Implicit data structuresfor logic and stochastic systems analysis

Gianfranco Ciardd Andrew S. Minef
Absiract ¢ Afinite set of event<.
e A function Ag : S — 25 describing, for each event
Both logic and stochastic analysis have strong theoratical ec E, the possible state changes due.ttf Ag(s) =0,
derpinnings, but they have been traditionally relegatesbin e is not enabled in state The one-step reachability

arate areas of computer science, the former focusing oo logi  fynction 2 : 5 — 25, which specifies the set of states
and discrete algorithms, the latter on exact or approximate  reachable in one step from the current state, is then

numerical methods. In the last few years, though, there has  q/(g) — Ueez Ae(S). For convenience, we apply this
been a convergence of research in these two areas, due to the - fynction also to sets of states, i.8(X) = Usex A(s)

realization that data structures used in one area can benefit

the other and that, by merging the goals of the two areas, a_ o i

more integrated approach to system analysis can be derivéd. and 2 implicitly define the(actual) state spacef the

In this paper, we describe some of the beneficial interastio§yStem.s = 5™ UA(S™)UAL(A(S™))U- - = AL (S"™).

between the two, and some of the research challenges ahe&#0m now on, we assume thatis finite. In this case, build-
ing and storingS is a conceptually simple task. In practice,
however, it can be a major challenge due to its large sizs: thi
is the familiarstate explosioproblem.

1 Introduction

_ ) ) _ _ 1.2 Model checking discrete-state systems
In this section, we introduce some notions related to the logy;o4el checking is used to determine if certain desired be-

cal analysis of discrete-state systems, in particular Coteh p5yioral properties are satisfied by a system. Properties ar

checking, and to the numerical solution of Markov mOdeISexpressed in a suitable logic; different logics have differ
traditionally used for performance and reliability evalaa. expressive power and more expressive logics are more com-
putationally complex to verify. Temporal logics such as LTL
1.1 Discrete-state systems (linear temporal logic) [29] and CTL (computation tree logi
Many interesting systems, including synchronous and asy[t4] are often used, as they are fairly expressive and velgti
chronous circuits, computer systems, communication netraightforward to verify. These can be used to express-prop
works, and manufacturing systems, fall into the category @frties such aabsence of deadlocks responsivenes®.g., a

discrete-state systems. Broadly speaking, these can be gervice request is always eventually satisfied).
scribed by a collection of discrete state variables, wiosal

statescollectively define th¢global) stateof the system, and We focus on CTL, where properties of interest are expressed
by a set ofeventghat, whenenabledin a state, can occur, or in terms ofstate formulashat can hold for a given stase .
fire, causing a change of state. If several actions can occur$tate formulas can be combined with the usual boolean logic
a given state, the choice of which event fires first can be madgeratorsy/, A, -, or with the ten operatosX, EX, AF, EF,
either nondeterministically or according to some prolighil AG, EG, AU, EU, AR, ER, which are obtained by pairing
distribution. Formally, a discrete-state system is defingd  one of the twgpath quantifiersA (for all paths) ande (for at
least one path), with one of the fitemporal operatorsX (a
property holds in the next statdj,(a property holds eventu-
ally), G (a property holds alwaysY (a second property holds
eventually and, before that, a first property always holais),
R, the dual ofU (a second property holds either forever or un-
til a state where it holds together with a first property).dhc
¢ A non-empty set of initial states;"t C 5. The system be shown that the ten operators can be expressed in terms of
begins in some stagdlit ¢ gintt: jf sintt contains several only the three operatosX, EG, andEU; thus, a CTL model
statess"t can again be selected either nondeterminigshecking tool must implement only these three operators.
tically or according to some probability distribution.

e A set of possible global states, We assume that a
global state consists #f local states$ = Sk x - - - X S1,
where$y = {0,1,...,nc— 1} is the set of possible values
for the k" local state variable.

In principle, the CTL model checking algorithm can gener-
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tained by simply examining the individual state (exg.=5, behavior is found by computing the steady-state probgbilit
or X2 > X1 A X4 = X1). The operator&X, EU, andEG can be vectormt= lim;_.Tg; if the CTMC isirreducible (for finite
implemented using basic graph algorithms: the set of statgs this means thaf is a strongly-connected component),
satisfyingEXp can be built by finding all states from which is independent ofy and is the unique solution of the homo-
a transition to a state satisfyinmis possible; the set of states geneous linear systemQ = 0 subject toy s 1i] = 1. The
satisfyingEp;Up, can be built by performing a backward vectormor g is typically used to evaluate expectiedtanta-
search of the graph from the states satisfyiagadding only neous reward measurea reward functiom : § — R specifies
states that satisfyi; the set of states satisfyingGp can the rate at which a “reward” is generated in each state, and it
be built from cycles of states satisfyiqm(obtained from the expected value is computed g5 ¢ TTi]r (i).

strongly-connected components in the subgraph of states sa

isfying p) and performing a backward search from those cylt is also possible to evaluateccumulated reward measures
cles and adding only states that satigfy The system satis- Over atime intervalts,t], in either the transier{t; <t < )

fies the CTL formula if the set of states satisfying the overaPr the long term(ty < t; = «). The numerical algorithms
formula contains the initial states. However, thiglicitap- and the issues they raise are similar to those for instaotene
proach is limited by the size of the state transition graph dewards discussed above, thus we omit them for lack of space.
the system, which can easily be too large in practice.

