞. Figs. 2 (
) and (d) show two EDDs storing

the total fun
tion f1 and the partial fun
tion f2, respe
-

tively. Whenever partial fun
tion f2 has value ∞, we

omit the EDD edges from its graphi
al representation.

We point out that EDDs allow for the e�
ient implemen-

tation of many standard operations on the fun
tions they

en
ode, in
luding the pointwise minimum of two fun
-

tions [12℄ whi
h is needed in our bounded rea
hability

algorithms.

3 Bounded rea
hability 
he
king

Given a model M and a state property φ, a generi


breadth-�rst bounded rea
hability 
he
king algorithm

starts with some initial guess for the bound B, 
omputes

the set SB of states within distan
e B of the initial states

Sinit, and, if any state in SB violates φ, returns Error.

If no su
h state exists, B is in
reased and these steps are

repeated until some given bound is rea
hed or until the

entire state spa
e has been explored. In the latter 
ase,

φ is de
lared valid.

Our goal is to develop bounded state-spa
e explo-

ration algorithms that are guaranteed to terminate even

when the state spa
e S is in�nite, as long as any state


an rea
h only a �nite number of states within one step.

This last 
ondition is guaranteed to hold if, as we as-

sume, the following is true:

1. The set E of model events is �nite; and

2. The e�e
t of �ring an event α has only a �nite num-

ber of possible out
omes, i.e., |Image(i,Dα)| < ∞ for

any i ∈ Ŝ.

Let the distan
e of a global state j ∈ Ŝ from a global

state i ∈ Ŝ, or from a set I ⊆ Ŝ of states, be de�ned as:

δ(i, j) = min{d : j ∈ Imaged({i},R)} ,

δ(I, j) = min{δ(i, j) : i ∈ I} .

Then, we seek algorithms that, given a dis
rete-state

model (Ŝ,Sinit,R) and a bound B, build a set SB of

states satisfying:

1. ∀j ∈ Ŝ. δ(Sinit, j) ≤ B ⇒ j ∈ SB

2. ∃B′ > B. ∀j ∈ Ŝ. δ(Sinit, j) ≥ B′ ⇒ j 6∈ SB .

The �rst 
ondition guarantees that all states within dis-

tan
e B are in SB , while the se
ond 
ondition gives an

upper bound B′ for the states' distan
e in set SB . In
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MDD BoundedBfsChain()

1 S ← Sinit;
2 for d = 1 to B do
3 for l = 1 to K do
4 forea
h α ∈ El do
5 S ← Union(S, Image(S,Dα));
6 return S;

Figure 3: Symboli
 bounded BFS state-spa
e generation with 
haining.

our proposed bounded approa
hes, the upper bound B′

varies due to the trade-o� between a

ura
y and e�-


ien
y. Some methods, e.g., the ADD-based method of

Fig. 6, have exa
t bounds (i.e., B′ = B), while other

methods have approximate bounds. For example, our

MDD-based globally-bounded method of Fig. 8 satis�es

B′=BK , where K is the number of MDD levels.

3.1 MDDs with BFS-style 
haining

Before presenting our main 
ontribution of Bounded Sat-

uration algorithms, we �rst show how the standard BFS-

sear
h algorithm 
an be improved when dealing with

MDD-en
oded state spa
es of event-based asyn
hronous

systems, using ideas from both event lo
ality and for-

ward 
haining [35℄. The improved BFS algorithm serves

as one of the referen
e algorithms in our experimental

studies of Se
. 4 and is shown in Fig. 3.

Exploiting event lo
ality for an event α, we 
an ignore

MDD levels above Top(α) and modify in-pla
e MDD

nodes at level Top(α). Indeed, the 
all to Image in Fig. 3

does not even a

ess nodes below Bot(α), only Union

does. This has been shown experimentally to signi�-


antly redu
e the peak number of MDD nodes during

state-spa
e generation [10℄.

Chaining [35℄ 
ompounds the e�e
t of multiple events

within a single iteration. For example, if (i) the set of

rea
hable states known at iteration B is XB , (ii) j 6∈ XB


an be rea
hed from i ∈ XB by �ring the sequen
e of

distin
t events (α, β, γ), and (iii) one happens to explore

events in that exa
t order, then j will be in
luded in

XB+1. Thus, XB ⊇ SB sin
e some states in S |E|·B \ SB

might be present in XB . Redu
ing the number of itera-

tions does not in prin
iple imply greater e�
ien
y, as the

MDD for XB 
ould be mu
h larger than the one for SB ;

however, it has been shown experimentally that 
haining

often redu
es both time and memory requirements [35℄.

It is well known that the 
hosen variable order is

essential in de
ision-diagram-based algorithms [4℄. Fur-

thermore, in our setting, the variable order a�e
ts the

values Top and Bot , as well as the order of �ring events.

Therefore, we employ the heuristi
 introdu
ed in [33℄ to

automati
ally generate good stati
 variable orders; this

heuristi
 aims to minimize the sum of the values Top

over all events.

3.2 Bounded Saturation using EDDs

In several studies, Saturation has been shown superior to

BFS-style iterations when symboli
ally 
omputing the

state spa
e (as a least �xpoint) of asyn
hronous mod-

els [10,11℄. The 
hallenge in adapting Saturation to bou-

nded model 
he
king arises from the need to bound the

symboli
 traversal in its nested �xpoint 
omputations.

This se
tion explores algorithms that use EDDs to en-


ode both the bounded state spa
e and the distan
e

information within the same symboli
 data stru
ture.

Thus, we bound the traversal during the EDD symboli


operations by using the distan
e information, instead of

limiting the number of outermost iterations performed

in a traditional BFS-style approa
h.

Fig. 4 shows two EDD approa
hes that di�er in how

they bound the symboli
 traversal. They are obtained by

repla
ing the Truncate 
all (line 5 in pro
edure Bounded -

Saturate and line 7 in pro
edure BoundedEDDImage)

with either TruncateExact or TruncateApprox . The for-

mer 
omputes the exa
t bounded state spa
e SB ; the

latter 
omputes a superset of SB that may 
ontain rea
h-

able states with distan
e at most K ·B, where K is the

number of state variables, i.e., EDD levels. Re
all that

transition relations are stored using MDDs, with 0 and

1 denoting an MDD's terminal nodes.

