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Abstract. Symbolic techniques based on Binary Decision Diagrams (BDDs) ardynédeployed for reasoning
about temporal properties of hardware circuits and synchronausodlers. However, they often perform poorly
when dealing with the huge state spaces underlying systems baggdreraving semanticsuch as communica-
tions protocols and distributed software, which are composed of indepéy acting subsystems that communicate
via shared events.

This article shows that the efficiency of state—space exploration teclnigireg decision diagrams can be dras-
tically improved by exploiting the interleaving semantics underlying manytebased and component—based sys-
tem models. A new algorithm for symbolically generating state spaces isrmegkthat (i) encodes a model’s state
vectors withMulti-valued Decision Diagram@VDDs) rather than flattening them into BDDs and (ii) partitions
the model'sKronecker—consistemtext—state function by event and subsystem, thus enabling multiple lightweigh
next—state transformations rather than a single heavyweight one. €ggéik paves the way for a novel iteration
order, calledsaturation which replaces the breadth—first search order of traditional algaitfiine resultingat-
uration algorithmis implemented in the toolN\RT, and experimental studies show that it is often several orders
of magnitude better in terms of time efficiency, final memory consump#aod, peak memory consumption than
existing symbolic algorithms.
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1 Introduction

The advent oBinary Decision Diagram¢BDDs) [3] has had a massive impact on the practi-
cality and adoption of state—based automated verification. It increased tiageable sizes of
state spaces from abol” states, with traditional explicit state—space generation techniques,
to about10%° states [4]. Today BDD-based symbolic model checkers [15] are ablgdmat-
ically verify temporal properties of complex hardware circuits and syorobuis controllers.
However, they often perform poorly on system models that employ inténigaemantics,
such as models of communications protocols and distributed software, witedrsaffer from
state—space explosion. It is a widely held belief that decision diagramseaverting choice
of data structure when generating, storing, and manipulating the hugeatssinderlying
interleaving—based system behavior [6]. Indeed, the most populad etoetker used on such
systems is the explicit—state model chec&pin[23] which relies on partial-order reduction
techniques to limit state—space explosion.

The aim of this article is to show that the above—stated belief is wrong andytimdioic
techniques may well be adapted to cope with the intrinsic complexities of systeristased
on interleaving. We restrict ourselvesdiate—space generatiavhich is the most fundamental
challenge for many formal verification tools, such as model checke}sTi#&ditional symbolic
state—space generators store both the se@ititidl statesand the globahext—state functign
which together define a system’s state space, as BDDs. The BDD-arfatisn of the desired



reachable state space is then computed by iteratively applying the BDDidezhoext—state
function to the BDD representing the initial states, until a fixed point is resadiecontrast to
explicit state—space generators, whose memory requirements increasky livith the number
of explored states, such a symbolic breadth—first—search algorithnireeB®D storing the
reachable state space grow and shrink during execution. In practecpe#tk BDD size is

achieved well before reaching its final size and is frequently so largé dennot be stored in
the main memory of a modern workstation.

Contributions

Our main contribution is a novel symbolic state—space generation algorithraxgplaits the
interleaving semantics in event—based concurrent systems and is ofdeagmitude more
time— and memory—efficient than traditional symbolic algorithms. The effeatiogfevents in
such system models iscal, a fact that is largely ignored by traditional symbolic state—space
exploration tools, with the exception of the disjunctive partitioning of next—§tatetions [5].

System models equipped with interleaving semantics have both structuredastdtes
structured next—state function. States are described by vectors oterskts, where each
vector entry represents the state of a subsystem in the system undelecatisn. These sub-
systems either arise naturally when, e.g., considering models of distribdtedsoor are the
result of partitioning a system model that is given in one piece, suctPatrianet[30]. Sets
of state vectors, i.e., structured sets of states, can be representadlynatyMulti-valued
Decision Diagramg24] (MDDs). This is a variant of Binary Decision Diagrams (BDDs) that
facilitates the encoding of functions over finite—set variables rather thaledn variables.

Similarly, the next—state function of an event-based system must not bedtesatme
monolithic function, but can be disjunctively partitioned by event and, imgpct-form style,
by subsystem. The latter is due to theonecker representatiof83] inherently possible in
interleaving—based semantics, such as the standard semantics of Petiihistmeans that
firing an event usually updates just a few components of a system’s stabe, wehich permits
the use of multiple lightweight next—state transformations that manipulate MDDOb/|oather
than a single heavyweight one that manipulates BDDs globally. This resulggificant time
savings when symbolically exploring state spaces.

The partitioning of the next—state function by events also implies that the telacttate
space can be built by firing the system’s events in any order, as long@asexent is considered
often enough. This is in contrast to statements that symbolic state—spacatgenis “inher-
ently breadth—first” [1]. We exploit the freedom of firing order in outtisg by proposing a
novel iteration strategy that exhaustively fires all events affectingengWDD node, thereby
transforming it into its finakaturatedshape. Moreover, nodes are considered in depth—first
fashion, i.e., whenever a node is processed, all its descendantseadyataturated Satu-
ration implies that MDD nodes are updated as soon as safely possible, whexdiional
symbolic techniques constantly generate new BDD nodes and discorthecs 27]. This
is important since non—saturated nodes are guarametd be part of the final state space,
while saturated nodes have a good chance to be part of it. Moreoveatdstructures we use
to implement MDDs and their operations contain only saturated nodes andtackittered
with nodes that will later become superfluous. This significantly reducegehlke number of
MDD nodes and cache entries required during state—space generatamdition, the result-
ing state—space generation algorithm is not only concise, but also allows flegant proof
of correctness.



Results

We have implemented our new Saturation algorithm in the t&®FS [8], and experimental
studies indicate that it performs on average several orders of magfastdethan state—space
generation in the modern symbolic model checkers Cadence SMV and Ny8BfiMor the
class of event—based concurrent system models that rely on interlesrimantics. The con-
sidered examples range from the classic problem of dining philosophersatt@l-exclusion
protocols, a flexible manufacturing system, and a fault—tolerant multiproicegstem, all of
which are taken from the rich literature on state—space exploration [232286]. Even more
important, and in contrast to related work, the peak memory requirements eatimation
algorithm are often close to its final memory requirements.

Further experiments for which we have replaced the Saturation order \itaath—first
search strategy in our implementation, testify that the impressive perfornrapoavements
of Saturation are largely a result of our novel iteration order. In coispaythe use of MDDs
and the Kronecker property contribute little to the efficiency improvementssigoificantly
simplify the presentation of the Saturation algorithm.

Thus, Saturation enables the symbolic verification of larger concurystgras than ever
before, using much less memory and providing faster feedback. Rewekt[12], which
has applied our Saturation algorithm to implementing a novel symbolic modelehieckhe
temporal logic CTL, further testifies to this statement.

Organization

The remainder of this article is organized as follows. Sec. 2 revisits theiadhsstting of
symbolic state—space generation. Sec. 3 briefly summarizes the modelindigorratPetri
nets, which we have chosen for presenting our work, and introdungsning example. Our
approach to exploiting the structure of concurrent systems models with MidDXeonecker
encodings is detailed in Sec. 4, while Sec. 5 presents our novel Satwkgosithm, illustrates
it by means of the running example, and proves it correct. The results ekperimental stud-
ies are reported in Sec. 6, related work is discussed in Sec. 7, an8 §ees our conclusions
and directions for future research.

2 Traditional symbolic state—space generation

Many real-world systems, including digital circuits and software, may beifigebas discrete—
state models. A state may indicate, for example, which registers of a digitalt eirewcurrently
set or which value each variable of a program currently possesses.

Definition 2.1 A discrete—state model is a tugl§, A/, S™it), where

o Sis thepotential state spageée., a set that includes all staighat the underlying system
may potentially enter;

o N : 8 — 25 is thenext-state functiari.e., /(i) specifies the set of states that can be
reached from statiin one step;

e S™it C Sis the set ofnitial states



BESGenerate(in S : set ofstates, outS : set of states)
Classical breadth—first generation®f

1. declareF : set ofstates;

. _7: — Sinit;

. 8 — Sinit;

while (F # 0) do
F—NF)\S;
S—SUF,;

SEOIEEREN

Figure 1: A classical symbolic algorithm for state—space generation.

Intuitively, a discrete—state model of a system is simply a directed graph,ighwiaversals
through the graph correspond to system runs. In practice, disci@ersodels are not directly
given as graphs, but are extracted from structured high—levelsyiscriptions, e.g., encoded
in VHDL or modeled as Petri nets, which often represent an enormoust@btstate space
and a complex next—state function. Typically, a system modeled in a high+bemsdlism is
composed ofK” subsystems.e., S = Sk x --- x Sy, in such a way that &global) statei
can be written as & —tuple (i, . . ., i) of local stateseach one corresponding to a different
subsystem. For example, in a digital circuit, each register may define asseivsgf its own;
or, alternatively, several registers may be grouped together. Asaretample, in distributed
software, each thread may be considered as a subsystem. The mrasanlbering subsystems
backwards from¥ to 1 instead of forwards will become apparent in Sec. 4.2.1.

2.1 Computing reachable state spaces

State—space generation consists of finding out which states of a distag¢eodel’s potential
state space ameachablefrom its initial states. The set of its reachable st&leS S is called
the model'sstate spaceComputing this state space is conceptually a simple task: one only has
to consider the graph corresponding to the model's next—state functiogeanch it starting
from each initial stateExplicit state—space generatoegplore this graph state—by—state, thus
their time and space complexity is linear in the number of reachable states. dllengk of
state—space generation is to handle real-world systems with enormous ats; Spdeed,
explicit approaches usually become infeasible for systems with more tham Eijostates.
Systems based on interleaving semantics may have state—space sizes élxpbaential in
the number of subsystems. Thus, states cannot be practically handle@ttise—by—one
but are better processed in chunks of large sets. To achieve thiaraleses typically apply

a breadth—first algorithm that computes a model’s state space as theveeiex transitive
closure of the model’s next—state function, starting from the model’s initialsstate

S = Sinit UN(szt) UNZ(Sinit) U--- = N*(szt) 7

where we have extended to accept sets of states as argument, NgY) = ;. N (i).

This leads to the algorithnBE'SGenerate of Fig. 2.1, which performs a breadth—first
search and manipulatsgtsof states, rather than individual states. The number of required
steps, or iterations, is equal to the the maximum of the (shortest) distanceg dachable
state fromS™. To make this algorithm work in practice, one must be able to represent very



large sets of states and the next—state function compactly in the memory of statiork, as
well as to efficiently perform union operations and apply the next—statifumdirectly on
these representations. In this conteBESGenerate is referred to as aymboli¢ or implicit,
state—space generation algorithm [27].

2.2 Binary Decision Diagrams

A popular technique for implicitly representing sets of states is toBisary Decision Dia-
grams(BDDs) [3]. Informally, BDDs are graph structures that represertldan functions
over boolean variables. While the BDD size can be exponential in the nunhbarriables
in the worst case [3], BDDs are an extremely compact representation i pnactical cases.
Moreover, given a fixed order on the variables, BDD representaséimsanonical.

To use BDDs for storing state spaces, each state must be expressif®ulaan variables
(xp,...,21), for someb € N. Then, a set of state¥ can be represented as a BDD via its
characteristic functiorfy, i.e., fx(i) = 1 if and only ifi € X. One approach is to encode
a potential staté € §by assuming thalt§| — 2b for someb € N [16]. Another approach,
applicable to structured models, is to represent local states using a @henkcoding with
n; = |S;| boolean variables, only one of which possesses valaé any given time [32].
Set operations such as union and intersection can be performed vid loggcations on the
arguments’ characteristic functions; for example, union on sets comdsgo disjunction on
BDDs. The complexity of these operations depends on the number of motiesarguments’
BDDs and not on the number of states encoded by the BDDs. For uniomtangection,
the complexity is proportional to the product of the arguments’ BDD sizegewhecks for
emptiness can be made in constant time due to the canonicity of BDDs.

The next—state function of a discrete—state model may be representegrinyiari f - over
20 variables(zy, . .., x1,z}, ..., ), wherefy evaluates td if and only if state(z;, ..., z})
can be reached from state,, ..., z;) in exactly one step. Since the chosen ordering of vari-
ables can have a significant impact on the number of nodes in the resulting Bpis typi-
cally represented using the variable ordles, x;, . .., z1,2/), which usually produces a more
compact BDD than the naive ordety, ..., z1,z;,...,2}). Applying N to a set of stateg’
encoded by BDDY y — a process known dsage computation— is typically implemented on
BDDs asV (X) = I{ay, ..., x1}(fx A far), wherefy A far considers the next—state function
for only the states itt’, and3{xy, . .., z1 } determines all possible outcomesfaf A fxr. Note
that the resulting BDD is over variablés,, . . ., 2 ); these must be converted back to variables
(xp, ..., x1) at the end of each image computation.

2.3 Problems of symbolic state—space generation

Applying algorithmBFSGenerate with BDD—encoded sets of states often results in significant
time and memory savings for state—space generation. Indeed, the aiBBi®increased the
manageable sizes of state spaces to abwiltstates [4], particularly for synchronous hardware
models. Nevertheless, many challenges remain.

