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Decision diagrams for the approximate analysis of Markov models

Gianfranco Ciardo1∗

1 Department of Computer Science and Engineering, University of California, Riverside, USA

Decision diagrams of various types can be used to encode the exact statespace and transition rate matrix of large Markov mod-
els. However, the exact solution of such models still requires to store at least one real vector with one entry per reachable state,
a formidable limitation to the practical use of these encodings. Thus, we discuss automatic techniques for the approximate
computation of performance measures when the Markov model can becompactly encoded but not exactly solved.
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1 Running example: a queuing network with fork-and-join behavior

We recall how the exact state spaceS and the transition rate matrixR of a discrete-state model with an underlying continuous-
time Markov chain (CTMC) can be compactly encoded using decision diagrams through a running example. For details about
the data structures and algorithms employed to build these encodings, see [1,2].

Fig. 1 shows a stochastic Petri net (SPN) of a fork-join queueing network, including the transition firing rates, where#(x)
means the number of tokens (customers) in place (queue)x in the current marking (state), and transitiont5 is immediate,
meaning it fires as soon as it is enabled. Given thelocal state spaces shown in Fig. 2, the MDD encoding state spaceS of
this model is shown in Fig. 3. Each path from noderoot at level5 to a node at level1 corresponds to a state inS (e.g., path
21200 corresponds to statef1e0d1c2b0a0, that is, the state where there are two customers inc and one customer inf andd).
Let Lk be the set of nodes at levelk (e.g.,L4 = {m,n, p, q, r}), let nd(x, γ) be the node reached from nodex following the
sequenceγ (e.g.,nd(p, 12) = s), letA(x) be the set of substates “above” nodex (e.g.,A(p) = {2}), and letB(x) be the set
of substates “below” nodex (e.g.,B(p) = {0101, 0110, 1200} andB(root) = S).

Fig. 4 shows the CTMC underlying this SPN, while Fig. 5 shows the EV∗MDD encoding the transition rate matrix of this
CTMC, where each path from nodeRoot at level5 to a node at level1 corresponds to a nonzero entry in the matrix. Let
X[ik, jk] be the(ik, jk)-edge from nodeX (e.g.,N [1, 0] = (1/2, S), N [1, 0].d = S, N [1, 0].v = 1/2), letMk be the set of
nodes at levelk (e.g.,M4 = {M,N,O, P,Q}), let nd(X,γ,γ′) be the node reached from nodeX at levelk following the
interleaving of the two sequencesγ andγ′ (e.g.,nd(N, 100, 000) = T ), and letvl(X,γ,γ′) be the product of the values along
the path (e.g.,vl(N, 100, 000) = 1/2 · 1 · 1 = 1/2). Then, given any two statesi = (iL, ..., i1) andj = (jL, ..., j1) in S,
R[i, j] = vl(Root , i, j); also, if we writei = (α, ik, β) andj = (α′, jk, β′), then, if we letX = nd(Root , α, α′), we have that
vl(Root , (α, ik, β), (α′, jk, β′)) = vl(Root , α, α′) · X[ik, jk].v · vl(X[ik, jk].d, β, β′).

2 MDD-based aggregation for CTMCs

Given anergodic CTMC with state spaceS, transition rate matrixR, and stationary probability vectorπ, we can partitionS
into n disjoint classes{C1, . . . , Cn} and define anaggregated CTMC with state spaceSagg = {1, . . . , n} and transition rate
matrix Ragg given byRagg [i, j] =

∑

i∈Ci
π[i|Ci] ·

∑

j∈Cj
R[i, j], whereπ[i|Ci] is the stationary conditional probability of

statei given that the CTMC is in classCi. It is known that this aggregated CTMC is ergodic and its stationary probability
vectorπagg satisfiesπ[i|Ci] = π[i]/πagg [i], thusπagg [i] =

∑

i∈Ci
π[i]. However, in general, computingRagg exactly is as

hard as as computing the entireπ.
We then extend [3], defining a general approximate fixpoint iteration that usesL aggregated CTMCs, one for each level of

the MDD encodingS. The level–k aggregated CTMC has state spaceSagg,k = {〈p, ik〉 : p ∈ Lk, ik ∈ Sk,B(p[ik]) 6= ∅},
where aggregated state〈p, ik〉 corresponds to the set of statesC〈p,ik〉 = A(p) × {ik} × B(p[ik]) of the original CTMC. Fig. 6
shows the level-4 state space and the CTMC for our running example.

Let Pr{X} =
∑

i∈X π[i] be the probability that the original CTMC is in a state ofX ⊆ S, Pr{p} = Pr{A(p)×B(p)}
be the probability of an MDD nodep at level k, and Pr{p, γ} = Pr{A(p) × {γ} × B(nd(p, γ))} for a sequenceγ =
ik, ik−1, ..., ih, where Pr{p, ik} = Pr

{

C〈p,ik〉

}

= πagg,k[〈p, ik〉] is the special case when|γ| = 1.
Given a nodep ∈ Lk, consider two sequencesα ∈ A(p) andβ ∈ B(p[ik]), and a statei = (α, ik, β) ∈ C〈p,ik〉. Since

Pr{γ|p}=Pr{p, γ}/Pr{p}, we haveπ[i|C〈p,ik〉]=Pr{α, ik, β|p, ik}=Pr{α|p, ik}Pr{β|α, p, ik}=Pr{α|p, ik}Pr{β|α, ik}.
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Fig. 1 A fork-join queueing network.

