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Abstract

Both logic and stochastic analysis have strong theoreticalun-
derpinnings, but they have been traditionally relegated tosep-
arate areas of computer science, the former focusing on logic
and discrete algorithms, the latter on exact or approximate
numerical methods. In the last few years, though, there has
been a convergence of research in these two areas, due to the
realization that data structures used in one area can benefit
the other and that, by merging the goals of the two areas, a
more integrated approach to system analysis can be derived.
In this paper, we describe some of the beneficial interactions
between the two, and some of the research challenges ahead.

1 Introduction

In this section, we introduce some notions related to the logi-
cal analysis of discrete-state systems, in particular CTL model
checking, and to the numerical solution of Markov models,
traditionally used for performance and reliability evaluation.

1.1 Discrete-state systems
Many interesting systems, including synchronous and asyn-
chronous circuits, computer systems, communication net-
works, and manufacturing systems, fall into the category of
discrete-state systems. Broadly speaking, these can be de-
scribed by a collection of discrete state variables, whoselocal
statescollectively define the(global) stateof the system, and
by a set ofeventsthat, whenenabledin a state, can occur, or
fire, causing a change of state. If several actions can occur in
a given state, the choice of which event fires first can be made
either nondeterministically or according to some probability
distribution. Formally, a discrete-state system is definedby:

• A set of possible global states,̂S . We assume that a
global state consists ofK local states,̂S = SK×·· ·×S1,
whereSk = {0,1, ...,nk−1} is the set of possible values
for thekth local state variablexk.

• A non-empty set of initial states,S init ⊆ Ŝ . The system
begins in some statesinit ∈ S init ; if S init contains several
states,sinit can again be selected either nondeterminis-
tically or according to some probability distribution.
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• A finite set of eventsE .

• A function Ne : Ŝ → 2Ŝ describing, for each event
e∈E , the possible state changes due toe. If Ne(s) = /0,
e is not enabled in states. The one-step reachability

function N : Ŝ → 2Ŝ , which specifies the set of states
reachable in one step from the current state, is then
N (s) =

S

e∈E Ne(s). For convenience, we apply this
function also to sets of states, i.e.,N (X ) =

S

s∈X N (s).

S init andN implicitly define the(actual) state spaceof the
system,S = S init ∪N (S init )∪N (N (S init ))∪·· ·= N ∗(S init ).
From now on, we assume thatS is finite. In this case, build-
ing and storingS is a conceptually simple task. In practice,
however, it can be a major challenge due to its large size: this
is the familiarstate explosionproblem.

1.2 Model checking discrete-state systems
Model checking is used to determine if certain desired be-
havioral properties are satisfied by a system. Properties are
expressed in a suitable logic; different logics have different
expressive power and more expressive logics are more com-
putationally complex to verify. Temporal logics such as LTL
(linear temporal logic) [29] and CTL (computation tree logic)
[14] are often used, as they are fairly expressive and relatively
straightforward to verify. These can be used to express prop-
erties such asabsence of deadlocksor responsiveness(e.g., a
service request is always eventually satisfied).

We focus on CTL, where properties of interest are expressed
in terms ofstate formulasthat can hold for a given states∈ Ŝ .
State formulas can be combined with the usual boolean logic
operators,∨,∧,¬, or with the ten operatorsAX, EX, AF, EF,
AG, EG, AU, EU, AR, ER, which are obtained by pairing
one of the twopath quantifiers, A (for all paths) andE (for at
least one path), with one of the fivetemporal operators, X (a
property holds in the next state),F (a property holds eventu-
ally), G (a property holds always),U (a second property holds
eventually and, before that, a first property always holds),and
R, the dual ofU (a second property holds either forever or un-
til a state where it holds together with a first property). It can
be shown that the ten operators can be expressed in terms of
only the three operatorsEX, EG, andEU; thus, a CTL model
checking tool must implement only these three operators.