One particular problem is that, although the final state space might havg aocmapact
BDD representation, the intermediate sets of states built during the execitadgooithm
BFSGenerate might not, and thus might not fit into a workstation’s memory. In other words,
it is the peak not thefinal BDD size that limits the applicability of BDD-based methods, and
this peak size is almost always reached well before the algorithm termiffatissproblem is



made even worse by the way the breadth—first iterations operate on the8d¥3: whenever
S is updated, new BDD nodes are generated as a result of the uniortioperather than
modifying existing ones. One way to reduce the peak size is to reorganibs Bipchanging
their variable order on—the—fly [20], hoping to achieve a more comppatsentation.

Another problem is that many next—state functions underlying real-wostés\s are very
complex and frequently cannot be compactly stored as BDDs. Widely entpteglniques
to reduce the size of the BDD representing a system’s next—state funaticorgunctiveor
disjunctive partitionind5]. For synchronous system modeigh K submodels, the next—state
function can be expressed as the conjunction

N@G) = N@i) x - x NMi(i),

where the local next—state functidf (i) describes the change in local statéor global statd.
For many systems, the BDDs representing functidips conjunctive form are quite compact.
Image computation for a conjunctive form can be performed by applyiegB®WD at a time,
thus avoiding the construction of the monolithic and potentially large BDDMoExperimen-
tal studies have shown that this approach can increase the size of mbleagfate spaces by
about one order of magnitude [5].

Similarly, for asynchronous system modeidere asynchrony is exemplified by interleav-
ing and where only a single submodel changes its local state at a time, thetagxfanction
can be expressed as the disjunction

K
N(i): UIKX Iy xM(i) XTj_q %Iy,
=1

where functionV;(i) is as before, whilg,, for g # [ indicates that the local state of thE"
submodel remains unchanged. Indeed, many concurrent system raadisas event—based
system models specified in process algebras or Petri nets, rely onregizetions between an
often small subset of the submodels. Téi®nt localityrequires a more general disjunctive—
partitioning approach than the one shown above or than minor improvemeats(g., p. 80
of [16]) to the above approach.

3 Petri nets

While our results and our novel algorithm for symbolic state—space g@rerehich we will
present in Secs. 4-6 are applicable to general discrete—state modatstased concurrent
systems that rely on interleaving semantics, such as models of communicatitosofs and
distributed software, we focus our discussion on an extended cldtrohets[30]. This is
because the Petri net formalism is well known and widely used, it is eassfitved and em-
ploys interleaving semantics. In addition, with the appropriate extensidsitasity complex
discrete—state concurrent systems can be modeled in Petri nets. Ineasatéhspace of the
underlying system model is not finite, our state—space generation algavithnot terminate;
this is the same as for most other state—space generators. Howeveciai sages, but not in
general, it can be decided whether a Petri net with the extensions we age study, has a
finite state space [30].

Definition 3.1 A Petri net(P, 7T, f,s) is a directed bipartite multigraph with two finite sets
of nodes:placesP andtransitions7, such thatf : (P x 7) U (7 x P) — N defines the

6



cardinality of input arcs(from places to transitions) amaitput arcgfrom transition to places),
while s € NP defines an initiamarking i.e., an assignment ¢bkensto each place. The net
evolves according to two rules, tie@abling ruleand thefiring rule. The enabling rule states
that a transitiort is enabled in marking if, for all placesp € P, i, > f(p,t). The firing
rule states that an enabled transitioim markingi may fire, leading to a markinggiven by

Jp =1p — f(p,t) + f(t,p), for all placesp € P.

It is easy to see that a Petri net defines a discrete—state model wheehtgh state space
is the set of potential marking$/”! and the next—state function is determined by the enabling
and firing rules forf.

3.1 Extended Petri nets

Various extensions have been proposed to the standard Petri neli$onf&0].

Definition 3.2 A Petri net withinhibitor arcs specifies, in addition, a functian: P x 7 —
NU{oo}, and its enabling rule is modified as followsds enabled in markingif, for all places
p € P,i, > f(p,t) andi, < h(p,t).

Definition 3.3 A Petri net withresetarcs specifies, in addition, a function P x 7 — {0, 1},
and its firing rule is modified as follows: an enabled transitiammarkingi may fire, leading
to a markingj given byj, = r(p,t)(i, — f(p,t)) + f(t, p), for all placesp € P.

Definition 3.4 A self—-modifyingnet allows the arc cardinalities to be a function of the current
marking, f : (P x T) U (7 x P)) x NPl — N, and modifies the enabling and firing rules
accordingly: a transition is enabled in markingif, for all placesp € P, i, > f(p,t)(i) and,

if enabled, it can fire, leading to markirjghat satisfieg, = i, — f(p,t)(i) + f(¢,p)(i), for

all placesp € P.

In other words, an inhibitor arc with cardinalityfrom p to ¢ disables whenevep containsc
or more tokens; a reset arc frgnto ¢t emptiep immediately before adding the tokens specified
by the output arc from to p, if any, whent fires; and, in self-modifying nets, the effect of an
input or output arc is not constant, but depends instead on the entirengark

Petri net formalisms can be classified according to the class of languayesaihgenerate
if transitions are labeled with eventsfrom some event alphabét which are emitted when
a transition fires. Petri nets with reset arcs are known to be strictly momessipe than
standard Petri nets, while Petri nets with inhibitor arcs and self-modifyitrgriegs are Turing
equivalent. In this paper we restrict ourselves to Petri nets defining $taite spaces, i.e., Petri
nets with a finite number of reachable markings. In this case, the aboveiextecan simply
be seen as a way to define mammpactmodels, in the sense that model sizes are small.

3.2 Structuring Petri nets

Although Petri nets appear to be rather monolithic models, they offer a ritfiexible struc-
ture, regarding both potential state spaces and next—state functions.

To represent the potential state sp§am‘ a Petri net as a cross—prodiit x - - - x 81, one
may partition the net’s places intl@ disjoint sets. For example, given a Petri net where each
place is considered to be a submodgis the set of possible values that the number of tokens in
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Figure 2: The Petri net of our running example (left) and its discrete—state modbet)(rig

placep; can assume. For convenience, we may thin&;ads the sef0, 1,...,m;}, wherem;

is the maximum number of tokens plgganight have, even if some numbgr< m; might not
occur, as no markingy € S with 4; = j; exists. Knowing a priori the value af;; or even just

an upper bound on it, e.g., through the computatiopla€e invariantscan be expensive, and

it is undecidable if inhibitor arcs are present [30]. Furthermore, if multiplegdare grouped
into the same submodef;; may be defined as the cross—product of the possible values for
the number of tokens in those places but, again, many combinations of thess raght not
occur. Note that using a finite but larger-than—needed;sgbes not affect the correctness of
the state—space generation algorithms considered here, but it may maledhkesfiicient.

Determining the smallest possible séfss a problem of practical interest and depends on
the underlying modeling language, here Petri nets. In this article, we simglyresthats,
is finite and known; hence, given its sizg, we can map its elements {0, ...,n; — 1}. In
our experiments in Sec. 6 we derived the exact bounds of the submddbés chosen Petri
nets by considering place invariants. However, computing a priori theSséts in practice,
not necessary for computing the underlying model’'s overall state syzath. computations
can be interleaved, i.e., submarkings, or local state spaces, can betedroputhe—fly, as
demonstrated in [11].

Regarding the structure of the next—state functibencoded by a Petri net, it is easy to see
that A/ can be represented as the union of one next—state function percewedt formally,
N({i) = Upee Na(i). We then have that is enabledin statei if N, (i) # 0, and that it is
disabledotherwise. Moreover, if € N, (i), we say that the Petri net can progress from state
i to statej when event, i.e., transitiony fires. As the effect of firing a Petri net transition is
deterministic, V(i) can contain at most one state. This union representatidhisfa form of
disjunctive partitioning. However, there is more structure to the next—stattidn of a Petri
net; since this is less obvious, we defer a further discussion to Sec. 4.1.

3.3 Running example

We use the simple Petri net shown in Fig. 2 as a running example to illustratecbnigees.
This model is often studied in the literature, as it contains important behaviarsan be
modeled with Petri netsequentializationconcurrencyconflict andfork—and—join

The events of the model are ttransitionsof the Petri net€ = {a, b, ¢, d, e}. If the initial
marking is(p'¢"r°s%t°), i.e., there is one token in plageand zero tokens in places r, s,



andt, the state spacg contains only five states, as shown in Fig. 2 on the right. However, the
size ofS grows with the cube of the number of tokens initially in placef the initial marking
is (p7Vq"r%s%t%), thenS has(N + 1)(N + 2)(2N + 3)/6 markings.

The structure and size of the potential state space depend on how we tiiefisubmod-
els for this net. In our approach, a Petri net is decomposed into submodelsrtitioning
its places. If we assign each place to a different class of the partition, eeuserthe parti-
tion ({p}, {q}, {r} {s},{t}), we haveK = 5 submodels. Then it is easy to see tlsgt=
{0, (PY), ..., (M)} Sa = {(¢°), (¢Y),- .., (¢™)}, and so on, thu$ has(N + 1)° states.
If we use mstead the partitio{p}, {¢, 7}, {s}, {t}), we haveK = 4 submodels, where, for
k € {4,2,1}, the setS;, still has N + 1 states, butS; has instead N + 1)(N + 2)/2 states,
corresponding to all the ways to put a total of upNotokens in placeg andr, namely
1(q°r9), ('), (¢°71), (®rY), (¢*rh), (¢°72), ..., (¢"»™)}. With this second partition, the
potential state spac®is smaller, as it contains onlyV + 1)4(IV + 2) /2 states. Of course, the
state spaceé is the same, regardless of how we deffhe

4 Exploiting interleaving semantics in concurrent system models

To benefit from the interleaving semantics in event—based concurrgensynodels for sym-
bolic state—space generation, we depart from the classical encodiegtektate functions and
state spaces as BDDs. Instead, we propose to erfptmecker expressions on sparse boolean
matricesto store next—state functions aMulti—-valued Decision Diagram@DDSs) to store
state spaces. This allows us to exploit the event locality implied by interleavingrges and
forms the foundation for the symbolic state—space generation algorithmeseririn Sec. 5.

4.1 Sparse boolean matrices to store next—state functions

In contrast to the wealth of related work starting with McMillan’s thesis [2'8,d@ not rep-
resent the next—state function of an event—based concurrent systeeh withdinterleaving
semantics via decision diagrams. Instead we split the next—state functioefyweand level
to obtain a nested disjunctive—conjunctive form, which can be repraesasai collection of (at
most) K - |£| sparse matrices, wheéeis the set of considered events.

This splitting is inspired by techniques to compactly represent the transitiomedtex of
a continuous—time Markov chain by means of a sunKfhecker product$33]. Of course,
since our next—state functions are concerned only with which states caadieed, and not
with the rate at which they can be reached, we use boolean matrices instead of heatl-va
matrices. The application of Kronecker—based encodings to state-gpaertion has been
proposed by Buchholz and Kemper in [25], but &xplicit rather than symbolic state—space
generation. In this section we briefly review Kronecker products aod $iiat many next—state
functions, including those defined by Petri nets, pernpitaectical Kronecker—based encoding.

4.1.1 Kronecker products, consistency, and representation

We start from a given next—state functidf of an event—based concurrent system model with
interleaving semantics, Wit = Sk x --- x 8§ andn; = |§, which is decomposed by
event, i.e. N = UaEE N,. In a Kronecker—based encoding schemg, is represented by

a square boolean matriX,, of size|S|, whereN,[i,j] = 1 if and only if j € N, (i) and



stated andj, when used as global state indices, are interpreted as mixed—basé matubars

i =3 gorsr it- [1L2) ngr andj = 3 s o i - TT,_) ng, respectively. However, matriX,, is

not stored explicitly but as th€ronecker producN, = Ng ,®---®Nj ,, Wwhere each square
matrix N; , has dimensiom;. Such a representation always exists for generalized Kronecker
products [19], but this may require functional elements in the matiiges To eliminate the
need for functional elements and use ordinary Kronecker produetsnust ensure that the
representation dNx , ® - -- ® Ny, is possible using matriceN; , having constant boolean
entries.

Definition 4.1 An eventa has aKronecker representatiofor a given model patrtition if its
next—state functioV,, can be written as the cross—productfoflocal functions, i.e. NV, =
Nk X -+ x N, whereN;, : § — 251, for K > | > 1. Moreover, a partition of a
given system model into submodeldisnecker—consisterit every eventw has a Kronecker
representation for that partition.

A Kronecker representation guarantees that the entries of each M™afgbare boolean con-
stants, sincdN; ,[iz, i) = 1 ifand only if j; € N 4(i;). Indeed, the matri®N; , can be seen
as a way to represent the local next—state funchipp.

Intuitively, a Kronecker representation reflects the interleaving semaoftiegent—based
concurrent systems. For an event to be enabled, it must not be disabkty subsystem:
Nioli) = 0 implies N, (i) = 0, for any global staté whosel'" component ig;. Moreover,
the outcome of firing an event is decided by each subsystem independently(i) contains
both (jx,...,71) and (j%, ..., 1), then it must contain all states of the foriy, ..., 7).
where eaclj;’ can be eithey or j;.

