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Decision diagrams for the approximate analysis of Markov models
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Decision diagrams of various types can be used to encode the exaspstedeand transition rate matrix of large Markov mod-
els. However, the exact solution of such models still requires to storasitdae real vector with one entry per reachable state,
a formidable limitation to the practical use of these encodings. Thus, wesdistitomatic techniques for the approximate
computation of performance measures when the Markov model caorbygactly encoded but not exactly solved.
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1 Running example: a queuing network with fork-and-join behavior

We recall how the exact state spa®and the transition rate matrR of a discrete-state model with an underlying continuous-
time Markov chain (CTMC) can be compactly encoded usinggiecidiagrams through a running example. For details about
the data structures and algorithms employed to build thesedings, see [1, 2].

Fig. 1 shows a stochastic Petri net (SPN) of a fork-join qureyaetwork, including the transition firing rates, whetéx)
means the number of tokens (customers) in place (queue)he current marking (state), and transitignis immediate,
meaning it fires as soon as it is enabled. Givenltoal state spaces shown in Fig. 2, the MDD encoding state spatef
this model is shown in Fig. 3. Each path from nodet at level5 to a node at level corresponds to a state & (e.g., path
21200 corresponds to statg'e®d' c?b%a°, that is, the state where there are two customersaind one customer ifi andd).

Let £, be the set of nodes at level(e.g.,L4 = {m,n,p, q,7}), letnd(x,~) be the node reached from noddollowing the
sequence (e.g.,nd(p,12) = s), let A(z) be the set of substates “above” nadée.g.,/A(p) = {2}), and let3(x) be the set
of substates “below” node (e.g.,5(p) = {0101, 0110, 1200} andB(root) = S).

Fig. 4 shows the CTMC underlying this SPN, while Fig. 5 shomesEV*MDD encoding the transition rate matrix of this
CTMC, where each path from nodevot at level5 to a node at level corresponds to a nonzero entry in the matrix. Let
X ik, jr] be the(ix, ji)-edge from nodeX (e.g.,N[1,0] = (1/2,5), N[1,0].d = S, N[1,0].v = 1/2), let M, be the set of
nodes at levek (e.g.,M4 = {M,N,O, P,Q}), let nd(X,v,7") be the node reached from nodeat levelk following the
interleaving of the two sequencesand~y’ (e.g.,nd (N, 100,000) = T, and letvl(X,v,7’) be the product of the values along
the path (e.g.»/(N,100,000) = 1/2-1-1 = 1/2). Then, given any two statds= (iy,...,i1) andj = (jr,...,j1) in S,
R[i, j] = vl(Root,1,}j); also, if we writei = («, i, 8) andj = (¢, jr, 8'), then, if we letX = nd(Root, o, o), we have that
vl(Root, (o, i, 3), (&, ji, B")) = vl(Root, o, ') - X[ig, jr].v - vl(Xig, jx]-d, B, 5).

2 MDD-based aggregation for CTMCs

Given anergodic CTMC with state spacé, transition rate matriR, and stationary probability vectar, we can partitionS
into n disjoint classegC, . ..,C,} and define amggregated CTMC with state spacé,,, = {1,...,n} and transition rate
matrix R,gy given byRggli, j] = > icc, m(ilCi] - ZJ.ECJ RIi, j], whererl[i|C;] is the stationary conditional probability of
statei given that the CTMC is in clasg;. It is known that this aggregated CTMC is ergodic and itsiatatry probability
vectorm g, satisfiesr[i|C;] = #w[i] /7w a4 [i], thusm o [i] = > 5., [i]. However, in general, computifg,,, exactly is as
hard as as computing the entite

We then extend [3], defining a general approximate fixpoaraiion that useg aggregated CTMCs, one for each level of
the MDD encodingS. The level aggregated CTMC has state spatg, » = {(p.ix) : p € Ly, ix € Sk, B(plix]) # 0},
where aggregated stafg, ix) corresponds to the set of statgs ;,, = A(p) x {ir} x B(p[ir]) of the original CTMC. Fig. 6
shows the levelt state space and the CTMC for our running example.

Let Pr{x} = 3., 7l[i] be the probability that the original CTMC is in a statedfC S, Pr{p} = Pr{A(p) xB(p)}
be the probability of an MDD node at level k, and P{p,v} = Pr{A(p) x {v} x B(nd(p,v))} for a sequence =
iy i—1, o i, Where PEp, i} = Pr{Cy, i,y } = magg.x[(p,ir)] is the special case whén| = 1.

Given a nodey € Ly, consider two sequencesc A(p) and3 € B(p[ir]), and a staté = («, i, 3) € C4,). Since
Pr{v|p} =Pr{p,~}/Pr{p}, we haver[i|C, ;. ] =Pr{a,ir, B|p,ir } =Pr{alp, i} Pr{B|a, p,ir} =Prialp,ir} Pr{8|a, i }.