Both approa
hes start from an EDD where states in

Sinit have distan
e 0 and states in Ŝ \Sinit have distan
e

∞ (line 1 in BoundedEDDSaturation); thus, ρ⋆ = 0.
Then, pro
edure BoundedEDDSaturate is 
alled on all

EDD nodes, starting from those at level 1, to 
ompute

the bounded state spa
e. Ea
h EDD node p at level l

represents a set of (sub-)states and distan
e information


onsisting of variables at level l and below. When 
all-

ing pro
edure BoundedEDDSaturate on an EDD node

p at level l, a least �xpoint en
oding the (sub-)state

spa
e and distan
e with respe
t to the set El of events

with top level l is 
omputed. During the 
omputation of

BoundedEDDSaturate on node p at level l, ea
h event

in El is exhaustively �red to perform bounded forward

traversal, until no new rea
hable (sub-)states are found.

BoundedEDDImage performs a bounded forward tra-

versal by �rst 
omputing the forward image, followed by

either an exa
t trun
ation to prune all (sub-)states ex-


eeding bound B (pro
edure TruncateExact), or a faster

but approximate trun
ation to prune only (sub-)states

whose edge value in the 
urrent EDD node ex
eeds B
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void BoundedEDDSaturation()

1 r⋆ ← root of EDD en
oding f(i) =



0 if i ∈ Sinit

∞ otherwise
;

2 for k = 1 to K do
3 forea
h node p at level k do
4 BoundedEDDSaturate(p);

node BoundedEDDSaturate(node p)

1 l← p.lvl;
2 repeat
3 
hoose α ∈ El, i, j ∈ Sl s.t. p[i].val < B;
4 〈v,q〉 ← BoundedEDDImage(p[i],Dα[i][j]);
5 〈w,s〉 ← Truncate(v+1, q); •exa
t or approximate
6 p[j]← Minimum(p[j], 〈w,s〉);
7 until p does not 
hange;
8 return p;

edge BoundedEDDImage(edge 〈v,q〉, MDD f)

1 if f = 0 then return 〈∞,⊥〉;
2 if f = 1 or q =⊥ then return 〈v,q〉;
3 k ← q.lvl; •given our quasi-redu
ed form, f.lvl = k
4 s← NewNode(k); •edges initialized to 〈∞,⊥〉
5 forea
h i ∈ Sk, j ∈ Sk s.t. q[i].val ≤ B do
6 〈v,u〉 ← BoundedEDDImage(q[i], f [i][j]);
7 〈w,o〉 ← Truncate(〈v,u〉); •exa
t or approximate
8 s[j]← Minimum(s[j], 〈w,o〉);
9 s← BoundedEDDSaturate(s);

10 〈γ,s〉 ← Normalize(s);
11 return 〈γ+v,s〉;

edge Minimum(edge 〈v,p〉, edge 〈w,q〉)

1 if v =∞ then return 〈w,q〉;
2 if w =∞ then return 〈v,p〉;
3 k ← p.lvl; •given our quasi-redu
ed form, q.lvl = k
4 if k = 0 then •rea
hed terminal node
5 return 〈min{v, w},⊥〉;
6 s← NewNode(k); •empty node at level k
7 γ ← min{v, w};
8 forea
h i ∈ Sk do
9 x← v−γ+p[i].val;

10 y ← w−γ+q[i].val;
11 s[i]← Minimum(〈x,p[i].node〉, 〈y,q[i].node〉);
12 return 〈γ,s〉;

edge Normalize(node p)

1 v ← min{p[i].val : i ∈ Sp.lvl};
2 forea
h i ∈ Sp.lvl do
3 p[i].val← p[i].val − v;
4 return 〈v,p〉;

edge TruncateExact(edge 〈v,p〉)

1 if v > bound then return 〈∞,⊥〉;
2 forea
h i ∈ Sp.lvl do
3 p[i]← TruncateExact(〈v+p[i].val,p[i].node〉);
4 return 〈v,p〉;

edge TruncateApprox(edge 〈v,p〉)

1 if v > bound then return 〈∞,⊥〉;
2 else return 〈v,p〉;

Figure 4: Bounded Saturation using EDDs.

(pro
edure TruncateApprox ). Pro
edures BoundedEDD-

Saturate and BoundedEDDImage are mutually re
ur-

sive, asBoundedEDDImage performs a bounded forward

traversal of the rea
hable state spa
e, while all the 
re-

ated nodes in the new image are saturated by Bounded -

EDDSaturate (line 9 in pro
edure BoundedEDDImage).

Pro
edure Minimum 
omputes the pointwise minimum

of the fun
tions en
oded by its two argument EDDs. Fi-

nally, pro
edure Normalize takes a node p, ensures that

it has at least one outgoing edge with value 0, and re-

turns the ex
ess in the edge value v.

We now examine the manipulation of the edge val-

ues in more detail. When an event α is �red, the distan
e

of the image states is the distan
e of the 
orresponding

�from� states in
remented by 1. BoundedEDDSaturate

�res α by 
alling BoundedEDDImage (line 4), whi
h re-

turns the root of the image, so that the �dangling� edge

value must be in
remented by 1 in order to a

ount for

the �ring of α (line 6). Pro
edure BoundedEDDImage

performs the symboli
 image 
omputation of the same

event α �red by BoundedEDDSaturate, and the distan
e

of the new image is in
remented by the distan
e of the

�from� states at the return statement (line 11). The dis-

tan
e of the image states 
an be greater than the dis-

tan
e of their �from� states by more than one, due to sat-

uration of the image states. Observe that BoundedEDD-

Saturate uses the test p[i].val<B (line 3), but Bounded -

EDDImage uses instead the test q[i].val ≤ B, sin
e the

in
rement of the edge value by 1 is performed in the

former, but not in the latter.