An important observation given a Kronecker—consistent partition is thaheifstate of
submodel does not affect the enabling of eventand if the firing ofa. does not change the
state of subsystet then\, ,,(i;) = {i} for all ;; € S;, i.e.,N;, = 1, the identity matrix of
dimensionn;. Since this property features prominently in those concurrent systemisrtbee
are equipped with interleaving semantics, we introduce the following notatbomakntions.
We say that event depend®n levell if N; , # I, i.e., if the local state at levélaffects the
enabling ofa or if it is changed by the firing of.. Let Top(«) and Bot(«) be the highest and
lowest levels, respectively, on whiehdepends. An event such thatTop(«) = Bot(a) =1
is said to be docal eventfor level].

4.1.2 Existence of Kronecker representations

The aim of this section is to show that our Kronecker—consistency regeireis not restrictive
in practice. It is in fact quite natural for concurrent system models;addi is automatically
satisfied by many modeling formalisms, such as by Petri nets, even in thegeasfanhibitor
and reset arcs. For other models, such as self-modifying Petri netae&lter consistency
can always be achieved, albeit at the price of introducing additiontrsysvents or combin-
ing subsystems. To substantiate these statements we establish some theoogirtiep of
Kronecker representations.

Lemma 4.1 An event that is enabled in exactly one state and whose firing leads to exaetly
state has a Kronecker representation in any partition.
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Proof. If i is the only state in which event is enabled, andV, (i) = {j}, then we have
Mo (i) = {71} and N, (i) = 0 for any submodel and any local stat§ # 4;. O

Another way to achieve Kronecker consistency is to coarsen the coedidartition by merg-
ing submodels. In the extreme case where all submodels are merged ultiaggmrtition is
trivially a Kronecker representation but no longer exhibits any structure

Lemma 4.2 An eventa with a Kronecker representation for a given partition also has a Kro-
necker representation for angarserpartition, i.e., a partition obtained by merging any number
of submodels.

For the proof of this lemma and the next we use the shorttigngd, to represent the effect
of a on substates, i.eNj.g o ((i1, ... ,ig)) = Npal(it) X -+ X Nga(ig), for K >1>g>1.

Proof. Since the ordering of submodels does not determine whether an evenkhaisecker
representation, it suffices to show that the theorem holds when the topuatwsbdels frond<
down to K’ < K are merged. Given that eveathas a Kronecker representation, we have
Na = Nig:i1,a = Niikra X Nikr—1):1,4- Thus, in the coarsened partition witti’ levels,
where levelK’ corresponds to the old levels, K—1, ..., K’, the local next—state function for
submodelK” is Nk . O

As an example, consider some model that is partitioned into four submodedse \ekery
event has a Kronecker representation excepbfaice., Voo = Ny X N39)0 X Niq, but
N2y @ Sz x Sy — 2552 cannot be expressed as the prodtgt, x Nso. We can
achieve Kronecker consistency by either partitioning the model into thimemiels — since,
then,a would now have a Kronecker representation and Lemma 4.2 ensures ¢matoéver
event would retain a Kronecker representation — or by replacing evevith a set of events
{OJZ'J‘ — (ig,ig) ES3 xS N j= (jg,jg) € ./\/’(372)@(1')} — SO0 that/\/'g,ai,]. (13) = {j3} and
N2,a, ;(i2) = {Jj2}. In the worst case can be enabled in each combination of local states. For
a formalism such as Petri nets, where the effect &f deterministic, this splita: into ng - no
events. However, it may be possible to merge some of these events usinfidlwefy lemma.

Lemma 4.3 For a given partition, two events, andas with Kronecker representations can be
merged into a single eventwith a Kronecker representation, if the local next—state functions
for a1 anday differ in at most one submodel. The local functions for the merged evemne
given by the union of the local functions for eventsandas.

Proof. Suppose we have a partition &f submodels andV, ., = N, 4, for all g # I, for
somel with K > [ > 1. Then we haveéV,, = N,, UN,, and

Nay UNG,
(Nicg1),00 X Moar X Na-ty,a0) U V1,00 X Nias X Ni-1):1,a,)
= WNrsn,a1 X Mar X Micyinan) U Wi an X Moo X Noctyisay)
= Nk.+1),010 X Niay UNiay) X Naz1ya,ay -
Thus, we getNy o = Ny o, = Nygay = Ny oy UNy o, forall g # 1, andNj o = Njoy UN q,.
O
Since the next—state functions of local events for submédifer only at levell, we can

always apply Lemma 4.3 and merge such events into a smgtzo—evend,;. This improves
the efficiency of the state—space generation algorithm we introduce ilbSec.
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Many modeling languages guarantee Kronecker consistenayfgrartition of a given system
model. The following theorem shows that any partition of a non—self-modifRietri net is
Kronecker—consistent, even in the presence of inhibitor arcs anarese

Theorem 4.1 Given a Petri net with inhibitor arcs and reset afes7, f, h,r,s), any partition
of its placesP into K < |P| submodels is Kronecker—consistent.

Proof. By Lemma 4.2, it suffices to show that the theorem holdgfos |P|, since any other
partitioning is a coarsening of that one. In this case, each place is a sehrand we may
name both with the integers frofd down tol. Then,S; contains the numbers of tokens that
placel can hold, and the local functions for transitiarare given by

. 0 if iy < f(l,a) ori; > h(l,a)
Nialir) = { {r(l,a)(i — f(l,@)) + f(a,1)} othlerwise. l

This matches Def. 3.1, i.e., eventis enabled in marking if and only if, for all places!,
NM.alit) # 0 and, if « fires, the new marking satisfiesj; = r(l,«)(i; — f(I, @) + f(e,1).
Thus, every transition has a Kronecker representatian.

This proof suggests the following variant of Thm. 4.1 for a specific cldselb-modifying
Petri nets.

Theorem 4.2 Given a self-modifying Petri ngtP, 7, f,s), a transitiona € 7 has a Kro-

necker representation in a partiti@y, ..., P; of P if, for each submodeP; and for each
placep € Py, the functionsf (c, p) andf (p, a) depend only on th&" component of the global
state, i.e., only on the numbers of tokens in the placé® of

Proof. (Sketch)The proof is analogous to that of Thm. 4.1. The restriction on the form
of f(a,p) and f(p, @) ensures thatV; , can be properly defined as a function@f alone,
e, N : NP 5 9N g

Thm. 4.1 also suggests our desired representation of the next—stateriukictiba discrete—
state model as a collection of boolean matrices, one for each event anddeib

Corollary 4.1 The next—state functioW” of a discrete—state model defined by a Petri net
(P, T, f,h,r,s) with inhibitor arcs and reset arcs can be encodefy |7 | square boolean
matricesN, ,,, for o € 7 andl € P satisfying: ()N, is of sizen;, wheren; is the number of
different token countg that/ may contain in any reachable marking; and ), [¢;, ;] = 1
ifand only if (i; > f(l,)) A (i =7, )i — f(l, @) + f(a,])) A (i < h(l, @)).

We conclude this section by observing that, for practical purposesawawatomatically
extract the finest Kronecker—consistent partition of an arbitrarymelflifying Petri net. In our
tool SVART [8], we simply have to parse the expressions used to spé¢ifyp) and f (p, «),
for each transitionn. Alternatively, if we are also given a partition, we can automatically
find the finest Kronecker—consistent coarsening of that partitionpplyemg Lemma 4.2, or
the coarsest refinement of the transitions in the net so that the given pamditkronecker—
consistent, by applying Lemma 4.1. These statements must be qualified, hoswege our
approach is purely syntactic, i.e., we must assume that, if the number of tokeszsne place
appears in an expression, then the expression truly depends on it.
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K = 5, total of 5 events

Event> Top(a)=5 Top(b)=4 Top(c)=4 Top(d)=2 Top(e)=5
Level| Bot(a)=2 Bot(b)=3 Bot(c)=3 Bot(d)=1 Bot(e)=1
s [ [Bd SO
4 |Naa=|g g |Nao={g 0| Nae=|10
3 Nav=|7 5| Nae={0 6 Noo=|1g
_|01 _|00
2 Nz2a=|g N2a=|7
_|01 ({00
1 Nl,d— 00 Nl e 10
K = 4, total of 5 events
Event—> Top(a)=4 Top(b)=3 Top(c)=3 Top(d)=2 Top(e)=4
Levell Bot(a)=2 Bot(b)=3 Bot(c)=3 Bot(d)=1 Bot(e)=1

4 |Naa= 8(1) Ny.= (1)8
010 000 000 000
3 NS,a:OOO Ng’b: 000 N3,c: 001 NB,e_OOO
000 010 000 100
2 |N2a= 8(1) Nog= (1)8

K = 4, total of4 events § andc merged into\s)

Event— Top(a)=4 Top(A3)=3 Top(d)=2 Top(e)=4
Level] Bot(a)=2 Bot(A3)=3 Bot(d)=1 Bot(e)=1
4 Nua={50 Nie=|10
010 000 000
3 |Nso={000[Ny3=[001 Ns.={000
000 010 100
2 Nau={gg Noa=|1 g
1 Niu={.0) N1 ={10

Figure 3: Storing/ for our running example using a Kronecker encoding.

4.1.3 Storing the next—state function of our running example

Returning to our example of Fig. 2, we can now show how its next—state funetay be
encoded using Kronecker representations. For the partition into fiveildds, the corre-
sponding boolean matrices are given in the top table of Fig. 3, when indéegrigcal states as
shown on the left-hand side of Fig. 5. An empty cell at Iéviel eventa signifies thafN; , is

the identity matrix. Observing that both evehtandc depend on level$ and3, one could de-
cide to merge these two levels, i.e., assign placasdr to the same submodel, as discussed at
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3 2 1 T iti inters—2 b ¢ d e
2‘2‘2‘ ransuonpomersigl14‘20126‘35‘

Encodings of the entries of the Kronecker matrices:
01234567 8 91011121314151617 181920 21 2223 24 25 26 27 28 29 30 31 32 33 34 35
[5]1[-[4]1]-[2[1]-[l4[1][-[3]-[o] 4]-[o[3]1]-[[2[-[o]1]1]-[5]-]0[3[-[0[1][-[0]

Local state space sizng ‘ ;1 ‘

Figure 4: Storing V" for our running example (witli” = 5) using|P| + | 7| + 3|F| integers.

the end of Sec. 3.3. The resulting matrices are displayed in the middle of Fgqaly, since
eventsb andc now depend only on the revised levklthey are both local events for levél
and can be merged into the single macro—evgntThis yields the matrices at the bottom of
Fig. 3. Note that these matrices coincide with the ones in the previous caset éxat the new
column for the macro—evens is obtained as the boolean sum of the old columns for events
andc.

4.1.4 Implementation of Kronecker representations

A naive implementation for the Kronecker representatiofVaiccording to Corollary 4.1 uses
a number of boolean matrices equa|R)-|7 |, and is thus quadratic in the size of the Petri net,
where the7'| matrices for level are themselves quadratic in the sizeof the corresponding
local state spac§;. However, by exploiting the presence of identity matrices and the subsystem
structure of the model, a linear number of matrices, each itself of linear siffiees.

To see this, note that Corollary 4.1 implies that eAgh, contains at most one entry equal
to 1 per row, thus it can be stored using an integer vector ofigiz&hose entry, is either the
unique local statg; satisfying\, (i) = {i}, or “=1"if N, (i;) = 0. The same corollary
also implies thaiN, ,, is the identity if f(I, ) = 0, f(a,1) = 0, h(l,a) = o0, andr(l,a) =
1, i.e., if placel and transitionn are not connected by any input, output, inhibitor, or reset
arc. Since identity matrices do not need to be represented explicitly, wearantise next—
state functionV" for a Petri net of this class using at md#&t| + |7| + 32 ,yer(u + 1)
integers, where |P|” corresponds to a vector needed to record the sizes of the local state
spaces, [7|” corresponds to pointers to a sparse transition—-wise addressing sébethe
non-identity matrices,(2; + 1)” corresponds to an integer vector of sizefor each matrix
for submodel plus an integer to record the submodel index, &describes the transition—
place pairs connected by some arc in the net, Fesx= {(l,a) : f(a,l) # 0 V f(l,a) #
0V r(l,a)#1V h(l,a) # oo}. In particular, we obtain the following theorem feafePetri
nets, i.e., for those Petri nets for which no place ever contains more tieaioken.

Theorem 4.3 For a safe Petri net, possibly with inhibitor arcs and reset arcs, thestatd—
function can be encoded in linear space; it requires at (st |7 | 4+ 3|F| integers, where”
is the set of arcs in the net.

Proof. (Sketch)The proof is a special case of the discussion above, when2. O

As a consequence of this theorem, the set of matrices in the top portion & (€igsek = 5
and5 events), can be encoded by the three vectors shown in Fig. 4, \#hlefe|7 | + 3| F| =

5+ 54+ 3-12 = 46. Each entry in the vector of transition pointers points to the end of
the encoding of the sequence of matrices for the corresponding transikmnreadability,
the numbers corresponding to the level indices are in boldface, “—&septs =1”, i.e., the
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transition is disabled, and the separatg$ have been added (their position in the vector
encoding the entries of the Kronecker matrices can be inferred fromc¢hestate—space sizes
and the transition—pointer vector).

4.2 MDDs to store state spaces

Concurrent systems consisting of multiple subsystems give rise to states spacse charac-
teristic function is of the fornSx x Sk—1 x --- x 8§ — {0,1}. Since we assume that a
system’s local state spacés are finite, we may identify each local state with an integer in
the range{0, 1,...,n;—1}. State spaces may thus be represented naturallylui—valued
Decision DiagramsThese were proposed by Kam et al. [24] and encode functions &dtitme

{0,1,...,nk—1} x {0,1,...,ng_1—-1} x --- x {0,1,...,n1—1} — {0,1}.