S5={f0e0,f0e1,f1e0,f2e0,f0e2}={0,1,2,3,4}

S4={d0,d1,d2} ={0,1,2}

S3={c0,c1,c2} ={0,1,2}

S2={b0,b1,b2} ={0,1,2}

S1={a0,a1,a2} ={0,1,2}

Fig. 2 The local state spaces.
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Fig. 3 MDD encodingS.
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Fig. 4 The CTMC underlying the model.
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Fig. 5 EV∗MDD encodingR.
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Sagg,4 = {〈m,0〉,〈m,1〉,〈m,2〉,〈n,1〉,
〈n,2〉,〈p,0〉,〈p,1〉,〈q,0〉,〈r,2〉}

A(p) = {2}
B(p[0]) = {101,110}
C〈p,0〉 = {2} × {0} × {101, 110}

= {20101, 20110} ⊆ S

Fig. 6 Example: level-4 aggregation.

3 EV∗MDD–based approximation algorithm for structured CTMCs

Given two aggregated states〈p, ik〉 and〈q, jk〉, and lettingM = nd(Root , α, α′), we can rewriteRagg,k[〈p, ik〉, 〈q, jk〉] as
∑

α∈A(p) Pr{α|p, ik} ·
∑

α′∈A(q) vl(Root , α, α′)·M [ik, jk].v·
∑

β∈B(p[ik]) Pr{β|α, ik} ·
∑

β′∈B(q[jk]) vl(M [ik, jk].d, β, β′),

but computing Pr{α|p, ik} and Pr{β|α, ik} exactly is hard, so we estimate Pr{α|p, ik} and Pr{β|α, ik} with an assumption
(true if product-form holds): Pr{ik|α} = Pr{ik|p}, for all L ≤ k ≤ 1, p ∈ Lk, ik ∈ Sk, andα ∈ A(p). If this holds,
Pr{α|p, ik} = Pr{α|p} = Pr{p′, ik+1|p}Pr{γ|p′} and Pr{β|α, ik} = Pr{β|p[ik]} = Pr{ik−1|p[ik]}Pr{δ|p[ik][ik−1]},
wherep′ ∈ Lk+1, p′[ik+1] = p, γ ∈ A(p′), α = (γ, ik+1), andβ = (ik−1, δ) ∈ B(p[ik]) andπ[i] = Pr{i1 | iL, . . . , i2} ·

Pr{iL, . . . , i2} = ... =
∏L

k=1 Pr{ik | pk} =
∏L

k=1 πagg,k[〈pk, ik〉]/Pr{pk}, lettingpL = root andpk = nd(iL, . . . , ik+1).
We rewriteRagg,k[〈p,ik〉,〈q,jk〉]≈

∑

M∈Mk
AM [p,q]·M [ik,jk].v ·B(M [ik,jk].d)[p[ik],q[jk]], whereAM [p,q] andBM [p,q]

describe the contribution to the transition rate from nodep to q due to “above” and “below” of nodeM . For M ∈ Mk−1

andp, q ∈ Lk−1, AM [p,q] =
∑

α∈A(p),α′∈A(q):nd(root,α,α′)=M Pr{α | p} ·vl(Root ,α,α′) is computed with the top–down
recurrenceAM [p,q] =

∑

M ′∈Mk,p′,q′∈Lk
AM ′ [p′, q′] ·

∑

ik,jk:p=p′[ik],q=q′[jk],M=M ′[ik,jk].d Pr{p′, ik | p}·M ′[ik, jk].v, with
base caseARoot.d[root , root ] = Root .v. Analogously,BM [p, q] =

∑

β∈B(p),β′∈B(q) Pr{β | p}·vl(M,β, β′) is computed with
the bottom–up recurrenceBM [p, q] =

∑

ik,jk
Pr{ik | p}·M [ik, jk].v ·BM [ik,jk].d [ p[ik], q[jk] ], with base caseBΩ[1,1] = 1.

To build theA matrices, we need Pr{p′, ik | p} = πagg,k[〈p′, ik〉]/Pr{p}, wherep = p′[ik] and the probability of node
p ∈ Ll is Pr{p} =

∑

il:p[il] 6=0 πagg,l[〈p, il〉]. Similarly, to build theB matrices, we need Pr{ik | p} = πagg,k[〈p, ik〉]/Pr{p}.
Then, forM ∈ Mk, AM is built based onπagg,l for levelsL ≥ l ≥ k and, forM ∈ Mk, BM is built based onπagg,l for

levelsk ≥ l ≥ 1. Thus, the level–k aggregated CTMC depends on the solutions of all other aggregated CTMCs and, to break
this cyclic dependency, we use a fixpoint iteration startingfrom an initial guess.

Onceπ is known, we may seek the expectation of a a reward rate function r : S → R, m =
∑

i∈S r(i) · π[i]. If we

approximate eachπ[i] with π[i] ≈
∏L

k=1 πagg,k[〈pk, ik〉]/Pr{pk}, wherepL, pL−1, ..., p2, p1 are the MDD nodes along the
path corresponding toi (thuspL = root), computingm requiresO(L · |S|) time. However, ifr is the product ofL “local”
functions,r(i) =

∏L

k=1 rk(ik), we can computem recursively, by lettingm(p) =
∑

ik:p[ik] 6=0 rk(ik) · Pr{ik | p} · m(p[ik]),
in time proportional to the number of MDD edges.
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