Compared to BFS-style MDD approa
hes, our two

new EDD approa
hes use Saturation, i.e., a more ad-

van
ed iteration order, but at the 
ost of a more expen-

sive symboli
 data stru
ture, i.e., EDDs. The experimen-

tal results of Se
. 4 show that this trade-o� is e�e
tive

in both time and memory, as the new algorithms often

outperform BFS in our ben
hmarks.

3.3 EDD approa
h on our running example

Fig. 5 illustrates the exe
ution of Bounded Saturation

using TruncateApprox as the trun
ation pro
edure, on

the running example of Fig. 1 with bound B = 1. Snap-
shot (a) shows the 2K-level MDDs for the disjun
tively

partitioned transition relation. Da and Dg have iden-

tity transformations for variables i and p, respe
tively;

thus, the 
orresponding levels in the de
ision diagram

are skipped to exploit event lo
ality. Snapshots (b)�(f)

show the evolution of the bounded state spa
e en
oded

by the EDD, from the initial state to the �nal bounded

state spa
e, listing the key pro
edure 
alls. We denote

the nodes of the EDD en
oding the state spa
e with 
ap-

ital letters (A to E), highlight two spe
i�
 MDD nodes

in the transition relation en
oding by f and h, and 
olor

a node bla
k on
e it is saturated. The algorithm starts

by saturating nodes A and B, whi
h are saturated im-
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(a) Transition relation
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(b) EDD en
oding for

the initial states
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(
) BoundedEDDSaturate(C):

f←Da[2][1].

BoundedEDDImage(C[2], f):

B[0]←BoundedEDDImage(B[0], f [0][1]).
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(d) BoundedEDDSaturate(D):

h←Dg[1][0].

BoundedEDDImage(D[1], h]):

E[1]←BoundedEDDImage(A[0], h[0][1]).
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(f) BoundedEDDSaturate(C):

C[1]←Minimum(C[1], 〈1,D〉).

C is saturated.
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Figure 5: Bounded Saturation using EDDs, when applied to our running example. Snapshot (a) shows the partitioned
transition relation, while snapshots (b)�(f) show the evolution of the bounded state spa
e en
oded by the EDD.

mediately sin
e no events are enabled in them (Snap-

shot (
)). Nodes E, D, and C are saturated in that order.

The pro
edure stops when root node C be
omes satu-

rated. Not all pro
edure 
alls are shown; for example,

pro
edure BoundedEDDImage(C[1],Ds[1][2]) is 
alled in

Snapshot (f) before node C be
omes saturated, but does

not generate any new node.

3.4 Bounded Saturation using ADDs

In this se
tion, we propose a Bounded Saturation algo-

rithm that uses ADDs to store both the state spa
e and

the distan
es. For a bound B, the ADD has B + 2 ter-

minal nodes 
orresponding to the distan
es of interest,

{0, 1, . . . , B,∞}, where ∞ is used to denote any state

distan
e greater than B.

The Bounded Saturation algorithm using ADDs is

shown in Fig. 6, where the standard ADD pro
edure

Minimum 
omputes the pointwise minimum of the fun
-

tions en
oded by its two argument ADDs. Similar to the

EDD-based approa
hes, the ADD approa
h starts from

an ADD where states in Sinit have distan
e 0 and states

in Ŝ \Sinit have distan
e ∞ (line 1 in BoundedADDSat-

uration). Then pro
edureBoundedADDSaturate is 
alled

on all ADD nodes, starting from those at level 1. Ea
h

ADD node p at level l en
odes a set of (sub-)states and

distan
e information. Calling BoundedADDSaturate on

a node p at level l 
omputes a least �xpoint en
oding

the (sub-)state spa
e and distan
e with respe
t to event

set El, where ea
h event in El is exhaustively �red to

perform a bounded forward traversal.

Unlike EDD-based approa
hes, however, the ADD

approa
h keeps the distan
e information and bounds the

forward traversal at the terminal nodes. This is done at

lines 4-6 of pro
edure BoundedADDImage, whi
h han-

dles the 
ases when the terminal ADD nodes are rea
hed.

In parti
ular, when 
alling the BoundedADDImage pro-


edure on a terminal node q 6= ∞, the value of q de-

notes the distan
e of the �from� states, and the distan
e

of the new image states is obtained by in
rementing q

by 1 if the result is still less than distan
e bound B

(line 5 of BoundedADDImage); otherwise, the new im-

age states have distan
e greater than B and are there-

fore trun
ated by returning terminal node ∞ (line 6

of BoundedADDImage). This trun
ation me
hanism for

ADD is an �exa
t-distan
e� method, sin
e all states with

distan
e greater than B are trun
ated, and only the

states within distan
e B are kept. Thus, the ADD ap-

proa
h of Fig. 6 
omputes exa
tly the state spa
e SB ,

without using a BFS-style iteration.

3.5 Bounded Saturation using MDDs

In the above EDD and ADD approa
hes, de
ision dia-

grams are used to store both the bounded state spa
e
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void BoundedADDSaturation()

1 r⋆ ← root of ADD en
oding f(i) =



0 if i ∈ Sinit

∞ otherwise
;

2 for k = 1 to K do
3 forea
h node p at level k do
4 BoundedADDSaturate(p);

ADD BoundedADDImage(ADD q, MDD f)

1 if f = 0 then return ∞;
2 else if f = 1 or q =∞ then return q;
3 k ← q.lvl; •given our quasi-redu
ed form, f.lvl = k
4 if k = 0 then •rea
h terminal nodes
5 if q < bound return q + 1; •in
rement the distan
e
6 else return ∞; •trun
ated
7 s← NewNode(k); •empty ADD node at level k
8 forea
h i ∈ Sk, j ∈ Sk s.t. f [i][j] 6= 0 do
9 o← BoundedADDImage(q[i], f [i][j]);

10 s[j]← Minimum(s[j], o);
11 s← BoundedADDSaturate(s);
12 return s;