Intuitively, Multi—-valued Decision Diagrams generalize BDDs by extendingctivestant—two
fan—out of BDD nodes to larger fan—outs, namely fan+gquor nodes at level. The particular
variant of Multi-valued Decision Diagrams we use is defined as follows.

Definition 4.2 A Multi-valued Decision Diagramor MDD for short, is a directed acyclic
edge-labeled multi-graph with the following properties:

e Nodes are organized infld + 1 levels We writep.lvl to denote the level of node

e Level K contains only a singl@on—terminalnoder, the root, whereas leveld{ — 1
throughl contain one or more non—terminal nodes.

Level 0 consists of the tweerminalnodes0 and1.

A non—terminal node at levell hasn; arcs pointing to nodes at leviel 1. An arc from
positioni; € S; to nodeg is denoted by|i;] = q.

No two nodes areluplicates Two distinct non—terminal nodesand ¢ at levell are
duplicatesf p[i;] = q[4;] forall 0 < i; < ny.

In contrast to [24], our MDDs are not fully—reduced loutasi-reduced26], as our definition
permitsredundantnodes, i.e., non-terminal nodgsat levell such thatp[i;] = p[0] for all
0 < 4; < my. As shown for quasi—reduced ordered BDDs, which corresponcetspécial case
of our MDDs wheren; = 2 for all K > [ > 1, this does not affect canonicity; quasi—reduced
MDDs may simply be understood as minimized deterministic automata [26].

Given a node at levell, we recursively define the node reached from it throughtastate

starting at level, i.e., a sequence of local stategi;, ...,y ), as
D if o = (), the empty sequence
)= { plit[o’] if o = (iy,0"), withi; € S;.
Given a node at levell, the substates encoded byr reaching, are then, respectively,
B(p) = {oce8§x- xS :plo]=1} “below p;
Alp) = {oc€ Sk x---xSy1:7[0] =p} “abové p.

Consequently3(p) contains the substates that, prefixed by a substatin, form a global
state encoded by the MDD. For technical convenience, we resenacebkpodez; at levell
to encode the empty seff(z;) = (). Note that node; has all arcs pointing to nodg_;, with
zg corresponding to terminal node
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K=5 S={{"), ")} ={0,1}
Sa=1{(d"), (¢")} ={0,1}
S5 = (), ()} = (0,1}
8 = {(s"), (s} = (0,1}
S1={(t°), (1)} = {0,1}

K=4 Si={0"). 0"} ={0,1}
S5 ={(¢"%), (¢'7°), (¢°r")} ={0,1,2}
Sa={(s"), (s")} ={0,1}
S1={@"), (")} ={0,1}

Figure 5: StoringS for our running example using MDDs (togs’ = 5; bottom: K = 4).

4.2.1 Storing the state space of our running example with MDDs

The state space for the Petri net of Fig. 2, when the initial stdge i8°s°t°) and the model is
partitioned into five submodels, is encoded by the 5-level MDD in Fig. 5, tepeldments of

the local state space® and their mapping t§0, . .., n;—1} are shown to the left of the MDD.
We use aliscovery ordefor the mapping: submarkings are indexed in the order they might be
found by a breadth—first exploration from the initial marking, which thevagk corresponds

to the global state where all local states have in@leln particular, the indices of local states
(p') and(p®) in Sk are0 and1, respectively, not ando.

Graphically, we display a nodeat levell as an array of size; indexed from0 to n; —1;
to improve readability, we write the indices inside the celp[lf] = g # 2,1, we draw an arc
from indexi; of the array to node. If p[i;] = z;_1, we omit the arc and the index, since only
terminal nodel is displayed.

The MDD resulting when partitioning our example Petri net into four submoaéts
placesq andr assigned to the same submodel, is displayed in Fig. 5, bottom. One of the
local state spacesys, contains now three, not two, states. Had we included $qébé) in
the definition ofSs, the arrays depicting the nodes at legedf the the MDD would have had
a fourth entry, corresponding to this local state, but each associatedoaid have been to
nodez,, i.e., this entry would not have been used to encode any reachable gfatgal

This mapping of concurrent systems onto MDD levels is the reason why wédabsys-
tems “backwards”, i.e., fronk to 1. When employing this convention, as has been done in the
literature before (see, e.g., [40]), the MDD terminal nodes alwayseegitevel 0.

4.2.2 Implementation of MDDs

While the Multi-valued Decision Diagrams proposed in [24] were implementedgir8DDs,
we showed in [29] that implementing MDDs directly may result in greater effogieturing
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MDD nodes at a given level
[n[TeTx]* [aTeTxT3T0l? [olxTulwl€]® [eTel o o[ o] * [ATulvIon]® [l e[ o] o] 0] ®

Their encoding using arrayoddl] and arrayarc[l]:

123 45 6 arraynodgl]
(indices of ordinary nodes start at 1 because
index 0 is reserved for the special nage

flags
count
size|5]4|5]2]5
start[o[o]o[o]@

L@ |

N Yy
LalplxIolelol vl Jofx[Afulvlo]n]e]pf o] tfu]w[&] arrayarc]
0123456 78 910111213 14 1516 17 189 20 21 22

Figure 6: Implementing MDD nodes using extensible arrays.

state—space generation. This is because accessing and manipulatingstateceequires us
to work on a single MDD node only, rather than on multiple BDD nodes that nedz
recursively traversed. Implementing MDDs directly offers a few additichallenges with
respect to the more commonly used BDDs.

The main and most obvious challenge is a consequence of nodes ardifearels having
different sizes, which implies that it might not be possible to reuse thensadewels. Our
solution is to managé< separate pools of nodes, one per level. To avoid duplicate nodes,
each pool is managed by a sepanatéque tablestored usingextensible arrayswhose sizes
can be increased or reduced during the execution and yet provideaotrtime access to any
element. More specifically, we store the nodes at a given leusing a node array and an
arc array, as shown in Fig. 6. The former is organized according to B Mode indices,
i.e., the constant portion of the data for nqdat levell is stored innode|l][p]. As such, the
index of nodep is unique only within its level; an arbitrary node must therefore be referred to
as the pairl, p). The arc array is indexed by theart andsize field of the node array, i.e., if
nodell][p].start = a andnodell][p].size = b, thenp[i] is stored inarcs|l][a+1], for0 < i < b.
The arcs are stored tnuncated full formati.e.,b < n; means thap[b] = --- = p[n;—1] =
z1—1, Wheren; is the node size at levél Our implementation in ART [8] also provides a
sparse formatwhich stores each angi;] # z;_; using two successive positions in the arc
array, one for the local state and one for the value qgiff;;]. The format that saves the most
memory is chosen individually for each node, and a flag in the node is ustidctiminate
between the two choices. For convenience, we reserve the inaiegach level for the special
nodez;. This can be physically stored in the node array, with a size of 0, andédsieto the
unique table. Alternatively, nodg, 0) can be a virtual node, not stored in the node array, but
this requires ensuring that each newly—created node is not a duplicatieesbre checking the
unique table. BART uses the latter approach.

As mentioned before, we use quasi—reduced instead of fully—-redwmésiah diagrams.
Indeed, having arcs span only one level has several important impldioanéalvantages.
First, any operation on MDDs frequently used in our Saturation algorithi8eaf 5, such
as the union of two MDDs, is performed on nodes at the same level. As fisB&ch MDD
operation uses a cache to reduce computational complexity. Since oescaehorganized by
level, there is no need to store level information as part of the key or thé.résalogously,
each entry in arrayres|l] stores only the index of the node being pointed to, since its level is
known to bel—1.
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Second, fieldount of node[l][p] represents the number of arcs pointing to npd&/hen
an arc pointing t is redirected, we reduceode|l][p].count and, if it reaches), we know
that p has become disconnected. However, indaxight still appear in cache entries, thus
we cannot recycle right away. Combined with our level-based node storage, the quasi—
reduced form allows us to recycle nodes in arraye[l] and compact arrayres[l] indepen-
dently and efficiently, on a level-by-level basis. fexrycleall nodesp at levell for which
node(l][p].count = 0, we simply remove the corresponding entries from the unique table for
level [ and scan all operation caches at le# eliminate any entry referring to them. If we
also want tocompactnode arraynode[l], we must update the pointers to the nodes. In our
MDDs, this only requires us to update the entriegins[/+1]. Independently, we can choose
to compactarc arrayarcs[l] at any time. This only requires us to update thert field of the
entries in arrayhode|l].

Third, as will be clear in the discussion of our Kronecker representafitime next—state
function and of our Saturation algorithm, greater efficiency is achievefiring events not
from the root node of the MDD, but from each node at the highest leaié¢cted by an event.
This includes redundant nodes, which would then have to be recoggexkamining each
arc “jumping over” level, and reintroduced in the MDD, had we used fully-reduced MDDs.

A final reason to use the quasi—reduced form is that, in practice, oeriexgnts confirm
that very few, if any, nodes in the MDD encoding the state space of theetisstate models
we studied are redundant. Indeed, it is easy to see that, if a local stam$m@ntains even
just one unreachable local state, then the only possible redundananiedel! is the special
nodez;. As discussed above, our implementation does not actually store

5 Saturation—based state—space generation

Our novel algorithm for generating the reachable state sfamean event—based concurrent
system model relies on storing reached states as an MDD and on encadimexthstate func-
tion as a Kronecker expression on sparse boolean matrices, as shibverpnevious section.

In contrast to related work, we iterate multiple local next—state functionsrritihe a
single global next—state function to obtain state spSiceThis has two distinct advantages.
First, it enables théocal manipulation of the underlying data structures, which is the key to
eliminating computational overheads. Second, it gives us a choice fordiee ia which to
iterate the local next—state functions, while still computing the desired fixed, hia to the
inherent monotonicity of state—space generation. The only requiremeat isabh event must
be considered in each state, or at least in each state whesiglit be enabled and might
create new states if it fires. In our setting, firing an event is an extremelyvaht operation
because of event locality. Event locality ensures that most events affigca few components
of a global state, i.e., a few local states, and this is often even more so atsraode up;
indeed, our firing operation exploits the many identity matrices that are parkobnecker
representation. In turn, monotonicity and event locality pave the road falifynogy MDD
nodes in place, which is unique to our approach and significantly reduee®ry requirements
while increasing time efficiency.
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5.1 The idea of node saturation

We exploit the freedom of iteration order by suggesting a novel iteratidardrased on ex-
haustively firing all events affecting a given MDD node and its desaasd¢hereby bringing

the node to its finalsaturatedshape. Moreover, nodes are considered in a bottom-up fash-
ion, i.e., when a node is processed, all its descendants are alreadyteshtufo aid our pre-
sentation, it is convenient to introduce the following notational conventidds.extend the
next—state function;., ., for an eventr to sets of substates\s.; o (X) = U;cx Mg, (i), for

X C & x - xSy, and to sets of eventdy.g o/ (X) = J,cer Nig,a(X), for £ C £. We omit

the range of levels when it is clear from the context; in particular, we wWiteas a shorthand

for N1 {a: Top(a)<1y- We may now formalize node saturation as follows:

Definition 5.1 An MDD nodep at levell is saturatedif it encodes a set of (sub)states that is a
fixed point with respect to the firing of any event affecting only its levdbarer levels, i.e., if

B(p) = NZ,(B(p)) holds.

It can easily be shown by contradiction that, if ngdis saturated, any node on a path frpm
to 1 must also be saturated.

Our choice of iteration order improves both memory and execution—-time etficiéor
several reasons. First, it ensures that the firing of an event; = {§ € £ : Top(3) =1} at
an MDD nodep adds as many new states as possible, since all descendarsd already
been saturated. Then, since each node in the final encoding of thepsatsSss saturated
by definition, any node inserted in the unique table has at least a chareingf still part
of the final MDD, while any unsaturated node inserted by a traditional sljomapproach is
guaranteedo be eventually deleted and replaced with another node encoding a labget sf
states. Finally, once we saturate a npas levell, we never need to fire any evente & in p
again, while, in classic symbolic approaches [2V]js applied to the entire decision diagram
atevery iteration

The resulting state—space generation algorithm is on average sewdsed of magnitude
more efficient in timeand memory than existing BDD—based algorithms, as the data in Sec. 6
will show. Most importantly, the peak memory requirements of our algorithnofies close
to its final memory requirements. When compared to our own previous wp28]®n MDD—
based state—space generation, saturation eliminates much administraticadyeeduces the
average number of event firings, and enables a simpler and more effiaide management.