In principle, the CTL model checking algorithm can gener-
ate the entire underlying state transition graph of the discrete-
state system and recursively build sets of graph nodes, i.e.,
states, that satisfy each subformula of a CTL formula, start-
ing from theatomicformulas whose truth value can be ascer-



tained by simply examining the individual state (e.g.,x7 = 5,
or x2 > x1∧x4 = x1). The operatorsEX, EU, andEG can be
implemented using basic graph algorithms: the set of states
satisfyingEXp can be built by finding all states from which
a transition to a state satisfyingp is possible; the set of states
satisfyingEp1Up2 can be built by performing a backward
search of the graph from the states satisfyingp2, adding only
states that satisfyp1; the set of states satisfyingEGp can
be built from cycles of states satisfyingp (obtained from the
strongly-connected components in the subgraph of states sat-
isfying p) and performing a backward search from those cy-
cles and adding only states that satisfyp. The system satis-
fies the CTL formula if the set of states satisfying the overall
formula contains the initial states. However, thisexplicit ap-
proach is limited by the size of the state transition graph of
the system, which can easily be too large in practice.

1.3 Discrete-state Markov systems
When actual timing aspects of the system are of interest,
model checking alone is not enough. Rather, constant or ran-
dom durations, orfiring times, are attached to each event,
and arace semanticis assumed, where theremaining firing
time (RFT)of each enabled event decreases as time passes
and the first event whose RFT elapses is the one to fire next.
Furthermore, if the model admits the possibility of multi-
ple RFTs elapsing at the same time, aselection probability
must be specified to determine which event fires next. A
particularly used assumption, on which we focus, is that of
exponentially-distributed firing times. These give rise tothe
widely adopted formalism of continuous-time Markov chains
(CTMCs), which admit conceptually simple solution algo-
rithms for the study of the transient and long-term behavior.

Formally, a CTMC is a stochastic process{Xt : t ∈ R} with
a discrete state spaceS satisfying the memoryless property:
∀r ≥ 1, ∀t > tr > · · ·> t1, ∀i, ir , ..., i1 ∈ S ,

Pr{Xt = i|Xtr = ir , ...,Xt1 = i1}= Pr{Xt = i|Xtr = ir}.

Considering onlyhomogeneousCTMCs, the above probabil-
ity depends ont andtr only through the differenceh = t− tr ,
i.e., it equals Pr{Xh = i|X0 = ir}. The state of a CTMC at
time t ≥ 0 is specified by aprobability vector πt , where
πt [i] = Pr{Xt = i}. A homogeneous CTMC is then described
by its initial probability vectorπ0, and by itstransition rate
matrix R, defined by

∀i, j ∈ S , R[i, j] =

{
0 if i = j
limh→0Pr{Xh = j|X0 = i}/h if i 6= j

or its infinitesimal generator matrixQ, defined by,

∀i, j ∈ S , Q[i, j] =

{
−∑l 6=i R[i, l ] if i = j
R[i, j] if i 6= j

.

The short-term, ortransient, behavior of the CTMC is found
by computing the transient probability vectorπt , which is the
solution of the ordinary differential equationdπt/dt = πtQ
with initial conditionπ0, thus it is given by thematrix expo-
nentialexpressionπt = π0eQt . The long-term, orsteady-state,

behavior is found by computing the steady-state probability
vectorπ = limt→∞πt ; if the CTMC is irreducible (for finite
S , this means thatS is a strongly-connected component),π
is independent ofπ0 and is the unique solution of the homo-
geneous linear systemπQ = 0 subject to∑i∈S π[i] = 1. The
vectorπ or πt is typically used to evaluate expectedinstanta-
neous reward measures: a reward functionr : Ŝ→R specifies
the rate at which a “reward” is generated in each state, and its
expected value is computed as∑i∈S π[i]r(i).

It is also possible to evaluateaccumulated reward measures
over a time interval[t1, t2], in either the transient(t1 < t2 < ∞)
or the long term(t1 < t2 = ∞). The numerical algorithms
and the issues they raise are similar to those for instantaneous
rewards discussed above, thus we omit them for lack of space.