ADD BoundedADDSaturate(ADD p)

1 l← p.lvl;
2 repeat
3 
hoose α ∈ El, i ∈ Sl, j ∈ Sl s.t. Dα[i][j] 6= 0;
4 q ← BoundedADDImage(p[i],Dα[i][j]);
5 p[j]← Minimum(p[j], q);
6 until p does not 
hange;
7 return p;

ADD Minimum(ADD p, ADD q)

1 if p =∞ then return q;
2 if q =∞ then return p;
3 k ← p.lvl; •given our quasi-redu
ed form, q.lvl = k
4 if k = 0 then
5 return min(p, q);
6 s← NewNode(k); •empty ADD node at level k
7 forea
h i ∈ Sk do
8 s[i]← Minimum(p[i], q[i]);
9 return s;

Figure 6: Bounded Saturation using ADDs. The distan
e en
oded at the ADD terminal node is used to bound the state
spa
e exploration.

void BoundedMDDSaturation() •lo
ally-bounded

1 return BoundedMDDSaturate(root);

node BoundedMDDSaturate(MDD p)

1 l← p.lvl;
2 r ← p; •update in pla
e
3 if l > 1 then
4 r[i]← BoundedMDDSaturate(r[i]);
5 for d = 1 to B do •BFS-style bounded iteration
6 s← CopyNode(r);
7 forea
h α ∈ El, i ∈ Sl, j ∈ Sl s.t. Dα[i][j] 6= 0 do
8 t← BoundedMDDImage(r[i],Dα[i][j]));
9 s[j]← Union(s[j], t); FreeNode(t);

10 if s = r then break; •new image is empty
11 else r ← s;
12 return r;

MDD BoundedMDDImage(MDD q, MDD T )

1 if T = 0 then return 0; if T = 1 then return q;
2 k ← q.lvl;
3 s← NewNode(k);
4 forea
h i, j ∈ Sk su
h that q[i] 6= 0 and T [i][j] 6= 0 do
5 t← BoundedMDDImage(q[i], T [i][j]);
6 s[j]← Union(s[j], t); FreeNode(t);
7 s← BoundedMDDSaturate(s);
8 return s;

Figure 7: Lo
ally-bounded Saturation using MDDs. The
state-spa
e exploration is bounded using the �for�-loop in
BoundedMDDSaturate.

void BoundedMDDSaturation() •globally-bounded

1 return BoundedMDDSaturate(0, root);

node BoundedMDDSaturate(int ρ, MDD p)

1 l← p.lvl;
2 r ← CopyNode(p); •work on a 
opy
3 if l > 1 then
4 r[i]← BoundedMDDSaturate(r[i]);
5 for d = 1 to B−ρ do •BFS-style bounded iteration
6 s← CopyNode(r);
7 forea
h α ∈ El, i ∈ Sl, j ∈ Sl s.t. Dα[i][j] 6= 0 do
8 t←BoundedMDDImage(ρ + d− 1, r[i],Dα[i][j]));
9 s[j]← Union(s[j], t); FreeNode(t);

10 if s = r then break; •new image is empty
11 else r ← s;
12 return r;

MDD BoundedMDDImage(int ρ, MDD q, MDD T )

1 if T = 0 then return 0; if T = 1 then return q;
2 k ← q.lvl;
3 s← NewNode(k);
4 forea
h i, j ∈ Sk su
h that q[i] 6= 0 and T [i][j] 6= 0 do
5 t← BoundedMDDImage(ρ, q[i], T [i][j]);
6 s[j]← Union(s[j], t); FreeNode(t);
7 s← BoundedMDDSaturate(ρ, s);
8 return s;

Figure 8: Globally-bounded Saturation using MDDs. The
state-spa
e exploration is bounded using the �for"-loop in
BoundedMDDSaturate and a global 
ounter.

and the distan
e information. However, storing the dis-

tan
e information 
an sometimes in
rease the sizes of

EDDs or ADDs substantially, when 
ompared to the

sizes of the MDDs en
oding only state spa
es. For exam-

ple, EDD nodes p and q in Fig. 2(d) would be merged,

if no distan
e information were stored. Similarly, ADD

nodes r and s in Fig. 2(b) would be merged.

In this se
tion, we explore Bounded Saturation al-

gorithms based on MDDs instead of EDDs or ADDs.

The 
hallenge is to bound the symboli
 traversal in the

Saturation-based �xpoint iteration, so that termination

is guaranteed even if the distan
e information is not en-


oded by the de
ision diagram.

Two Bounded Saturation algorithms using MDDs are

presented in Figs. 7 and 8. Both start from pro
edure
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BoundedMDDSaturation, where the root MDD node en-


oding the initial states Sinit is saturated by 
alling the

re
ursive pro
edure BoundedMDDSaturate, whi
h then

saturates all the MDD nodes rea
hable from the root

node at lower levels, in a bottom-up fashion. The pro
e-

dure terminates when the root node is saturated. As for

other Saturation-style algorithms, BoundedMDDSatura-

te and BoundedMDDImage are mutually re
ursive, i.e.,

all newly 
reated MDD nodes in pro
edure BoundedM -

DDImage are immediately saturated by BoundedMDD-

Saturate.

To perform bounded forward traversal instead of full

state-spa
e exploration, pro
edure BoundedMDDSatur -

ate of Figs. 7 and 8 uses BFS-style bounded forward

traversals, where MDD nodes r and s are used to denote

the rea
hable (sub-)states of the previous and new iter-

ations, respe
tively. Thus, the BFS-style iterations are

stopped when s is the same as r. In the BFS-style itera-

tions, instead of exploring state spa
es from all the rea
h-

able (sub-)states, we 
ould have 
hosen to explore them

from the frontier (sub-)states only, 
omputed with an

MDD SetDifference operation between the newly rea
h-

able states with the previously rea
hable states. How-

ever, our experiments showed that this is less e�
ient,

sin
e 
omputing the frontier tends to 
reate many MDD

nodes at lower levels.