5.2 The saturation algorithm

Our algorithm implementing the idea of node saturation is shown in Fig. 7. listerd routine
Generate for initialization, routineSaturate to control node saturation, and routid&re to
recursively fire events at lower levels. Routingsturate and Fire are mutually recursive.
Obviously, saturating a node requires firing events on this node, whttieeate calls Fire.
The mutual recursion is necessary to implement our desired invariant ¢hdeitendants of
a node being saturated are already saturated; every new nodetgdraerang the execution
of Fire willimmediately be saturated by callingzturate on this new node. However, before
commenting on our routines in more detail, we introduce the underlying data ayyedata
structures, as well as some generic routines for manipulating them whieldapéed from the
literature.
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Data structures. Our algorithm’s basic data types arent (event),lcl (local state)/vl (MDD
level), andnode (MDD node), which in practice are simply integers in appropriate ranges.
Just as in traditional symbolic state—space generation algorithms, we urdgue table to
detect duplicate nodes, angeration cachesn particular aunion cacheand afiring cacheto
avoid potentially expensive re—computations of operations already ¢auie However, our
approach is distinguished by the fact that only saturated nodes aieechedhe unique table
or referenced in the caches. As mentioned in Sec. 4.2.2, the table amddzdalstructures are
organized along MDD levels. Fdk > 1> 1, UT]l] is a unique table for nodes at levelit

is used to retrieve the nogegiven the keyp[0],...,p[n;—1]. For K > 1> 1, UC]] is the
union cachdor nodes at level; it is used to retrieve the nodegiven the nodegp, ¢} (as an
unordered set, since the union operation is commutative), where = B(p) U B(q). For

K >1>1, FC|l] is thefiring cachefor nodes at level; it is used to retrieve the nodegiven
nodep and eventr, where Top(c) > | > Bot(a) andB(s) = NZ,(Na(B(p))). Note that
FCJl] does not contain entries for any eventc &, since our approach saturates a node by
modifying it in place, as will be shown below; for the same reaséfi| K| and FC K| are not
needed at all.

Routine Generate. The call Generate(s) starts off our algorithm by creating the MDD that
encodes the initial state and by immediately saturating each MDD nodét creates, in a
bottom—up fashion, by callin§aturate(p). It is straightforward to generalize our algorithm
from taking asingleinitial state tomultiple initial states that are represented as an MDD. We
simply traverse this MDD in a depth—first fashion and use a flag to recoiytidi@ nodes that
have already been saturated.

Routine Saturate. The call Saturate(p) saturates node at levell. Since our algorithm guar-
antees that all children gf are already saturated, saturatm@volves exhaustively firing all
eventsa € & affecting levell and possibly lower levels. Nodeitself is saturated “in place”.
For eachi € Locals(a, p), that is, for eachi € S; used to currently encode states in this node
(i.e.,p[i] # 0) and locally enabling (i.e.,N; o (i) # ) we call Fire(c, p[i]) to compute the re-
sult f of firing « in the node pointed by[i], and then recursively saturating it in place. This set
of states is added directly to eaBlip[j]), for eachj € N, ,(¢), andp[j] is updated accordingly.
This is correct because, according to our Kronecker representdtigp, the enabling and the
outcome of firing eventt depend only on the states of submodé&ig («) throughBot(«) and
is, in particular, independent of the ones in submodétarough Top(«) + 1. Updating node
in place means that the effect of firimgbenefits all global states through nage.e., all paths
in A(p), thus avoiding repetitions of the same work; this is illustrated in Fig. 8.

Whenever new states are found, i.e., the unio@f[j]) andB(f) is notB(p[j]), every
event in&; must be fired again to test for further reachable states. This iteration gestimtil
no more states are found, i.e., until we attempted the firing of each everff; once without
changing node. It should be pointed out again that routinggurate and Fire are actually
mutually recursive. This is because the firing of event & might lead to the creation of
new MDD nodes at levels lower thdnwhich are saturated before the saturation of npde
continues.

Routine Fire. The second fundamental routine in our algorithn¥ise(«, ¢), whereg.lvl =

| < Top(w). Like Saturate, Fire finds out whether event is enabled in a node and
its descendants. However, unliaturate, routine Fire operates on a fresh nodeinstead
of modifying ¢ in place, since (i) is already saturated and &7'[l], (i) might be already

20



Generate(ins : array[1..K] of icl) : node

Fire(in a : evnt, q : node) : node

Build an MDD rooted at, in UT[K], encod-
ing VZ(s) and returnr.

. declarer, p : node;

. declarel : lvl;

.p—1;

. forl =1to K do
r «— NewNode(l);
rsll] < p
Saturate(r);
DT

returnr;

CONOOAWNE

Saturate(in p : node)
’ Saturate nodg and put it inUT [p.lvl]. ‘

1. declarea : evnt;
2. declaref, u : node;

3. declarei, j : lci;

4. declareF : set ofevnt;
5 F « Ep.lvl;
6.
7
8

while F # () do
o« Pick(F);
foreachi € Locals(c, p) do

© ¢

1 — Fire(a, pl)):

10. foreachj € N, 1u1,q(7) do
11. u «— Union(f, plj]);
12. if u # p[j] then

13. plj] < u;

14. F Ep.lvl;

15. p « Check(p);

Returns s.t. B(s) = NZ_,,,(Na(B(q))). Itis

vl
called withg.lvl < Top_(qa).
declaref, s : node;
declarei, j : Icl;
if ¢.lvl < Bot(a) then returny;
if Find(FC|q.lvl],(¢,0),s) then returns;
s « NewNode(q.lvl);
foreachi € Locals(a, q) do

f — Fire(a, qfi));
foreachj € NV (i) do
s[j] — Union(f, s[j]);
10. Saturate(s);
11. Insert(FClg.lvl], (¢, @), s);
12. returns;

©CoNoOOA~ONE

Locals(in « : evnt, p: node) : set oficl
Return{i € S; : p[i] # z1-1 A Ni.o(7) # 0},
the local states ip, a node at levdl, that are on
a path tol and locally enablev. In particular,
if p is a duplicate of;, return().

Union(in p : node, q : node) : node
Assuming thatp.lvl = q¢.lvl = 1, build an

MDD rooted ats encoding5(p) U B(gq), and
returns, which is inUTl].

declares : lcl;
declares : node;
if p = 2101 OF p = g then returny;
if ¢ = z4.101 then returrp;
if Find(UC[p.lvl].{p,q},s) then returns;
s « NewNode(p.lvl);
fori =0tomny, ., —1do
sli] < Union(pl[i], q[d]);
s « Check(s);
10. Insert(UC|p.lvl], {p,q}, s);
11. returns;

CoNooOR~ONE

NewNode(inl : ll) : node

Create node at levell with arcs set toy;_q,
returnp.

Check(in p : node) : node

If p[0] = --- = plny—1] = 21, deletep, a
node at level, and returnz;, sinceB(p) is 0.
If p duplicatesg in UT[l], deletep and return
g. Otherwise, inserp in UT[{] and returrp.

Insert(inouttab, in key, v)
’ Insert(key, v) in hash tableab.

Find(in tab, key, outw) : bool

If (key,x) is in hash tablgab, setv to z and
returntrue. Otherwise, returrfalse.

Pick(inoutF : set ofevnt) : evnt
] Remove and return an element fraf \

Figure 7: Pseudo—code for the Saturation algorithm.

referenced byy/C[l] and F'C'[l], and (iii) might be pointed to by other nodes at lel«¢l1 along
paths that doot locally enablea. The third argument shows that updating such a ngde
with [ < Top(«), is incompatible with interleaving semantics and would thus be incorrect in
general.
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level +1

level

level I-1
6)

Consider node in the above scenarid), and an event, with Top(a) =l andN;,«(2) = {4}.

In-place updates.When saturating at levell, we (2) recursively build node (x) encoding the result of firing:

on x, which is pointed by[2] (we actually saturat¢(x) before returning it, but let us assume that this does not
change anything). The8), we build nodew encoding the union of (x) andy, which is pointed byl[4]. Finally

(4), we updatep in place, i.e., we sei[4] to w. Note thatf(z) can be deleted after step 3, unless it happens to be a
previously existing node, whilg can be deleted after step 4, unless some other node points to it.

Traditional symbolic approach. When p is reached through are[5], one recursively build$5) node f(x)
encoding the result of firing: on z, as before. The(6), one builds nodef (p) encoding the result of firing in

p, i.e., f(p)[4] = f(z). Then(7), one builds node encoding the union gb and f (p); this of course causes the
creation of nodav as before. Thei(8), one sets:[5] to ¢, which encodes the same set as npde the end of
our approach. Later o(®), when the recursion reachésone descends alorig3] and reach agaip, repeating
the entire process. The operation caches stop the recursion shdhelmatst of cache lookups is not negligible.
Furthermore, this approach has higher memory overhead, sineepnigdyuaranteedto become disconnected.
This is unlike the other nodes marked in black, which might or might notdbeted, depending on whether they
are pointed to by other nodes. Finally, note that nadesdb in steps8 and9, respectively, are modified in our
approach as well, whereas the traditional approach would again ceateades.

Figure 8: In—place updates vs. ordinary node manipulation during state—spaeeagen.

Accordingly, Fire(«, q) proceeds as follows. First some trivial cases are done away with,
namely that < Bot(«) (Line 3) or that the result of firing in ¢ has been computed before
and is stored in the firing cache (Line 4). The actual worlafe occurs in Lines 6-9. For
each local staté € Locals(c, q) in which « is enabled, we recursively callire (Line 7) and
join the resulting set of states represented by notiteeach of thé—successor states of nosle
as given by the next—state function for everdt levell. This is done by invoking the standard
union operation on MDDs (Line 9). If a recursive call determines thahtv is not enabled
at some lower level > g > Bot(«), i.e., if Locals(o,q) = () whengq.lvl = g, then Fire
correctly returns;, the node at level representing the empty set. Before returning, node
saturated by callingaturate(s) and the result is stored in the firing cache (Lines 10-11), thus
maintaining our invariant that lower—level nodes are saturated befdnerkigvel nodes.

Summarizing, the Saturation algorithm brings MDD nodes into their final shegpearly
as possible, from the bottom to the top. The firing of events exploits the steusftthe parti-
tioned model at hand, as well as the Kronecker representation of tleelyind local next—state
functions. In—place updates help us reuse MDD nodes as often ablppssther than gen-
erating many new nodes that soon become disconnected, as classicab&2d approaches
do. Together, these features allow us to compute reachable state spacefigiently, while
keeping peak memory requirements small.
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5.3 Proof of correctness

Before presenting an example of our algorithm we prove its correctii@sbegin with, we
show that the algorithm terminates. The mutual recursion between roStines:te and Fire
must eventually terminate: assumingvl = [, Saturate(p) calls Fire(c, q), with g.lvl = [—1
(Line 9), andFire calls itself only on one level below the one it has been called (Line 7) and
calls Saturate at the same level — 1 (Line 10). A similar argument holds for th&nion
routine, which is taken from the literature [3, 24]. The only other reasomdén—termination
could be due to an infinite while—loop ifiaturate (Line 6). However, the only updates to
nodep are unions, which are monotonically non-decreasing. SBige C S; x --- x &1 and
since each local state space is finite and fixed, we can only incBa$ethus modifyp and
reset the value af to &, a finite number of times, after which the loop must be exited.

To see that our algorithm correctly computes the reachable state spafecusecloser
on the two key routineSaturate and Fire. First of all, it is easy to check that the algorithm
preserves the invariant thatire can be invoked only on saturated nodes and fhetirate
can be invoked only on nodes whose children are already saturatéslisTiecause routine
Generate invokesSaturate in a bottom—up fashion, whereas any fresh node generatégdn
is immediately saturated before returning it (Line 10), and the union of satlnades, called
by Saturate (Line 11) andFire (Line 9), is saturated by definition.

Theorem 5.1 Let p be a node at leve| whereK > [ > 1, with saturated children, and let
e ¢ be one of its children at level = [ — 1, satisfyingg # 0;

e U stand forB(q) before the callFire(«, q), for some event with ¢ < Top(«), andV
represent3(f), wheref is the node at levgj returned by this call;

e X and) denoteB(p) before and after callingaturate(p), respectively.
Then, the algorithm guarantees the following two properties:

1.V =NZ,(Na(U)) and

2. Y =NZ(X).

By choosing, for node, the root node of the MDD representing the initial stasewe obtain
Y =NEg(B(r)) = N2g({s}) = S, as desired.

Proof. To prove both of the above statements we employ a simultaneous induction on

¢ Inductive base { = 1): Since local events affecting only a single submddek bundled
into a single event;, the event sef; is either empty or the singleton sék;}. We
concentrate on the latter case, as the former is trivial.

The only possible calFire(\, 1) immediately returnd because of the test onlvl,
which has valu®, in line 3. Then/ =V = {()} and{()} = NZ,(Nx, ({()})). Hence,
Prop. (1) holds.

The call Saturate(p) repeatedly explores;, the only event ir€;, in every local state
for which, according to the definition of routinkocals, (i) Ny, (i) # 0 and (ii) ei-
therp[i] = 1, or p[i] has been modified froito 1 (cf. line 13) in a previous iteration of
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the outermost foreach—loop, because of some other localiSgatesfying: € A 5, (i)
andp[i'] = 1. The iteration stops when further attempts to fifedo not add any new
state toB(p). At this point,y = Ny (X) = NZ,(X), which is Prop. (2).

e Inductive step ( —1 implies [): We first verify Prop. (1). A callFire(«, q) can be
resolved in three ways. lj.lvl = g < Bot(«), the returned value i = ¢ and
Ngo(U) = U for any setid; asq is saturated andVy.1 . is the identity, B(q) =

2,(B(q)) = N2, (Na(B(q))). If g > Bot(a) but Fire has been called previously
with the same parameters, then the dathd(FC|g],{q,a},s) is successful. Since
nodegq is in the unique table, it is saturated and has thus not been modified further.
Hence, the value in the cache is still valid and can be safely used. Finally, we need to
consider the case where the célire(«, g) performs real work. First, a new node
at level g is created, having all its arcs initialized b We explore the firing oy
in each state satisfyingg[i] # 0 and N, (i) # (. According to the induction hy-
pothesis, the recursive caflire(«, g[i]) returnsNZ, _; (Mo (B(q[i]))). Hence, we have
B(s) = Uses, Ng.a(i) x NZ,_1(Na(B(qli]))) = NZ,_1(Na(B(q))) when the outer
loop terminates, i.e., all children afare saturated. By induction hypothesis, the call
Saturate(s) saturatess. Consequently, we havB(s) = NZ (N2, ;(Na(B(q9))) =

2,(Na(B(q))) after the call.