1.4 Numerical solution of discrete-state Markov systems
In practice, for exact steady-state analysis, the linear system
πQ = 0 is solved using iterative methods such as Jacobi or
Gauss-Seidel, since the matrixQ is typically extremely large
and quite sparse. IfQ is stored by storing matrixR, in sparse
row-wise or column-wise format, and the diagonal ofQ, as
a full vector, the operations required for these iterative solu-
tion methods are vector-matrix multiplications, i.e., vector-
column (of a matrix) dot products. In addition toQ, the solu-
tion vectorπ must be stored, and most iterative methods (such
as Jacobi) require one or more auxiliary vectors of the same
dimension asπ, |S |. For extremely large CTMCs, these aux-
iliary vectors may impose excessive memory requirements.

If matrix R is stored in sparse column-wise format, and vector
h contains the expected “holding time” for each state, where
h[i] = −1/Q[i, i], then the Jacobi method can be written as
in Fig. 1, whereπ(new) is an auxiliary vector and the ma-
trix R is accessed by columns, although the algorithm can
be rewritten to access matrixR by rows instead. The method
of Gauss-Seidel, also shown in Fig. 1, is similar to Jacobi,
except the newly computed vector entries are used immedi-
ately; thus only the solution vectorπ is stored, with newly
computed entries overwriting the old ones. The Gauss-Seidel
method can also be rewritten to accessR by rows, but this is
not straightforward, and requires an auxiliary vector [16].

For transient analysis, theuniformizationmethod is most of-
ten used, as it is numerically stable and uses vector-matrix
multiplication as its primary operation (Fig. 1). The CTMC
is uniformizedwith a rateq≥ maxi∈S{|Q[i, i]|} to obtain a
discrete-time Markov chain with transition probability ma-
trix P = Q/q+ I. The number of iterationsM must be large
enough to ensure that∑M

k=0e−qt(qt)k/k! is very close to 1.

The remainder of the paper is organized as follows: Section 2
presents key technologies that have allowed substantial, but
separate, advancements in the area of logic and stochastic
analysis of discrete-state (Markov) systems. Section 3 dis-
cusses how the two areas have a common intersection and
can improve each other. Finally, Section 4 concludes by ex-
amining some of the fundamental challenges that still remain.



Jacobi(in: π(old),h,R; out: π(new)) is
1 repeat
2 for j = 1 to |S |
3 π(new)[ j]← h[ j] ·∑i:R[i, j]>0 π(old)[i] ·R[i, j];
4 π(new)← π(new)/(π(new) ·1);
5 π(old)← π(new);
6 until “converged”;
7 return π(new);

GaussSeidel(in: h,R; inout: π) is
1 repeat
2 for j = 1 to |S |
3 π[ j]← h[ j] ·∑i:R[i, j]>0 π[i] ·R[i, j];
4 π← π/(π ·1);
5 until “converged”;
6 return π;

Uniformization(in: π0,P,q, t,M; out: πt ) is
1 πt ← 0;
2 γ← π0;
3 Poisson← e−qt;
4 for k = 1 to M do
5 πt ← πt + γ ·Poisson;
6 γ← γ ·P;
7 Poisson← Poisson·q· t/k;
8 return πt ;

Figure 1: Numerical solution algorithms for CTMCs.

2 Key advancements in logic and stochastic analysis

2.1 Symbolic model checking
To overcome limitations of explicit approaches to model
checking, researchers turned tosymbolicapproaches, which
utilize binary decision diagrams (BDDs) [4] and their vari-
ants, following the initial success of [9]. Instead of
BDDs, which encode boolean functions on multidimensional
boolean domains, we present multivalued decision diagrams
(MDDs) [21], which encode boolean functions on thedomain
Ŝ we already introduced in Sect. 1.3. AK-level MDD on the
domainŜ = SK×·· ·×S1 is a directed acyclic graphrootedat
a noder, such that each non-terminal node is labeled with a
level k ∈ {K, ...,1} and hasnk = |Sk| outgoing edges labeled
with the values ofSk, respectively, while the terminal nodes,
labeled with level 0, can only be the special nodes 0 or 1, cor-
responding to the boolean functions 0 and 1. Letlvl(p) be
the level of nodep, and letp[i] be the node pointed by the
ith-edge of nodep, for i ∈ Sk. We restrict ourselves to reduced
ordered MDDs: an MDD isordered if lvl(p) > lvl(p[i]) for
eachi ∈ Sk, and isreducedif it contains noredundantnodep
(such thatp[0] = · · ·= p[nk−1]) norduplicatenodesp andq
(such thatlvl(p) = lvl(q) andp[i] = q[i], for eachi ∈ Sk).