The two approa
hes to BoundedMDDSaturate di�er

in the way they bound the BFS-style iteration. The ap-

proa
h of Fig. 7 uses the value B to bound the BFS itera-

tion. The approa
h of Fig. 8 re�nes the �rst approa
h by

utilizing an additional parameter ρ to re
ursively 
ount

the number of event �rings that o

urred along the path

through whi
h the re
ursion rea
hed MDD node p. The


ounter ρ is initialized to 0 in pro
edure BoundedMDD-

Saturation, and then in
remented with the iteration

number d at line 8 of pro
edure BoundedMDDSaturate.

To bound the forward traversal, the number of BFS-

style iterations that 
an be performed when saturat-

ing MDD node p is then redu
ed to B−ρ in pro
edure

BoundedMDDSaturate.

We 
all the approa
h of Fig. 7 lo
ally-bounded and

the one of Fig. 8 globally-bounded. This is be
ause, in

the latter 
ase, the bound of the BFS-style iteration does

not only take into a

ount the event �rings that have o
-


urred lo
ally when saturating an MDD node p, but also

those along the path rea
hing node p. Given a bound B,

both approa
hes 
ompute a superset of the bounded

state spa
e SB . The lo
ally-bounded approa
h may 
on-

tain rea
hable states with distan
e at most BK , whereas

the globally-bounded approa
h may 
ontain rea
hable

states with distan
e at most
(
B+K−1

K

)
, where K is the

number of state variables, i.e., MDD levels. We prove

these bounds by indu
tion. Let D be the maximum state

distan
e to Sinit in the 
urrent state spa
e during the

bounded symboli
 forward traversal, initially set to 0.

In the lo
ally-bounded approa
h, ea
h 
all to re
ur-

sive pro
edure BoundedMDDSaturate on an MDD node

at level 1 
an in
rease D by at most B, due to the bound

enfor
ed in line 8 of BoundedMDDSaturate. This proves

the base 
ase. Now assume that pro
edure Bounded -

MDDSaturate, on any node at level l−1, in
reases D by

at most Bl−1. Then, for a node p at level l and ea
h BFS-

style iteration of BoundedMDDSaturate on p, pro
edure

BoundedMDDImage 
alls on the 
hild nodes of p at level

l−1 and generates a new node at level l−1, whi
h is also

saturated by BoundedMDDSaturate and thus in
reases

D by at most Bl−1. Be
ause there are at most B su
h it-

erations, BoundedMDDSaturate on node p at level l 
an

therefore in
rement D by at most B×Bl−1 = Bl. Our

upper-distan
e bound then follows sin
e l = K for the

root node.

For the globally-bounded approa
h, we prove that a


all to re
ursive pro
edure BoundedMDDSaturate with


ounter ρ on some MDD node p at level l 
an in
re-

ment D by at most
(
B−ρ+l−1

l

)
, for B ≥ ρ ≥ 0. Our

upper-distan
e bound 
an then be proved to hold sin
e

ρ = 0 and l = K for the root node. Regarding the

base 
ase, for a node at level 1, it is easy to see that

D 
an be in
remented by at most B − ρ. Now assume

that the bound formula is true for level l−1. Regard-
ing level l, the number of BFS-style iterations in pro-


edure BoundedMDDSaturate is B−ρ, and at the dth

iteration, the result of BoundedMDDImage is saturated

by BoundedMDDSaturate at level l−1, whi
h 
an in
re-

ment D by at most
(
B−ρ−d+l−1

l−1

)
. The total in
rement

is therefore
∑B−ρ

d=1

(
B−ρ−d+l−1

l−1

)
, whi
h 
an be simpli�ed

to
(
B−ρ+l−1

l

)
, as desired.

Compared to the lo
ally-bounded approa
h, the new


ounter ρ restri
ts the explored state spa
e more, sin
e

its distan
e bound
(
B+K−1

K

)
is o(BK), i.e., asymptot-

i
ally smaller than for the lo
ally-bounded approa
h.

However, both BoundedMDDSaturate and BoundedM -

DDImage have to 
ompute new results for di�erent val-

ues of ρ, when
e ρ be
omes part of the sear
h key in the

operation 
a
hes for these pro
edures. This results in

fewer 
a
he hits and higher memory usage.

4 Experimental results

We implemented our Bounded Saturation algorithms in

the veri�
ation tool SmArT [8℄, whi
h supports Petri nets

as front-end. This se
tion reports our experimental re-

sults for a suite of asyn
hronous Petri-net ben
hmarks

when 
he
king for deadlo
k-freedom, as an example of

bounded rea
hability 
he
king. For our symboli
 algo-

rithms, the deadlo
k 
he
k simply requires us, for ea
h

event α, to remove the set of states enabling α, i.e.,

Image−1(Ŝ,Dα), from the �nal bounded state spa
e; any

remaining state 
orresponds to a deadlo
k. In the fol-

lowing, we 
ompare the performan
e of several de
ision-

diagram-based methods and the SAT-based methods of

Heljanko et al. [22,23℄ and Ogata et al. [31℄, when ap-

plied to this task.
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Approximate distan
e methods

EVMDD-Approx EVBDD-Approx MDD-SatL MDD-SatG MDD-Chain SAT-S SAT-C

Model #P #E B Time Mem B Time Mem B Time Mem B Time Mem B Time Mem B Time B Time

byzagr4(2a) 579 473 49 2.23 2.41 49 9.14 3.43 2 2.15 1.47 2 3.24 4.18 6 7.3 9.24 8 0.79 2 2.07

mmgt(3) 122 172 9 0.11 0.2 8 1.28 0.34 2 0.06 0.11 3 0.2 0.46 5 0.07 0.16 7 0.09 3 1.04

mmgt(4) 158 232 17 1.22 1.15 17 2.15 1.67 2 0.4 0.56 2 0.6 1.41 3 0.11 0.2 8 0.23 4 5.52

da
(15) 105 73 4 0.01 0.0 4 0.03 0.01 2 0.01 0.01 2 0.01 0.01 2 0.01 0.01 3 0.01 2 0.04