* Corresponding author E-madiardo@cs.ucr.edu, Phone: +1 951 827 2281, Fax: +1 851827 4643



2 PAMM header will be provided by the publisher

Ss={f0%0, e, f1e0 £2%° £%2}={0,1,2,3,4} je4 01112]3(4 5ef
Sy={d’d",d?*} ={0,1,2} 0|1|21|20\1o i 4d

—_—
S={ee?) ={0.1,2} 00 TmEm s
tirate =2.0 - #(a) to rate =4.0 - #(b) S2={0%00%} ={0,1,2} 0|1|2\0|‘1 2 20
0

tyrate =1.0- #(c) tyrate =3.0- #(d) S;={a’a',a?} ={0,1,2} 2 la
Fig. 1 A fork-join queueing network. Fig. 2 The local state spaces. Fig. 3 MDD encodingS.

ef

ef

5 [2[8[612 8

d 0?"1’1"2\

d 0/1[1/2/2

4 IZEIGE

c \ Z5<N

e

3

b

b’ <n72>7<p70>7<p71>7<q70>a<T72>}

2 Alp) ={2}

a B(p[0]) = {101,110}

¢ Cipoy = {2} x {0} x {101,110}

= {20101,20110} C S

Fig. 4 The CTMC underlying the model.Fig. 5 EV*MDD encodingR.. Fig. 6 Example: level aggregation.

3 EV*MDD-based approximation algorithm for structured CTMCs

Given two aggregated statés, i) and (g, jx), and lettingM = nd(Root, a, '), we can rewriteR g, 1 [(p, ix), (¢, jr)] as
Pacap) Prialp in} - 30 eaqq vl(Root, o, ') Mli, jil 03 s ppping) PHBls i} - 250 cnqpn)) VUM ik, Jil.d, B, 87),
but computing Pfa|p, i, } and PH 3|«, i } exactly is hard, so we estimate f¥|p, i } and PH{3|a, i)} with an assumption
(true if product-form holds): Pfix|a} = Pr{ig|p}, forall L < k < 1,p € Ly, i, € Sk, anda € A(p). If this holds,
Prialp,ir} = Pr{alp} = Pr{p’,ix11|p} Pr{ylp'} and P |, ir} = Pr{Blplir]} = Pr{ix_1|plir]} Pr{é|plir][ix—1]},
wherep’ € Lys1, p'lirs1] = p. v € AW), @ = (v.irs1), and § = (ix1,8) € B(plir]) andwfi] = Pr{iy [ip,... iz}
Priip,...,is} = ... = Hle Priix | pr} = H£:1 T age.k [Pk, i) /Pr{pw }, lettingpr, = root andpy, = nd(ig,. .., ix4+1)-
We rewriteReq, 1 [(,ik) (@06 2 D nre . Ana[poal- M in,ji]-v-B iy ji].ay [Plir].alix]], whereAy [p,q] andB s [p,q]
describe the contribution to the transition rate from ngpde ¢ due to “above” and “below” of nodd/. ForM € My_;
andp,q € Ly_1, An(p,q] = ZaeA(p)7a,eA(q):nd(mot,a7a,)=M Pr{a|p}- vl(Root,a,’) is computed with the top—down
recurrenceA s [p,q] = ZM/EMW,’(I,EL]C Ay [p/’q/].Zik,jkip:P/[’ik],q=q/[jk]7j\{:1\/j/[ik,jk]-d Pr{p’,ir |p} - M'[ir, jir].v, with
base casé root.q[root, root] = Root.v. AnalogouslyBs[p, g = 3_sep (), 57en(q) P8 [ p}0l(M, B, 3) is computed with
the bottom—up recurrend®[p, ] = >_,, ;, Priix [p} M[ix, jk].v-Busjiy ji).a [Plix], aljk] |, with base casBg[1,1] = 1.
To build the A matrices, we need Bp', i, |p} = magq,1[(0’, )] /Pr{p}, wherep = p'[i;] and the probability of node
p € LyisPri{p} =3, 10 Tagg.[(p, i1)]. Similarly, to build theB matrices, we need Riy, | p} = ma40,1[(p; ix)]/Pr{p}.
Then, forM € My, Ay is built based onr,,, ; for levelsL > | > k and, forM € M, By is built based orr 4 ; for
levelsk > [ > 1. Thus, the levelk aggregated CTMC depends on the solutions of all other agtgdd”TMCs and, to break
this cyclic dependency, we use a fixpoint iteration starfiog an initial guess.
Oncem is known, we may seek the expectation of a a reward rate ameti: S — R, m = > . r(i) - w[i]. If we

approximate eachr|[i] with =[i] ~ Hizl T agg.k[(Dky )] /Pr{pr }, wherepr, pr._1, ..., p2, p1 are the MDD nodes along the
path corresponding tb(thusp;, = root), computingm requiresO(L - |S|) time. However, ifr is the product ofL “local”
functions,r(i) = Hle ri(ix), we can computen recursively, by lettingn(p) = 3=, 120 Tx (i) - Pr{ix [ p} - m(plix]),

in time proportional to the number of MDD edges.
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