An MDD encodes a functionfr : Ŝ →{0,1}, according to the
definition of the function encoded by a nodep at levelk:

fp(xK , ...,x1) =

{
fq(xK , ...,x1) if k > 0 andp[xk] = q
p if k = 0

.

MDDs arecanonical: two boolean functions over the same
domainŜ encoded using MDDs withshared nodesto avoid
duplicate nodes, are identical iff they have the same root.

Given a discrete-state system with potential state spaceŜ ,

BfSsGen(S init ,N )
1 S ← S init ; •known states
2 U← S init ; •unexplored known states
3 while U 6= /0 do •there are still unexplored states
4 X ←N (U); •possibly new states
5 U← X \S ; •truly new states
6 S ← S ∪U;
7 return S ;

Figure 2: An MDD-based breadth-first generation algorithm.

SymbolicEX(N −1,P )
1 return N −1(P ); •go one step backward

SymbolicEU(N −1,Q ,P )
1 X ← P ; •start from the states satisfying p
2 U← X ; •unexplored states
3 while U 6= /0 do
4 U← (N −1(U)∩Q )\X ; •go backward enforcing q
5 X ← X ∪U; •add the new states to explore
6 return X ;

SymbolicEG(N −1,P )
1 X ← P ; •start from the states satisfying p
2 repeat
3 O← X ;
4 X ←N −1(X )∩P ; •go backward, eliminate states
5 until O = X ;
6 return X ;

Figure 3: Symbolic implementation of the CTL operators.

we can store any set of global statesX ⊆ Ŝ by encoding
its indicator functionfr(xK , . . . ,x1), which evaluates to 1 iff
(xK , . . . ,x1) ∈ X , in aK-level MDD rooted atr, Analogously,

we can store any relation over̂S , or function fromŜ to 2Ŝ ,
such asN , in a 2K-level MDD. Then, we can generate the
reachability setS using the symbolic algorithm of Fig. 2.
Starting from the setS init , we compute the set of new states
reachable in one step, and iterate until the setU of unexplored
states is empty. Of course,S , U, X , andN are encoded by
MDDs. Operations on sets (e.g.,P ∪R ) become boolean op-
erations on indicator functions (e.g.,fp∨ fr ), and are imple-
mented by recursive traversals of the corresponding MDDs;
this can be done with complexityO(|p| · |r|), where|p| indi-
cates the number of nodes for the MDD rooted atp.

Just like symbolic state-space generation, symbolic model
checking of CTL formulas is done using 2K-level MDDs
to store relations between states andK-level MDDs to store
sets of states. However, instead of “moving forward”, the
algorithms to computeEXp, EqUp, and EGp (Fig. 3),
start from P , the set of states satisfying propertyp, and
“move backward”, thus they requireN −1, the inverse ofN :
(iK , . . . , i1, jK , . . . , j1) ∈N iff ( jK , . . . , j1, iK , . . . , i1) ∈N −1.

2.2 Kronecker-based approaches
Also in the mid ’80s, researchers working on discrete-state
Markov systems that produce enormous CTMCs turned to
implicit representations for the matrixQ. A successful idea
championed by Plateau [28], based on a representation ofQ
in terms of Kronecker products [15], has received much at-
tention in the last decade [6, 8, 18].



The key to the Kronecker approach is to represent matrixR̂e,
which describes the contribution of evente to transition rate
matrix R̂ for a CTMC with state spacêS , in a structured way:

R̂e[i, j] = ∏1
k=K Re,k[ik, jk]

wherei = (iK , . . . , i1) ∈ Ŝ andj = ( jK , . . . , j1) ∈ Ŝ . If the ma-
tricesRe,k, of size|Sk| × |Sk|, have constant entries, then we
say evente is Kronecker-consistent, andR̂e can be expressed
as the ordinary Kronecker productR̂e = Re,K⊗·· ·⊗Re,1; oth-
erwise, someRe,k containsfunctionalelements and̂Re must
be expressed using a generalized Kronecker product [19]. The
total storage required for matricesRe,k is much less than for
R̂, but the numerical solution poses several challenges when
R, or, rather,̂R is stored using a Kronecker approach.