hs(75) 302 152 151 0.01 0.03 151 0.36 0.05 3 0.03 0.03 4 0.03 0.07 93 0.08 0.53 151 5.84 1 0.07

hs(100) 402 202 201 0.03 0.04 201 0.78 0.07 2 0.05 0.03 3 0.05 0.09 116 0.14 0.78 201 14.85 1 0.13

sentest(75) 252 102 45 0.0 0.02 45 0.21 0.03 2 0.02 0.01 3 0.03 0.03 32 0.03 0.21 83 4.27 3 0.13

sentest(100) 327 127 61 0.01 0.03 61 0.34 0.05 2 0.03 0.02 3 0.03 0.04 73 0.07 0.47 108 10.71 4 0.29

speed(1) 29 31 4 0.01 0.02 2 0.24 0.01 3 0.0 0.01 4 0.01 0.04 3 0.01 0.04 4 0.01 2 0.03

dp(12) 72 48 2 0.01 0.02 2 0.02 0.03 1 0.01 0.02 1 0.01 0.01 1 0.0 0.01 1 0.0 1 0.02

q(1) 163 194 9 0.01 0.03 8 1.45 0.04 2 0.03 0.04 3 0.05 0.11 7 0.06 0.14 9 0.13 1 0.07

elevator(3) 326 782 8 15.07 9.46 7 28.5 9.83 3 5.94 2.1 4 23.44 14.33 6 0.87 0.58 8 0.42 2 3.77

key(2) 94 92 13 0.06 0.14 18 0.16 0.19 3 0.07 0.12 4 0.06 0.19 14 0.07 0.2 36 2.88 2 0.05

key(3) 129 133 17 0.2 0.48 17 0.55 0.71 2 0.26 0.38 2 0.18 0.42 14 0.21 0.52 37 4.39 2 0.1

key(4) 164 174 17 0.69 1.48 15 2.4 1.39 2 1.35 1.56 3 3.43 5.75 17 0.67 1.54 38 4.21 2 0.18

key(5) 199 215 17 2.04 4.15 17 5.97 6.66 2 2.88 3.38 3 26.74 23.72 15 1.73 3.37 39 8.07 2 0.25

fms(3) 22 16 9 0.06 0.02 5 0.74 0.02 6 0.0 0.02 8 0.0 0.06 7 0.01 0.08 10 0.75 3 1.25

fms(7) 22 16 19 0.07 0.26 11 4.4 0.69 14 0.04 0.28 16 0.12 1.29 15 0.24 2.58 18 >600 6 >600

fms(10) 22 16 28 0.12 0.99 6 >600 � 20 0.15 1.14 22 0.51 5.69 21 1.35 14.75 16 >600 7 >600

kanban(1) 17 16 28 0.04 0.0 27 0.33 0.01 10 0.0 0.0 12 0.0 0.01 13 0.0 0.01 19 0.05 5 0.09

kanban(3) 17 16 82 0.05 0.06 79 5.34 0.34 30 0.01 0.05 32 0.12 0.64 19 0.03 0.23 12 >600 3 >600

kanban(10) 17 16 271 0.84 10.43 1 >600 � 100 1.69 8.48 102 46.96 317.48 54 2.83 29.29 1 >600 1 >600

Table 1: Experimental results (Time in se
, Mem in MB). �>600� means runtime ex
eeds 600se
 or memory ex
eeds 1GB, and ��� means the memory usage is not

available due to time out.
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We ran our experiments on a 3GHz Pentium ma-


hine with 1GB RAM. Ben
hmarks byzagr4, mmgt, da
,

hs(hartstone), sentest, speed, dp, q, elevator, and key are

taken from Corbett [19℄ and were translated into safe

Petri nets by Heljanko [21℄.1 Ben
hmarks fms and kan-

ban are deadlo
ked versions of non-safe Petri-net manu-

fa
turing system models whi
h are in
luded in the SmArT

distribution; these are automati
ally translated into safe

Petri nets by SmArT. All ben
hmarks have deadlo
ks.

BDDs and EVBDDs are natural 
andidates for our

de
ision-diagram-based approa
hes when models have

binary variables, as is the 
ase for safe Petri nets. How-

ever, thanks to a heuristi
 to merge binary variables

and exploit Petri net invariants [38℄, we 
an instead use

MDDs and EDDs, thereby a
hieving time and memory

savings. In the following, we thus present the multi-

valued version of our algorithms and, for 
omparison,


onsider only one EVBDD-based approa
h (EVBDD-

Approx), applied to safe Petri net models. The MDD-

and EDD-based approa
hes employ the merging heuris-

ti
 for the safe nets of Corbett's ben
hmarks, while they

use the non-safe Petri nets fms and kanban as-is. More-

over, variable orders for our experiments were automat-

i
ally obtained using the heuristi
 in [33℄.

4.1 Result tables

Tables 1 and 2 show the results for our �approximate�

methods and �exa
t� methods, respe
tively. The �ap-

proximate� methods are:

� MDD-Chain, the BFS-style, event-lo
ality-based


haining te
hnique of Fig. 3;

� SAT-S, the 
ir
uit SAT-based method with step se-

manti
s of [23℄;

� SAT-C, the CNF SAT-based method with forward


haining of [31℄;

as well as those methods that 
ompute a superset of the

states SB within distan
e B:

� EDD-Approx and EVBDD-Approx, our EDD-

based Bounded Saturation (TruncateApprox );

� MDD-SatL, our MDD-based Lo
ally-bounded

Saturation;

� MDD-SatG, our MDD-based Globally-bounded

Saturation.

The �exa
t� methods, whi
h limit their sear
h to exa
tly

SB , are:

� SAT-I, the 
ir
uit SAT-based method with inter-

leaving semanti
s of [23℄;

� EDD-Exa
t and ADD-Exa
t, our EDD or ADD-

based Bounded Saturation (TruncateExact).