Regarding Prop. (2)Saturate(p) repeatedly explores the firing of each everthat is
locally enabled ini € §;, by calling Fire(a, p[i]) which, as shown above and since
g=1-1,returnsNzZ, (N (B(p[i]))). Further,Saturate(p) terminates when firing the
events inf; = {ay, s, ..., a,} does not add any state R{p), and the se}) encoded
by p is the fixed point of the iteration

YUY — YO UNZ ) (Nay WE L Nag (- NE Ly (Na, (PT)) ),

initialized with V(©) — X Hence ) = NZ,(X), as desired.

This completes the correctness proof of our Saturation algorithm.

5.4 Applying the Saturation algorithm to our running example

We now demonstrate the Saturation algorithm on our running example, wh&ethaet is
partitioned into four subsystems, leading to a four—level MDD to store thefsetachable
states. Moreover, the event set= {a,b,c,d, e} is split into the set£; = 0, & = {d},

& = {3}, and&, = {a, e}; recall thatf; denotes the set of evenisfor which Top(a) = I,
and that evenihs combines the local evenisandc. The lowest levels affected by the events
in £ are as follows:Bot(a) = 2, Bot(A\3) = 3 andBot(d) = Bot(e) = 1. Recall that the local
next—state functions of our example are stored by the matrices shown atttwn of Fig. 3.

We begin the Saturation algorithm by invokirigenerate on the initial marking(0000).
This creates the MDD depicted in Fig. 9(a) whose nodes are sucdgssaerated bottom—
up. Note that nodes, s, andt are actually created later on, but we show them here from the
beginning for clarity. The levels of the nodes are given at the very fefteoMDD figures.

Starting with node:, we observe that this is trivially saturated sidge= (). Thus, we move
one level up and consider nodeThis node, too, is saturated, sintes the only event ifs, and
Locals(d,t) = (. The same is true for nodeat the next higher level sinceocals(\3, s) = 0.
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Figure 9: Applying the Saturation algorithm to our running example.

Saturating node turns out to be more interesting, as event &, is enabled because
Locals(a,r) = {0}, Locals(a,s) = {0}, and Locals(a,t) = {0}. When moving down the
MDD recursively, Fire generates the fresh nodesndw at levels3 and2, respectively. The
recursive calls end at levé| sinceBot(a) = 2, and return node. SinceN;,(0) = {1}, the
1-successor ab is pointed tou, as shown in Fig. 9(b).

Before continuing with saturating nogewe must saturate node. SinceLocals(d, w) =
{1} and Locals(d,u) = {0}, the only event in & is enabled, and"ire generates a fresh
nodex at level1. Further, sinceV; 4(0) = {1} andN;4(1) = {0}, the 1-successor of
points to the terminal node and theD—successor of node to nodez, respectively. Note that
the fresh node is already saturated & = (). Further firings ol in nodew are not possible,
whence the node is saturated, too. The resulting MDD is depicted in Fig. 9(c)

We continue with the saturation of noaen the middle of a call toFire with eventa,
and study the effect on the fresh nodeSinceN3 ,(0) = {1}, thel-successor of is set to
point to nodew, and Saturate(v) is invoked. This leads us to considerindwice, until it is
saturated. FirstNs 5, (1) = {2}, which updates node in place by inserting an arc from the
2—successor af to w. Then, the local events is enabled again in the local st&x¢hat has just
been added; however, sind§ ,,(2) = {1}, firing A3 a second time does not reveal any new
reachable local states and thus no further in—place update is made. Ve lsavith node
saturated and the MDD depicted in Fig. 9(d). Again, we return to the satu@ftimoder with
respect to event, which we can now complete. Singé, ,(0) = {1}, we add an arc from the
1-successor of nodeto nodev, which results in the MDD shown in Fig. 9(e).

We continue saturating nodewith respect to evernt, which is now enabled via the se-
quencer[1], v[2], w[0], andz[1]. This generates the fresh nodgsy’, andy” (not shown)
at levels3, 2, and1, respectively, strictly less thafiop(e) = 4. As N (1) = {0}, the0—
successor of the fresh nogé is pointed to the terminal nodke Herewith, node,” is already
saturated and, since it is identicaldp nodey” is discarded and insteadis returned as the
result of Fire(e,xz). As a consequence and sindg .(0) = {0}, the 0—successor of fresh
nodey’ is pointed to node:.. Hence,y’ becomes identical to the saturated nodad is thus
itself saturated. Similar to above, nogleis discarded and nodeis returned as the result of
Fire(e,w). Moving up one level to the fresh node N3 .(2) = 0, and consequently its—
successor is now set to nodleAgain, this means that nodebecomes identical to saturated
nodes; thus, nodey is discarded and returned as the result of callingire(e, v). Finally,
Ni(1) = 0, but theO—successor of nodealready points to node, so the in—place update of
the 0—successor of nodewith the union of nodes ands is trivial. This concludes the call
of Fire(e,r). Further firings of events, e € £, do not reveal any new reachable states, thus
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the root node- is saturated. This terminates the Saturation algorithm, i.e., the state space of
our example Petri net has been fully generated and is encoded by thed#B)®. 9(e), which
coincides with the desired MDD given in Fig. 5.

To summarize, since MDD nodes are saturated as soon as they are ,cesatedcode
will either be part of the final diagram or will eventually become disconmkdiat never be
modified. It is worth pointing out that no node becomes disconnected inmpiesexample.
Once all events irf; are exhaustively fired in a nodeat levell, any further state discovered
that use9 for its encoding benefits in advance from the “knowledge” encapstilaiednd its
descendants. This reduces the amount of work needed to constclcabde state spaces and
contributes to the Saturation algorithm’s time—efficiency and memory—efficiency

6 Experimental results

This section evaluates the time and memory efficiency of our Saturation algoathimple-
mented in the BART verification tool [8], by applying Saturation to construct the reachable
state spaces of a large suite of examples taken from the literature. WMART Sve compare
the Saturation algorithm to the traditional breadth—first algorithm. We alséudigreompare
SMART’s efficiency to some of the leading symbolic model checkers, namely McNsll&a-
dence) SMV and NuSMV [15] (which is built on top of the CUDD BDD librat¥7]), and
attempt a brief comparison to the popular explicit—state model checker Spin [23

The chosen examples for our performance studies, ranging from thekmevn dining
philosophers to a fault—tolerant multiprocessor system, exhibit a wide angdearacteristics
regarding the locality of events as well as the numbers and sizes of selnsy€ach example
is parametric, further allowing us to explore scalability issues with respedffépestht model
structures. Due to space constraints we cannot reproduce the forrdalst@re but restrict
ourselves to an informal description of each. All models used in our erpats can be down-
loaded from the BART website located atww.cs.ucr.edu/"ciardo/SMART/ . SVART
itself is also freely available for non-commercial use upon request.

Toggling bits. This simple model describes the status\dhits, b; throughb, which can
be set(from 0 to 1) andreset(from 1 to 0), according to the following rules. Bit; can be set
whenever it i9), or reset whenever it i, independently of the other bits. Bit, for2 < i < N,
can be set or reset only together with that is, if bothb; andb; are0, they can both be set g
and if they are both, they can both be reset €o No other change is possible. The MDD has
K = N levels, with biti at leveli, thus all events affect some levieblus levell, except for
the two local events that independently togglelbifThe state space contains all possible
combinations of bit values, but the bit toggling rules restrict the possiblsitiams between
states.

Dining philosophers. This classic model is obtained by connectiNgdentical submodels,
one per philosopher, in a circular fashion. Each philosopher starts idlghstate and occa-
sionally decides to eat; to do so he must acquire both his left and right, fetiish he then
releases when he has finished eating. Since forks can be acquiredandan, this model is
known to have two deadlock states, the one where each philosopherchaed his left fork
and waits for his right fork (which, being also the left fork of his righigidor, will never
be released), and the symmetric state where each philosopher hasdbigiight fork. Our
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model assigns one philosopher per level. We also experimented with agsigphilosophers
per level, so that the height of the MDD I§ = N/P when N is a multiple of P, but this
results in larger local state spaces and is less efficient overall (fon@gaS;| = 8, 34, 144,
and610 for P = 1, 2, 3, and4, respectively). Events affecting a levedre either completely
local to! or they affect also a neighboring levék 1 or [ — 1; the only exceptions are levels
1 and K, since their neighbors ateand K, or 1 and K — 1, respectively, due to the circular
arrangement of the philosophers.

Round-robin mutex [22]. This protocol solves a specific type of mutual exclusion problem
among N processes organized in a circular fashion, requiring access to edstesource.
Each process is mapped to a different level, frdm- 1 down to2, while the shared resource
corresponds to level. All local state spaces are of sizeexcept for|S;| = N + 1, since it
encodes the identity of the process that has been granted access sotireggif any. There
are no local events and, in addition to events synchronizing neighboroog$ses, there are
events synchronizing levelsand1, for 2 < n < N + 1. The results from a similar model
where the shared resource is instead at I1&ve} 1, while the processes are mapped to levels
from N down to1, are essentially the same.

Queens. The classidV queens problemonsists in finding all ways to plad€ queens on a

N x N chess board, with rows and columns indexed frbto N, so that they do not attack
each other. Since any such configuration of queens must have exaettyueen per row, the
state of the model can be encoded by a vector of Sizashosen'! entry is the indexn of the
column containing the queen for raw or 0 if that queen has not yet been placed on the board.
The initial state is thus the vector 6§ and, at each step, a queen is placed on an empty row,
avoiding any square on the row that is attacked, vertically or diagonallgrdaiously placed
gueens; thus, the evolution halts in exactlysteps, or fewer if it is not possible to place further
queens. We generate all legal configurations haumtp N queens on the board, and consider
two versions of this model: one where queens are placeddnential (SEQ)rder from rowl

to row NV, and one where they are placedamdom (RNDprder. Of course, the numberfadal
configurations having alNV queens on the board is the same for the two models, bubtake
number of configurations is larger for the latter. The levels are in onentoeorrespondence
to the queens, where lev&l = N stores the position of queéW, and levell that of queeri.

In this model, locality is extremely poor, since each event placing the queam@mn must
consider the state of rowisthroughn — 1 for the SEQmodel, or of all other rows for thRND
model.

Fault—tolerant multiprocessor [36]. This models a system df interconnected computers
whose components can fail. The system fails as soon &§ aimputers fail. A computer fails
once two of its memory modules fail, or two of its CPUs fail, or two of its /0O modulésda
one of its error—-handling modules fails. A memory module fails once three ofAld Bhips
have failed or one of its interface chips has failed. Uncovered failuespassible, e.g., failure
of a RAM chip can cause its memory module to fail even if spare RAM chips\aitalle,
which can in turn cause the computer to fail even if its other memory modules aratiomal,
which can cause the entire system to fail even if other computers ardiopataThe state of
a memory module is described by the number of failed RAM chips and the nurhfaled
interface chips. The state of a computer is given by the state of its three memnochyles
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together with the number of failed memory modules, CPUs, I/O modules, and-earalling
modules. Thus, the overall system state cont&ins 10N +1 variables: ten for each computer
plus one to keep track of the number of failed computers. We partition this nsodelat
each state variable corresponds to an MDD level, with level 1 used forumber of failed
computers. Every event depends on level 1, since all events ardedisaite N computers
have failed. Thus, every event is synchronizing, but only betwees leand some of the ten
levels corresponding to state variables for a given computer. All loct spaces are of size
2, 3, or4, except forlS;| = N + 1. We faithfully follow the model in [36], except for splitting
some of the transitions to achieve Kronecker—consistency forMABTSmodel.

Flexible manufacturing system [14]. This model describes the movement of pallets carrying
parts of three different types to be machined and assembled in an autoaetiey.f The
model is decomposed into a fixed number of submodéls; 16, but is parameterized by the
numberN of pallets initially present in three repositories, which affects the size of tted lo
state spaces. Thusy;| = N +1 for all levels! except for some levels corresponding to stations
with an admission control policy that limits the number of parts being processat @iven
time: |S17| = 4, |S11| = 3, and|S7| = 2. The model exhibits a moderate degree of locality, as
events span from two to six levels.

Kanban [38]. This model describes a manufacturing system with four similar stations where
“kanbans” (tags) control the flow of parts. The overall flow of partssgollows: a part enters
station1 first, then it is split into two parts that enter statidhand3, then the two parts are
joined into a single part again that enters statipfrom which the part leaves the system. A
part can enter a station only if a kanban is available at that station andjtagtgmrocessed,

it undergoes a check to see whether it needs to be re—processed $gmbemachine. In
particular, a part can leave statibnly if there is a kanban at both statiadhand3, and a part

can leave statiof (resp.3) only if there is also a part ready to leave statb(resp.2) and a
kanban in statiod. Our partition had6 levels and each local state space has &izel, where

N is the number of kanbans available in each station; all events affect multigls.l&Ve also
considered an alternative partition with just one level per station, wheteleeal state space
has sizd N+3)(IN+2)(N+1)/6 and all events are local except the one that splits a part, which
affects leveldl, 2, and3, as well as the one that joins two parts, which affects le¥els and

4. For small values olV, this rougher partition is more efficient in peak memory consumption,
but not in runtime. However, a grows, the cubic growth of the local state spaces hurts its
memory performance: foN > 6, the rougher partition becomes less memory efficient, and
for N = 30, its final and peak memory is about 12 times that of the finer partition. The runtime
for the rougher partition is more than 40 times that of the finer partitiodVfer 30.