Diagonal of Q̂. The diagonalq of Q̂ can be expressed as
the sum of Kronecker products,q =−∑e∈E

N1
k=K re,k, where

re,k[ik] = ∑ jk∈Sk, jk 6=ik Re,k[ik, jk]. Vectorq can either be stored
explicitly and computed once, to speed up numerical solution,
or computed as needed, to reduce memory requirements.

Local events. Evente dependson state variablexk if its en-
abling depends onxk, its firing changesxk, or its firing time
depends onxk; when none of these conditions holds,Re,k is an
identity matrix. An important special case is when an evente
depends only onxk; then, all such eventslocal to levelk can
be merged into a single “macro-event”, since

(I⊗Re1,k⊗ I)+(I⊗Re2,k⊗ I) = I⊗ (Re1,k +Re2,k)⊗ I.

Exploiting this property and using Kronecker sums to deal
with local events improves the solution efficiency [6, 28].

Potential vs. actual-sized vectors. In principle, the numeri-
cal solution of̂πQ̂ = 0, wherêπ and any other auxiliary vector
is of size|Ŝ |, is straightforward. Jacobi or Gauss-Seidel only
need an appropriate algorithm for vector-matrix or vector-
column multiplication [6]. Furthermore, since the real state
space of the CTMC isS ⊆ Ŝ , vectorπ̂ must be initialized so
thatπ̂[i] = 0 wheni /∈ S , this guarantees that the same property
holds upon convergence. However, this simple approach has
high computational and storage costs when|Ŝ | � |S |. Using
instead vectors of size|S | can save much storage, but intro-
duces additional challenges: Jacobi and Gauss-Seidel must
visit only reachablerows and columns of̂Q, and the index-
ing difference between̂π andπ must be accounted for. The
resulting vector-matrix and vector-column multiplication al-
gorithms are considerably more complex [6].

3 Cross-fertilization

3.1 Using Kronecker for symbolic model checking
A Kronecker encoding ofN (using boolean-valued, instead
of real-valued, elements forRe,k) has been used to improve
explicit reachability set generation [22]. For symbolic reach-
ability set generation, a Kronecker encoding ofN was first
used, instead of a 2K-level decision diagram, in [26], where

the authors also exploited the presence oflocal eventsfor a
more efficienct reachability set generation.

This was later extended and improved in [10], which defines
Top(e) = max{k : Re,k 6= I}, the highest level on which each
eventedepends, and partitions setE into (up to)K classes,

Ek = {e∈ E : Top(e) = k}, for K ≥ k≥ 1.

Thesaturationalgorithm [10] is then based restrictingN to
events that depend only on levelsk or below:

N≤k =
S

1≤l≤k NEl =
S

e:Top(e)≤k Ne.

The algorithm exploits the fact thatN≤k can be directly ap-
plied to any level-k node, since these events are unaffected by
nodes above levelk. By repeatedly applyingN≤k to a level-k
node as soon as it is created, nodes aresaturatedbefore they
are connected to the MDD. Starting from the bottom node(s)
at level 1, nodes are then saturated recursively, so that allde-
scendants of the node being saturated are themselves guaran-
teed to be already saturated. The reachability set is then en-
coded by the root node of the MDD encodingS init , once this
node has been saturated. This strategy often achieves savings
of several orders of magnitude in both time and storage, since
only saturated nodes are added to unique tables and operation
caches, and not-yet-saturated nodes are updated “in-place”.

The saturation algorithm has been applied to other symbolic
computations. In [13], it is used to improve the efficiency of
computing the CTL operatorsEF (essentially, this is state-
space generation usingN −1 instead ofN , where the Kro-
necker encoding ofN −1 is the same as that ofN , except that
it uses the transpose matricesRT

e,k) andEU (in addition, this
requires us to distinguish between “safe” and “unsafe” events,
and interleave safe saturation with unsafe breadth-first itera-
tions). In [12], it is applied toedge-valued MDDsto generate
and store thedistance functionδ(j) = min{n : j ∈N n(S init )},
for all j ∈ Ŝ , as the fixpoint ofδ(j) = min{δ(j),min{1 +
δ(i) | j∈N (i)}}. In turn,δ is then used to efficiently generate
shortest-lengthwitnessesto CTL EF queries.