1 A Petri net is safe if any pla
e 
an 
ontain at most one token,
and it is non-safe but N -bounded, if any pla
e 
an 
ontain at most
N (N > 1) tokens. A non-safe Petri net 
an be translated into a
safe one by binary en
oding (bit-blasting) of its non-safe pla
es
with safe pla
es.

The �rst three 
olumns of both tables are identi
al, and

display the model name and parameters, as well as the

number of pla
es (#P) and events (#E). For ea
h ap-

proximate method of Table 1, we report the smallest

bound B at whi
h either a deadlo
k is found or the

runtime ex
eeds 10 minutes. For the exa
t methods of

Table 2, we state the exa
t distan
e bound B of the

deadlo
k, ex
ept for the 
ase marked �?�, where none of

the exa
t methods 
ould �nd a deadlo
k within 10 min-

utes. All the de
ision-diagram-based methods are imple-

mented in SmArT, and their runtime and memory 
on-

sumptions are in
luded in the table, while only the run-

times are available for the SAT-based tools.

Corbett's ben
hmarks and the SAT-I and SAT-C tools

are taken from [22℄. In our experiments, SAT-S performs

at least as well as the analogous approa
h using pro-


ess semanti
s [21℄ (this is also 
on�rmed by the results

in Heljanko and Junttila's re
ent tutorial [22℄). There-

fore, we report only results for the former approa
h in

Table 1. With Corbett's ben
hmarks, we show di�erent

bounds for SAT-C than those reported in [31℄; this is

due to 
hoosing a di�erent initial state, the same as the

one 
onsidered in [22℄. For SAT-I and SAT-C, both the

en
oding time and the b
z
haff 
ir
uit SAT-solver run-

time are displayed in Table 1. For a fair 
omparison, the

runtime of SAT-C in
ludes the prepro
essing steps for

s
heduling events, the en
oding of the safe Petri nets

into boolean formulas and then into CNF formulas, and

the querying of the z
haff SAT-solver for deadlo
ks.

4.2 Dis
ussion

From Tables 1 and 2, we 
an roughly 
lassify ben
h-

marks byzagr, hs, sentest, fms, and kanban as models

with �deep� deadlo
ks, where the minimum bounds re-

quired to dete
t deadlo
ks range from 30 to 500, and all

other ben
hmarks as models with �shallow� deadlo
ks,

where the minimum bounds are less than 30. For ben
h-

marks with �deep� deadlo
ks, the newly proposed EDD-

Approx and MDD-SatL methods a
hieve the best per-

forman
e. For models with �shallow� deadlo
ks, it seems

that almost all methods perform reasonably well, in
lud-

ing our MDD-Chain method. When 
omparing EDD-

Approx with EVBDD-Approx, we observe that the for-

mer always performs better than the latter. Further,

MDD-SatL always performs better than MDD-SatG in

terms of both time and memory, and the latter always

�nds deadlo
k states at a deeper bound. The 
ompar-

ison between EDD-Exa
t and ADD-Exa
t shows that

they 
omplement ea
h other. EDD-Approx and MDD-

SatL are arguably the two methods with the best over-

all performan
e, ex
ept for the elevator model, where

they perform worse than the MDD-Chain method and

the SAT-S method. This might be be
ause a very large

superset of SB is 
omputed; we also suspe
t that our

variable order heuristi
 is not performing well on this

model.
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Exa
t distan
e methods
SAT-I EDD-Exa
t ADD-Exa
t

Model #P #E B Time Time Mem Time Mem

byzagr4(2a) 579 473 ? >600 >600 � >600 �

mmgt(3) 122 172 10 1.37 0.32 0.55 0.41 0.33

mmgt(4) 158 232 20 1.24 4.36 3.12 12.87 3.61

da
(15) 105 73 20 0.01 0.03 0.05 0.06 0.04

hs(75) 302 152 151 7.94 0.15 0.03 0.13 0.34

hs(100) 402 202 201 20.31 0.3 0.04 0.23 0.58

sentest(75) 252 102 88 8.51 0.06 0.02 0.08 0.14

sentest(100) 327 127 113 21.85 0.12 0.03 0.22 0.25

speed(1) 29 31 7 0.02 0.1 0.04 0.02 0.01

dp(12) 72 48 12 0.06 0.96 1.77 0.33 0.12

q(1) 163 194 21 0.83 0.08 0.15 0.19 0.13

elevator(3) 326 782 20 2.74 >600 � 7.54 1.83

key(2) 94 92 50 >600 0.15 0.2 0.22 0.34

key(3) 129 133 50 >600 0.62 0.67 2.8 1.64

key(4) 164 174 50 >600 2.02 2.11 9.71 3.15

key(5) 199 215 50 >600 16.87 10.52 33.65 10.03

fms(3) 22 16 30 >600 0.07 0.06 0.05 0.14

fms(7) 22 16 70 >600 0.8 2.2 1.12 4.7

fms(10) 22 16 100 >600 5.37 14.37 5.24 24.11

kanban(1) 17 16 40 16.56 0.08 0.0 0.01 0.01

kanban(3) 17 16 120 >600 0.1 0.07 0.27 0.64

kanban(10) 17 16 400 >600 14.4 10.46 51.76 187.9

Table 2: Experimental results (Time in se
, Mem in MB). �>600� means runtime ex
eeds 600se
 or memory ex
eeds 1GB,
and ��� means the memory usage is not available due to time out.

In addition, we observe that the well-known poor per-

forman
e of SAT-solvers for unsatis�able boolean formu-

las makes it hard to guess bound B. If the guess is too

large, the resulting boolean formula is huge; if it is too

small, the formula is unsatis�able. Both 
ases have se-

vere performan
e penalties. For example, SAT-I �nds a

deadlo
k in ben
hmark q(1) in less than 1 se
ond when

B = 21 but, when B = 20, the formula is unsatis�able

and the runtime ex
eeds 600 se
onds. De
ision-diagram-

based methods tend instead to have �well-behaved� run-

times, monotoni
ally in
reasing in B.

5 Related work

This se
tion dis
usses our approa
hes to bounded rea
h-

ability 
he
king in light of related work.