Leader election [17]. This randomized asynchronous leader election protocol designates a
unique leader amongy participants, each with a unique identifier. Each stage of the protocol
requires2N messages, sent along a unidirectional ring. Participants can beconiee @ss
each stage and the protocol completes when only one participant remiamesaovhich point

it can broadcast the identity of the leader to the other participantsVARTS the most natural

way to model the exchange of integer messages between participants inatoisopiis to

use a self-modifying net. However, to ensure Kronecker consistereynust eithemerge
places belonging to different participants into a single submodedplitrevents according to
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how many tokens they move (according to the integer value being exchanged former
approach results iV + 2 levels andl4 N + 2 events, but one of the local state spaces grows
exponentially inNV. We therefore concentrate on the latter approach, and on producery a v
fine partition with small local state spaces; we use a model @itV?) levels andO(N?3)
events (for each of th&/ participants, several events must be split into the disjunctiaN“of
“smaller” events). The largest local state space Ha¥ — 1 states, while most local state
spaces havé/, 3, or 2 states.

6.1 Comparison within SMART

Table 1 reports the final memory usage for the next—state fundfi@md the reachable state
spaceS, the peak MDD memory required to constrdttand the CPU time required to con-
struct AV and S using algorithmsSaturate or BFSGenerate in SVART. All experiments are
run on a 3.2 GHz Pentium IV with 1 GB of memory and 512 KB L2 cache. Ouadife-
first search implementation performs garbage collection after evetgrations, wheré&; can
be modified by the user; the table reports results for running the garbfigetor afterevery
iteration (columnsBFS') and after every 64 iterations (columB§&S®*). We instead use a
“lazy” garbage collection policy for the Saturation algorithm: disconnectetes are cleaned
up only at the end of the computation. Both Saturation and breadth—firsh&égration con-
struct each local state spa&g in isolation (using explicit local state—space exploration of the
k™" submodel) before constructinlf, and both algorithms use Kronecker encoding for the
next—state functioth/, which is quite compact, except for the leader election model. In this
model, a large number of split events is required to achieve Kronecksristency; alternative
approaches would be to generate local state spgcasd the next—state functiok on—the—
fly, using the technique described in [11] (this allows for using a coarsgi@arather than
splitting events, since the local state spaces generated in isolation are ngechan the local
states actually reached), or to use a version of Saturation that doesjnotra Kronecker en-
coding forV/, such as the one described in [28]. Finally, since the same model dedtmpos
and variable ordering is used for Saturation and breadth—first iter#tti®a)gorithms generate
isomorphic “final” MDDs forS.

Several important conclusions can be reached from the results compiledbla 1. As
expected, increasing the frequency of garbage collection for brefrdthiteration leads to a
smaller peak memory size at the cost of significantly increased runtime. Téredie between
our Saturation algorithm and the traditional breadth—first iteration is applyeconsidering
the peak memory consumption, which goes hand—in—hand with the runtimesnddepen
the model, Saturation requires one—to—three orders of magnitude less manboye—to—five
orders of magnitude less computation time. This difference in peak memory &lawesation
to analyze models for which the breadth—first iteration fails due to exeepsigk memory
requirements (designated by dashes in the table).

The only exception to Saturation’s excellent performance is the queebkepr. In the se-
guential version of this model, Saturation and breadth—first iteration eeguighly the same
memory and similar computation time. In the random version, the Saturation memaisere
ments are less than half that of breadth—first, and computation time is less #hémrdrithat
of breadth—first iteration. We argue that this model represents a wasgt-scenario not only
for Saturation, since event locality is very poor in the sequential versidman-existent in
the random version, but also for symbolic approaches in general, tsiagaemory and time
requirements for Saturation and breadth—first iteration are considevabdg than for a good
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Table 1: GeneratingV andS: Saturation versus BFS irVBRT

Memory (Kb=1,024 bytes) CPU Time (seconds)
N |S| Final Peak MDD memory to generate N and S
N | s sat. | BFS' | BFS™ | sat | BFS' | BFS™
Toggling bits K =N, |S;|=2for all {
128 | 3.4x10%8 17 4 7 567 926 02| 3753| 17.7
256 | 1.2x1077 34 7 14| 2,254| 3,276 0.6| 9,758.0| 497.1
4,006 | 1.0x101233 544 | 112 224 — — 1| 2605 — —
Dining philosophersK =N, |S;|=13 for all |
100 | 5.0x 1062 67 28 35| 6,920| 10,332 04| 1929 9.8
400 | 6.1x10%%0 265| 113 141 | 112,728| 131,528 1.8 | 100,359| 2,989.7
5,000 | 6.5x10>134 | 3301| 1,047| 1,758 — — 98.1 — —
Round robin mutexK = N +1, |S;| =10 for all [ except|Sx|=N+1
60 | 1.6x10%0 68| 134 144 | 1,373| 3,697 04| 1086| =241
120 | 3.6x10%8 191| 506 527 | 9,424 18,875 25| 5,489.6| 1,143.6
400 | 2.3x10123 1,510| 5,406 5,476 — — || 2026 — —
Queens-SEQK =N, [S;|=N+1forall ]
11| 1.7x10° 106 | 4,150| 4,150| 4,150| 4,159 2.4 3.4 2.6
12 | 8.6x10° 151 | 19,454| 19,455| 19,455| 19,466| 22.0 349| 309
13 | 4.7x10P 208 | 97,469 97,469| 97,470| 97,483|| 443.3| 798.8| 7747
Queens-RNDK =N, |S;|=N+1 for all {
8 | 1.2x10° 56| 591| 2,436| 4,795| 10,981 1.9 5.1 8.2
9 | 9.2x10° 91| 3,276| 14,213| 29,450| 71,693| 36.2| 112.1| 311.1
10 | 7.5x10P 139 | 19,222| 88,360| 182,062 — || 1,668.1| 5,987.1 —
Fault-tolerant multiprocessorK =10N + 1, 2<|S;| <4 for all [ except|S1|=N + 1
10 | 3.0x10%6 143 47 166 | 11,720| 16,754| 21.0| 7,130.9| 253.4
12 | 5.1x10%1 188 66 230 | 19,836| 27,159|| 40.0| 29,497.9| 1,049.6
36 | 3.3x10% 1,157| 554 1,773 — — || 3,926.5 — —
Flexible manufacturing systenk =19, |S;|=N +1 for all [ except|S7| = 2, [S11] = 3, |Si7| = 4
30| 7.7x10™ 18| 210 376 | 47,082| 85,710 02| 4,035.4| 3246
40 | 2.6x1010 24| 428 782 | 127,483| 212,181 0.3 | 30,207.0| 1,964.6
250 | 3.5x10%6 142 | 67,270| 132,029 — — 42.1 — —
Kanban K =16, |S;|=N+1 for all {
40 | 9.9x101 26 97 104 | 38,847| 55,772 01| 2,862.2| 1716
60 | 7.2x10%6 39| 206 221 | 125,225| 172,613 0.3 | 25,591.8| 1,577.7
1,000 | 1.4x10%0 626 | 51,149 55,083 — — 22.7 — —
Leader K = O(N?),|S;| < O(N) forall I
12 | 3.4x10%0 8,630 421 582 | 16,067| 40,305| 49.1| 7555| 174.0
14 | 1.9x10*2 15,576| 612 834 | 29,312| 63,724| 133.9| 2,139.7| 474
24 | 1.0x10%1 125,801| 2,342| 3,022 — — || 3,826.2 — —

explicit implementation. For example, the explicit decision—tree storage andsiatee gen-
eration algorithm implemented ilMBRT requires only 149 seconds and 147 MB fér= 13
gqueens (sequential) and 136 seconds and 74 MB/fef 10 queens (random).

In summary, our results testify that exploiting the interleaving semantics ot-based
concurrent systems is the key for making their automated verification algorithinpefficient.
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Table 2: GeneratingV/ andS using BFS in various tools

Peak Memory (Kb=1,024 bytes) CPU Time (seconds)
N | #lts SVART SVART
BFS' | BFS* | NuSMV | Cadence|| BFS' | BFS* | NuSMV | Cadence

Toggling bits
128 | 255 584 943 7,602 3,519 375.3 17.7 249.3 241.9
256 | 511 2,288| 3,310 7,710| 13,654| 9,758.0| 497.1| 12,756.8| 4,256.6
Dining philosophers

80| 161 4,455| 7,344| 294,676/ 17,461 86.4 4.8 47.5 181.1
100 | 201 6,986 | 10,398| 566,904 25,943 192.9 9.8 159.4 385.5
Round robin mutex

50 | 395 916 | 2,578| 11,564 51,372 44.3 10.3| 3,404.6| 4,639.1
60 | 475 1,440 3,764 19,158 82,132 108.6 24.1| 8,428.9| 11,516.6
Queens-SEQ

11| 12 4,256 | 4,265 9,975| 86,358 3.4 2.6 14.5 20.1
12| 13| 19,605| 19,616| 42,359| 398,638 34.8 30.9 108.0 125.4
13| 14| 97,677| 97,691| 192,862 — 798.8| 774.7| 1,786.8 —
Queens-RND

8 9 4,851| 11,037 2,874| 37,621 5.1 8.2 6.5 10.1
9| 10| 29,540| 71,783| 14,570| 234,334 112.1] 3111 74.0 79.9
10| 11| 182,201 — | 75,590 — || 5,987.1 — | 1,1845 —
Fault-tolerant multiprocessor

10| 81| 11,863| 16,896 8,939| 29,338|| 7,130.9| 253.4| 7,714.0| 2,166.9
12| 97| 20,024| 27,347 9,042| 47,545| 29,497.9| 1,049.6| 28,150.3| 5,125.4
Flexible manufacturing system

20| 281 | 12,256| 24,686 8,781| 56,525 375.3 30.9| 2,843.5| 1,635.7
30| 421| 47,100| 85,728 15,950| 141,356| 4,035.4| 324.6|98,357.0/ 7,713.8
Kanban

30| 421| 17,122| 25,626| 12,188 61,029 730.1 40.8| 3,720.9| 2,649.4
40| 561 | 38,872| 55,797| 23,769| 135,824| 2,862.2| 171.6|69,391.1| 8,794.9
Leader

12 | 144 24,696| 48,935| 102,056 118,321 755.5| 174.0| 1,120.3| 5,394.7
14| 168 | 44,888| 79,299| 190,139| 211,403| 2,139.7| 474.1| 3,026.3| 15,543.0

6.2 Comparison with SMV and NuSMV

To illustrate that the breadth—first implementation MABT is competitive with other symbolic
model checkers, we (manually) translated each example model into the SMiamguage
and ran experiments using NuSMV version 2.3.1 and Cadence SMV. Weieatipiverified

that the resulting models are equivalent, by checking that they have theistiaiestate and
transition relation, and produce the same sets of reachable states. The Sti#s msed
processmodules to handle asynchronous behavior, with the notable exception dining

philosophers model, where we specified the transition relation “by hasuligan input file of

sizeO(N?) for N philosophers; our process version of this model has instead an inpaot file

sizeO(N), but requires significantly longer runtimes. Finally, we use the same ogdefrgtate
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variables for the SMV model as théd8T model (both Cadence SMV and NuSMYV further
decompose state variables into booleans; we use the default orderitigsjorWe disabled
dynamic variable reordering to ensure that the same variable orderingdghrsughout.

Table 2 reports the peak memory and the runtimes required to build the nextusizate
tion N and the reachable state spateusing breadth—first symbolic exploration, iNART,
NuSMV, and Cadence SMV. The peak memory consumption MRS is measured as the
memory required for\" plus the peak MDD memory, while the peak memory consumption
for NuSMV and Cadence SMV is measured as the peak number of BDDsmad#iplied
by the node size (which we assume is 16 bytes). We believe this measuresiedemthe
nodes required fa\/. The memory for the operation caches or other data structures required
to parse and build the model is not included in the measurements. In the cS¥ARIT,
the runtimes include the time to generate each local state shaieisolation, to generate
and store the required Kronecker matrices.f6rand to generaté using standard symbolic
breadth—first iterations. In the case of NuSMV and Cadence SMYV, thigres include the
time to build the BDD encoding of the transition relation (we hand—specified tbe sizthe
the local state spacée, in the input file) and to generatg using breadth—first iterations. For
NuSMV, we use a monolithic BDD encoding 4f, since the partitioned encodings (using op-
tions““m Threshold "or“-m Iwls95CP ") always resulted in longer generation times for
S or the models we considered. Conversely, for Cadence SMV, we upatti@ned encoding
of NV since the monolithic encoding (using optiomtpr ") led to longer generation times.
We note that, for all the models we checked, the three tools required exacggatie number
of iterations, as expected.