As described above, saturation uses a Kronecker representa-
tion of N , which means that eachNe must be Kronecker-
consistent. If this is not the case for an evente, eithere can
be split into sub-eventse1, . . . ,el , each of them Kronecker-
consistent, or state variables can be combined untilebecomes
Kronecker-consistent. However, either way to achieve Kro-
necker consistency can be expensive in terms of memory,
time, or both (for example, if we combine many state vari-
ables, we approach an explicit enumeration of the states). To
overcome this problem, (boolean)matrix diagrams(MxDs)
were developed [24]. These combine MDDs and boolean
Kronecker matrices: a level-k MxD node contains a matrix of
|Sk|× |Sk| downward pointers; more notable, though, is that,
instead of eliminating redundant nodes,identity nodes (cor-
responding to identity matrices) are eliminated. An MxD en-
coding ofN allows it to be automatically partitioned into sets
N≤k, even when the relationN is not Kronecker-consistent
[25], thus the saturation algorithm can always be used.



3.2 Using matrix diagrams for Markov analysis
Just as boolean MxDs were developed to improve the Kro-
necker representation ofN , edge-valuedMxDs were devel-
oped to improve the Kronecker representation ofQ, specif-
ically, of the numerical solution [11]. Edge-valued MxDs
assign a real-valued label to each downward pointer from a
level-k node, which is analogous to the value of an entry in
a matrixRe,k; then, the value of an element in the matrix en-
coded by an edge-valued MxD is obtained by traversing the
MxD and multiplying the edge values along the path. Since a
Kronecker product is a special case of a MxD where all down-
ward edges from levelk point to the same node at levelk−1,
building an edge-valued MxD from a Kronecker represen-
tation of Q̂ is straightforward. However, using appropriate
MxD operations, the “unreachable” rows and columns ofQ̂
can be filled with zeroes, eliminating one source of overhead
with Kronecker-based numerical solution. Furthermore, a
more efficient vector-column multiplication algorithm is pos-
sible with edge-valued MxDs, whichcachespreviously-built
matrix columns (an idea borrowed from MDD manipulation
algorithms). Finally, anedge-valuedMDD-based structure
[11, 12] can be used not only to storeS , but also to resolve
the indexing difference between̂π andπ, by efficiently com-
puting the lexicographic index inS of a statei.

3.3 CSL
Continuous stochastic logic (CSL) [1, 2] is analogous to CTL
except it includes (real) timing and probability information,
and is applied to a CTMC instead of a state transition graph.
For instance, given a state formulaφ, a probabilityα ∈ [0,1],
and a comparison operator4 ∈ {<,≤,≥,>}, the state for-
mulaS4α(φ) is true for a states if, given that the CTMC be-
gins in states, the steady-state probability of being in a state
whereφ holds is4α. The state formulaP4α(ψ) is true for
states if, when the CTMC begins in states, the probability of
path formulaψ holding is4α. Intuitively, path quantifiersE
andA are equvalent toP>0 andP≥1, respectively, assuming
appropriate fairness constraints to avoid the complication of
non-empty sets of paths having probability measure 0.

Similarly, the temporal operatorsX andU are given bounds,
which are nonempty time intervalsI ⊆ R: path formulaXI φ
holds along paths where the second state satisfiesφ and the
transition from the first state to the second state occurs in time
t ∈ I , and path formulaφ1UI φ2 holds along paths whereφ2

is satisfied at some time instantt ∈ I along a path whereφ1

holds before timet. Again, note that “ordinary”X andU are
equivalent toX[0,∞) andU[0,∞), respectively.

Algorithms to check CSL specifications [2] combine concepts
from untimed logic model checking algorithms and numerical
analysis of CTMCs. For instance, we can compute the proba-
bility of φ1U[0,t]φ2 by recursively determining states that sat-
isfy φ1 andφ2, then merging the states that satisfyφ2 into an
“absorbing good macrostate” and states that satisfy neither φ1

norφ2 into an “absorbing bad macrostate”, then computingπt

for the resulting CTMC, and extracting the probability of the
good macrostate.