5.1 SAT-solving for Petri nets

We �rst add some details to the two SAT-based ap-

proa
hes to deadlo
k 
he
king of safe Petri nets [21,31℄,

against whi
h we 
ompared ourselves in the previous se
-

tion regarding runtime e�
ien
y.

Heljanko's work [21℄ established the so-
alled pro-


ess semanti
s of Petri nets as the `best' net semanti
s

for translating bounded rea
hability into a propositional

satis�ability problem, in the sense that the resulting SAT

problem 
an be solved more e�
iently than for step or

interleaving semanti
s. However, this te
hnique 
an only

be safely applied to safe Petri nets, as otherwise these

semanti
s may not 
oin
ide. In 
ontrast, our te
hnique

is appli
able to general Petri nets, even to Petri nets

exhibiting in�nite state spa
es.

Ogata, Tsu
hiya, and Kikuno's approa
h [31℄ fo
uses

on the translation of Petri nets, whi
h must again be

safe, into propositional formulas. The ordinary en
od-

ing of safe nets into propositional formulas results in

large formulas, thereby degrading the performan
e of

SAT solvers and hampering s
alability. The authors sug-

gest a more su

in
t en
oding, albeit at the pri
e of ex-

ploring not only states with a distan
e up to the 
on-

sidered bound but also some states with larger distan
e.

This is similar to our Bounded Saturation, for whi
h it

is also more e�
ient to 
olle
t some additional states.

The authors leave a 
omparison to Heljanko's approa
h

as future work; this 
omparison has now been 
ondu
ted

by us, and the results reported in the previous se
tion

show that neither method is superior in all 
ases.

5.2 BDD vs. SAT on syn
hronous systems

As mentioned above, the 
ommon belief that SAT-based

model 
he
kers outperform model 
he
kers based on de-


ision diagrams was already proved wrong by Cabodi,

No

o, and Quer [6℄, for a 
lass of digital 
ir
uits that



14 A. J. Yu, G. Ciardo and G. Lüttgen: Bounded Rea
hability Che
king of Asyn
hronous Systems

exhibit largely syn
hronous behavior. The advo
ated ap-

proa
h relies on improving standard BDD-based te
h-

niques by mixing forward and ba
kward traversals, dove-

tailing approximate and exa
t methods, adopting guided

and partitioned sear
hes, and using 
onjun
tive de
om-

positions and generalized 
ofa
tor-based BDD simpli�-


ations.

Our resear
h 
omplements their �ndings, regarding

asyn
hronous systems. In a nutshell, our improvement

over standard te
hniques lies in the lo
al manipulation

of de
ision diagrams by exploiting the event lo
ality in-

herent in asyn
hronous systems, interleaving semanti
s,

and disjun
tive partitioning. These are the 
entral ideas

behind Saturation [9℄, on whi
h our Bounded Saturation

algorithms are based. Similar to the algorithm proposed

in [6℄, we also a
hieve e�
ien
y by in
luding some states

with a distan
e larger than the given bound B; su
h

states have a distan
e of up to K ·B in our EDD-based

approa
h and up to E ·B in [6℄, where K and E are the

number of 
omponents and events, respe
tively, in the

studied Petri net.

Together, the results of Cabodi et al. and ours, and

also further re
ent resear
h [36℄, revise some of the 
laims

made in the literature, espe
ially regarding the perfor-

man
e of de
ision-diagram-based bounded model 
he
k-

ing. It must be noted here that our results have been

obtained with stati
 variable orders that have been 
om-

puted using a simple heuristi
 [33℄. Thus, unlike in [18℄,

no �ne-tuning of models by hand was ne
essary.

5.3 Petri net unfoldings

Both SAT-based and de
ision-diagram-based te
hniques

are established approa
hes to addressing the state-spa
e

explosion problem. The Petri net 
ommunity has devel-

oped another su

essful approa
h to this problem, whi
h

was �rst suggested in a seminal paper by M
Millan [28℄.

The idea is to �nitely unfold a Petri net until the result-

ing pre�x has exa
tly the same rea
hable markings as

the original net. For 
ertain Petri nets su
h �nite pre-

�xes exist and often prove to be small in pra
ti
e. In


ontrast to bounded rea
hability 
he
king, analysis te
h-

niques based on unfoldings are thus 
omplete, as they


apture a net's entire behavior. However, unfoldings are

limited to �nite-state Petri nets, although re
ent work

suggests an extension to some in�nite-state systems [1℄.

6 Con
lusions and future work

This arti
le explored the utility of de
ision diagrams for

the bounded rea
hability 
he
king of asyn
hronous sys-

tems. To this end, we re
onsidered Saturation, a state-

spa
e generation algorithm that is based on Multi-valued

De
ision Diagrams (MDDs) and exploits the event lo
al-

ity and interleaving semanti
s inherent in asyn
hronous

systems. As the sear
h strategy of Saturation is unlike

breadth-�rst sear
h, bounding sear
hes required us to

either employ EDDs or ADDs, whi
h allow for storing

states together with their distan
es from the set of initial

states, or use altogether new variants of Saturation.

An extensive experimental analysis of the resulting

Bounded Saturation algorithms showed that they often


ompare favorably to the 
ompeting SAT-based approa-


hes introdu
ed in [21,22,31℄. In many 
ases, Bounded

Saturation 
ould build bounded state spa
es and 
he
k

for deadlo
ks at least as fast and frequently faster, while

using a

eptable amounts of memory. Thus, de
ision-

diagram-based te
hniques 
an well 
ompete with SAT-

based te
hniques for the bounded rea
hability 
he
king

of asyn
hronous systems, and the widespread per
eption

that de
ision diagrams are not suited for bounded model


he
king [18℄ is unfunded.

Future work should investigate whether the Bounded

Saturation algorithms proposed in this arti
le 
an be

e�
iently applied beyond rea
hability 
he
king. We also

intend to investigate whether the event lo
ality inherent

in asyn
hronous systems 
an be exploited in SAT-based

rea
hability 
he
king.
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