As seen from the results compiled in Table 2, tMNF breadth—first iteration is signif-
icantly faster (up to three orders of magnitude) than both NuSMV and CademMV for all
models except the random queens problem. In terms of peak memory, thereléar winner
among the three tools we tested. Again, dashes in the table correspond thatinould not
complete due to excessive peak memory requirements. Perhaps moigirsyiiprthe model—
dependent difference in performance between NuSMV and Cadévidevdich use exactly
the same input model and variable ordering: for some models, NuSMV hagcgtly lower
runtimes than Cadence SMV, while for other models, the reverse is true.

In summary, we find that the breadth—first iteration MART is quite competitive with
other symbolic model checking tools. While Saturation is not included in TableeZallack
of space, we see from Table 1 that Saturation is one—to—six orders aifitonde faster than
NuSMV and one—to—five orders of magnitude faster than Cadence t¢dpefor the random
queens problem. Also, the peak memory requirements for Saturation athdesthe peak
memory requirements for NuSMV and Cadence SMV for all models, andlfooalels except
gueens, the difference is one—to—three orders of magnitude.

6.3 Comparison with Spin

The most widely used model checker for verifying concurrent systenpgrticular commu-
nications protocols and distributed algorithms, is the Spin model checkelogedeby Holz-
mann [23] over the past two decades.

Spin is anexplicit—statemodel checker, i.e., state spaces are represented explicitly so that
each state corresponds to an entity of the underlying data structure. Ethalkapproach
work for systems exhibiting interleaving behavior, it is complementegéoyial—order re-
duction[39]. This technique exploits the independence of transitions, which impkgsrtany
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traces of a system model may be equivalent with respect to the propeities¢oified. Hence,
it is sufficient to explore a single trace of each equivalence class, ilg.a@ubset of the glob-
ally reachable state space. The success of Spin in commercial applicattresiisno small

part to its efficient implementation of partial-order reduction, which oftenlteén greatly

reduced memory requirements.

Comparing the state—space generator of Spin to SaturatioMARTSs quite difficult as
their algorithms are very different in nature and seem to have rather coraptary strengths.
For example, the toggling bits model is built in such a way that all transitionstaféeh other,
as they all toggle bit one. This means that partial-order techniques doatueeny reduction,
and the size of the reachable state space is exponential in the number ofitsitmodel. In
contrast, our Saturation algorithm requires memory that is only linear in theenuwhbits (cf.
Table 1), since the transitions involving setting and resetting bit one, locttieel laottom level
of the MDD, are fired first. The firings of the set and reset transitionsifa, at leveli > 1,
then fully reuse the Saturation work done at lower levels.

The situation is quite different for the leader election model. This example) fate the
distribution of the Spin model checker, is one where Spin’s partial-oggkrction algorithm
provides maximal benefit: it reduces the state—space growth from axjparte linear in the
number of processes participating in the election. We translated this modeMi¥td 'S Petri
net language. This is a non—trivial task since Spin’s modeling languatied romela[23],
is at a higher level than Petri nets, combining features of C with Dijkstrasdpg command
language and message channels. Our translation encodes messaggschacal Promela
variables, and program counters using Petri net places. The statedthe resulting model
has the same size as for the Promela model in Spin (when run without padigd+eduction),
thus we are confident of the exact equivalence of the two models. AgnsimoTable 1, our
Saturation algorithm does not perform as well for the leader election mitsletemory and
runtimes still grow exponentially in the number of processes. Neverth&assration is op-
timal among symbolic approaches for this model, as its final and peak mema@yroptions
are essentially the same (the peak number of nodes is just two greater tliaalthember of
nodes), which is a much better behavior than breadth—first search.

Hence, partial-order reduction seems to have complementary strengtheakdesses
to our Saturation algorithm. A more insightful comparison betwedfRE and Spin would
require implementing Saturation in Spin or equippindA” with a Promela front—end and
partial-order reduction algorithms. Then, the very same models could daaiigoroughly
evaluate the two approaches. However, such a major implementation eleytiad the scope
of this article. It should only be mentioned here, for the sake of compledetied researchers
have tried to integrate partial-order techniques in BDD—based model-sgedgorithms [1],
with some success. Whether our Saturation algorithm allows for such amatibegremains
to be seen.

7 Related work, history and outlook

There exists a vast amount of literature on state—space generation,isvimghossible to dis-
cuss here in full. We restrict ourselves to symbolic techniques that aimpatigavith the
state—explosion problem inherent in concurrent models that rely on enértesemantics.
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7.1 Related work

Symbolic (or implicit) state—space generation techniques based on decisypam& such as
BDDs, do not aim at storing fewer states and transitions, as, e.g., partiei-reduction does,
but at storing them more compactly, in sublinear space [3]. As early asaldeago, it has
been pointed out that BDDs, although well suited for reasoning aboahsynous systems
such as hardware circuits, are less successful when dealing witimsysteh as Petri nets or
distributed software [6]. The reason is that BDD—-representations tef spaces do not solve
the state—explosion problem; in practice, the problem often shifts to a BOde-@explosion
problem. To tackle node explosion in BDD-based state—space gengia&or® reduce the
peak number of BDD nodes, two lines of research have been investigated literature:
partitioned representations of the next—state funcéiadheuristics for iteration orders

Disjunctive partitioning. As mentioned in Sec. 2, disjunctively partitioning a next—state
function and encoding each disjunctive element as a BDD rather than thle fuinction leads
to much smaller encodings. Indeed, experimental studies have shownishappinoach can
increase the size of manageable state spaces by about one order dlide{s]. Our ap-
proach also uses a form of disjunctive partitioning of the global next—&iatg¢ion, although
the resulting local next—state functions are not encoded as MDDs lhefyrartitioned con-
junctively and stored as sparse matrices [29]. This allows us to easilgnmzeocand exploit the
presence of identity transformations when an event occurs, and ¢egtlyebeen adopted by
other researchers [2]. In addition, our Saturation algorithm does valvimclassical MDD op-
erations when applying next—state functions, but direct Kroneckeedbaanipulations. This
leads to considerable efficiency gains.

Rather than partitioning a system'’s global next—state function, reseatue also exper-
imented with partitioning a system’s state space [7, 31]. Each state—spéitierpaan then
be represented by a small BDD using its own variable order, even whewdhall state space
cannot be encoded compactly by a BDD under any variable order.

Iteration order. It is well known in the automated verification community that computing
state spaces in breadth—first order often produces intermediate sédsesfthat fail to have
small BDD representations. This situation is normally not prevented buecktxby changing
the variable order underlying BDDs on the fly, hoping for a more compamaing [20]. In
contrast, the success of our Saturation algorithm lies in its iteration ordief) tvies to prevent
rather than to react to the problem. Complementing our Saturation algorithm wigéties
reordering techniques is an interesting possibility that remains to be invedtigate

Related work has experimented with different iteration orders combiniragbrefirst and
depth—first searches, with mixed results. Some examples of such iteradiers arechain-
ing [35], guided searclj34], andpartial traversal[7]. Another approach to iteration orders
freezesome subsystems in their initial states while symbolically exploring the state space fo
the other subsystems of a given concurrent system model [21]. Inpipis@ch, which can also
be combined with disjunctively partitioned next—state functions, subsystemiacessively
unfrozen until the entire state space has been constructed. While theifiige iteration or-
der requires more iterations to generate state spaces than the standdth-Hiest search, the
produced intermediate BDDs are often smaller. This improves not only meffiimigrecy but
also time efficiency by about one order of magnitude on realistic examplgslf2tontrast,
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Saturation gives improvements by one or two further orders of magnitudgndlar exam-
ples. This is because Saturation brings MDD nodes quickly and cheaplhgitdinal shape,
without the need to store unsaturated nodes that are guaranteed to likscon@ected later.

7.2 History of our approach

The history of our own approach leading to the Saturation algorithm is dotiechen a series
of three conference papers that form the basis of this article. Thestgudiper [29] introduced
the ideas to use MDDs rather than BDDs for storing the state spaces of padifRetri nets,
to represent the Kronecker—consistent next—state function of a pattPetri net via sparse
boolean matrices instead of MDDs, and to optimize the traversal of MDDs fat Events
that affect only a single partition or MDD level. Our second paper [9] theneralized the
optimizations conducted for local events to all system events, thus exploitngdhl effect
of firing events in concurrent systems, i.e., exploiting that the firing of amtefrequently
depends on and updates only very few of a system’s subsystems. Vébalged in [9] that, as
a consequence of this, the heuristics for the underlying iteration ordearhanportant impact
on the efficiency of state—space generation and in particular on the nofrgesrk MDD nodes.
Finally, our third paper [10] focused on a specific heuristics for thetirarder, namely node
saturation, and proposed the Saturation algorithm that is the focus oftihie.ar

7.3 Outlook — Model checking with Saturation

Much related work employs the computation of the reachable state spaeassperformed by
our Saturation algorithm, for checking temporal properties of concusystems. Indeed, re-
cent work has seen the Saturation algorithm being used for symbolic GEedbmodel check-
ing [12], where it has proved to efficiently model check the important a@ssterleaving—
based concurrent systems which had been thought to be out of theakagmbolic model
checkers before. If the property under consideration is violateth, sSaturation—based model
checker can terminate early and return a counterexample, in the fornhoftest path leading
to an error state [13]. However, to compute such shortest counteréegredge-valued deci-
sion diagrams are employed, which may be thought of as extended forrDDENhat stores,
for each globally reachable state, its distance from the initial states.

8 Conclusions and future work

The novel Saturation algorithm presented in this article proves that symbdiitees based
on decision diagrams can be successfully applied to efficiently genertdtegpaces of event—
based concurrent systems with interleaving semantics. The key for exchiefficiency is to
systematically exploit the local effects of firing events. First, the Saturakimmithm employs
Multi—valued Decision Diagram@DDs) which naturally reflect the structure of the state vec-
tors defined by a component—based, concurrent system model. Se@amtitions the model’'s
Kronecker—consistemtext—state function by both event and subsystem and stores it as a col-
lection of sparse boolean matrices. This enables lightweight operations tputsde MDDs,
which drastically improves the time—efficiency of state—space generation edmpared to
traditional approaches that rely on iterating a single, heavyweight riet¢-fanction.

Both MDDs and the partitioned next—state function are the prerequisite fouruque
iteration order,Saturation that efficiently computes the reachable state space of an event—
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based concurrent system model with interleaving semantics. Indeedpbyratate—space
generation is not inherently breadth—first, as is widely believed [1]. ddst®aturation fires all
events affecting a given MDD node exhaustively and saturates nodelsatiom-up fashion.
This not only avoids duplicating work at lower MDD levels but also bringde®into their
final shape quickly. Most importantly and in contrast to classical BDDedbatate—space
generators, Saturation does not constantly create nodes that becaorendiged later on.
Hence, the peak memory consumption of Saturation drastically improves laar @ark.

Our experimental results testify to the cumulative effect of systematically ixgidhe
interleaving semantics in event—based concurrent system models, listeotig showing im-
provements of several orders of magnitude in run—time efficiency — fraumngto seconds —
and peak memory consumption — from megabytes to kilobytes — when compated to
ditional BDD-based state—space generators. Moreover, our evalsoovs that by far the
largest efficiency improvements result from our novel iteration ordéril@Wbeing very helpful
in presenting our algorithm, the use of MDDs and Kronecker—consisiemmt essential [28]
and contributes comparatively little to the achieved performance gains.

Future work

Future work should proceed along several directions. First, we intetdeM&lop heuristics for
partitioning large systems specified by Petri nets into subsystems. As our experinmadiats
have shown, the size and order of the submodels in the partition have acsighifnpact
on the compactness, i.e., the size of their MDD representation, in much the sanmas\the
variable ordering has on the compactness of the BDD representationvdttis investigating
how existing variable re—ordering algorithms for BDDs can be adaptedrtsetting.

The second direction is to interface our Saturation algorithm to other modefiggdges,
most importantly the languadg&romelaused in Holzmann'$pintool [23]. This would enable
a better comparison of the saturation algorithm to the Spin model checkeh istain explicit—
state model checker that exploits interleaving semantigsasisal—order reductiontechniques.
We leave it to future work to check whether our idea of node saturatiorbeasuccessfully
combined with partial-order reduction techniques. In addition, the Promeajadge includes
advanced data structures such as message queues. It remains atirigteesearch question
as to how those data structures can best be mapped onto MDD variables.

The third direction concerns a more extensive comparisotaRSto Spin. To do so, one
could write a translator from Spin’s Promela languageN®R$'s input language. However,
writing such a translator would not automatically enable a fair comparison.i§ bscause a
translator, when fed a well-designed Promela model, does not necepsadilice a Petri net
and a partition that are in the right form in order for Saturation to be efficMfriting “fair”
translators is a difficult craft and requires much further research.

The fourth and final direction for future research aimpallelizingthe Saturation algo-
rithm. Many approaches to parallelizing symbolic model checkers utilize the imagn mem-
ory available in parallel machines in order to store larger state spacémvmiseen the model-
checking problem shift from a memory—bound to a time—bound problem. Fdelncbeckers
to be used by engineers working under strict deadlines, time efficienéypaamount impor-
tance. We believe that the locality of manipulating MDD nodes in our Saturatiamitim
might prove to be the key for achieving efficient parallelizations of symbolidehoheck-
ers for verifying communications protocols and distributed software. Predipifindings on
parallelizing Saturation are reported in [18].
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