4 Challenges

The previous section introduced several exciting advances
that greatly improve the efficiency of symbolic model check-
ing (saturation), reduce the memory requirements to store a
CTMC (matrix diagrams), or generalize our ability to discuss
CTMC measures (CSL). However, several advancements are
still needed to fully exploit the promise of symbolic methods.

4.1 Completely symbolic CTMC solution
Kronecker or, even better, MxDs can compactly encode enor-
mous CTMCs. However, the best current numerical solution
algorithms that use these symbolic encodings forQ still em-
ploy explicit storage for the required vectors, includingπ.
This severely limits the state-space size of practically solvable
models to perhaps 108 or so, even on the largest workstations.

To overcome this limitation, a fully symbolic approach must
be devised, where not onlyQ but alsoπ is stored using some
form of decision diagrams. Bothmulti-terminal binary de-
cision diagrams(MTBDDs) andprobabilistic decision dia-
grams(PDGs) have been proposed for this purpose, but with
limited success: an effective fully symbolic approach still
eludes us. MTBDDs are a simple extension of BDDs where,
instead of just 0 and 1, an arbitrary number of real-valued ter-
minal nodes can be present. MTBDDs have been used to store
Q with reasonable success [23] when many entries in the ma-
trix have the same value; but, unfortunately, in practice most
entries ofπ are distinct, producing an MTBDD that is nearly
a full tree and thus even more expensive to store than the full
vector we are trying to avoid in the first place. The extension
to multivalued instead of binary nodes is possible, but suffers
from the same problem. PDGs are instead a form of edge-
valued decision diagrams where the sum of the edge values
leaving a node is exactly 1.0 [3] (they can be seen as a special
case of MxDs where the nodes are 1×2 matrices instead of
|Sk| × |Sk|). While perhaps more promising than MTBDDs,
PDGs also seem to suffer from a lack of structure when stor-
ing π in practice, and, again, switching to multivalued nodes
(i.e., using 1×|Sk|matrices) does not seem to help.

4.2 Symbolic methods for approximate CTMC solution
An approach to determine anapproximationto π was inves-
tigated in [27], based on the MDD representation ofS : each
downward pointer in the MDD has an associated real-valued
edge label, and the value ofπ[i] is estimated as the product of
the edge labels along the path through the MDD correspond-
ing to i. Based on the exact MDD structure ofS and Kro-
necker structure ofQ, an aggregated CTMC is built for each
MDD level, whose states correspond to the downward MDD
pointers; the edge labels corresponding to these downward
pointers are obtained from solving this aggregated CTMC.
Since the aggregated CTMC for each level can depends on
the edge labels at all other levels, fixed-point iterations are re-
quired to obtain the edge labels. A similar but more adaptive
approach is used in [5].



Extending this technique to arbitrary symbolic encodings
such as MxDs should be possible, but it remains to be seen
how this would affect the quality of the approximation. This
raises interesting questions about the relation between the log-
ical structure of the state space and the nature of the CTMC
solution. For example, it is known that the algorithm of
[27] provides exact results if the model being studied has a
product-form solution. Finally, we note that established meth-
ods such as lumping and aggregation are only starting to be
investigated in a symbolic context [17, 20].

4.3 Symbolic CSL algorithms
To date, all CSL implementations we are aware of are based
on either an explicit or symbolic storage of the transition rate
matrix and an explicit storage of the solution vector [2, 7, 23],
thus the limitations on the size of the probability vector (hence
of the state space) discussed in Sect. 4.1 remain. Indeed, this
is even more so in the case of CSL, since several CTMCs
might have to be solved in order to evaluate a CSL formula.

If approximations such as those discussed in Sect. 4.2 are em-
ployed, limitations on the size of the state space are lifted, but
at the expense of having to cope with numerical uncertainties.
For example, if, during the evaluation of a CSL formula, we
seek to build the set of states satisfying a certain condition φ
with probability≥ α, how can we proceed if all we have is an
approximation of the true probability vectorπ? It is likely that
the answer to this question holds the key to the wide accep-
tance of CSL asthe language to discuss measures for CTMC
models in practice.
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