1.4 Numerical solution of discrete-state Markov systems

1.3 Discrete-state Markov systems In practice, for exact steady-state analysis, the linestesy
When actual timing aspects of the system are of interesiQ — 0 is solved using iterative methods such as Jacobi or
model checking alone is not enough. Rather, constant or raBauss-Seidel, since the matfiis typically extremely large
dom durations, offiring times are attached to each event,and quite sparse. @ is stored by storing matriR, in sparse
and arace semantigs assumed, where themaining firing  row-wise or column-wise format, and the diagonal@fas
time (RFT)of each enabled event decreases as time pasgefull vector, the operations required for these iterativiers
and the first event whose RFT elapses is the one to fire neﬁbn methods are vector-matrix mu|tip|ications, i_e_, wae
Furthermore, if the model admits the pOSSIbI'Ity of mU|ti-C0|umn (Ofa matrix) dot products_ In addition @ the solu-

ple RFTs elapsing at the same timeselection probability tion vectormmust be stored, and most iterative methods (such
must be specified to determine which event fires next. As Jacobi) require one or more auxiliary vectors of the same
particularly used assumption, on which we focus, is that &fimension ast, |5|. For extremely large CTMCs, these aux-

exponentially-distributed firing times. These give risélte jliary vectors may impose excessive memory requirements.
widely adopted formalism of continuous-time Markov chains

(CTMCs), which admit conceptually simple solution algodf matrix R is stored in sparse column-wise format, and vector
rithms for the study of the transient and long-term behavior h contains the expected “holding time” for each state, where
h[i] = —1/Q]i,i], then the Jacobi method can be written as
Formally, a CTMC is a stochastic procefs : t € R} with  in Fig. 1, wheren™ is an auxiliary vector and the ma-
a discrete state spacesatisfying the memoryless property:rix R is accessed by columns, although the algorithm can
Ir>L t>t > >, Viiy,..,i1 €5, be rewritten to access matriX by rows instead. The method
. . . : . of Gauss-Seidel, also shown in Fig. 1, is similar to Jacobi,

PrX=1X =T, X =i} = Pr{Xe=i[X =i} except the newly computed vector entries are used immedi-
Considering onljnomogeneou€TMCs, the above probabil- ately; thus only the solution vectar is stored, with newly
ity depends on andt, only through the difference=t —t,, Computed entries overwriting the old ones. The Gauss-Beide
i.e., it equals PfX,=i[Xo=i;}. The state of a CTMC at method can also be rewritten to acc&sby rows, but this is

time t > 0 is specified by gprobability vectors, where not straightforward, and requires an auxiliary vector [16]
T;[i] = Pr{X =i}. A homogeneous CTMC is then described

by its initial probability vectorTo, and by itstransition rate  Or transient analysis, theniformizationmethod is most of-
matrix R, defined by ten used, as it is numerically stable and uses vector-matrix

multiplication as its primary operation (Fig. 1). The CTMC
v jes R j] :{ 0 . ' ifi=j s uniformizedwith a rateq > maxes{|Qli,i]|} to obtain a
’ B limp_oP{Xn=j|Xo=i}/h ifi#] discrete-time Markov chain with transition probability ma
trix P =Q/q+ 1. The number of iterations! must be large

or itsinfinitesimal generator matriQ, defined by, enough to ensure th{lﬁ",oe‘qt(qt)k/k! is very close to 1.

Vi,jes, Qli,j]= { R[iZIﬁI R[] :]: : ; j . The remainder of the paper is organized as follows: Section 2
’ presents key technologies that have allowed substantial, b
The short-term, otransient behavior of the CTMC is found separate, advancements in the area of logic and stochastic
by computing the transient probability vectgr which is the analysis of discrete-state (Markov) systems. Section 3 dis
solution of the ordinary differential equatialrg /dt = T:Q  cusses how the two areas have a common intersection and
with initial condition 1, thus it is given by thenatrix expo- can improve each other. Finally, Section 4 concludes by ex-
nentialexpressiom = Tpe?!. The long-term, osteady-state amining some of the fundamental challenges that still remai



Jacob(in: T°'_h R; out: T"eW) is |3f55(39(15m't )
1 repeat 1§ gihi eknown states
2 forj=1to S| 2 U <—5'”'t eunexplored known states
3 W (] — h(j] - irgi =0 MOV [i] - R, ]; 3 while U # 0 do ethere are still unexplored states
4 rinew _ n(nevxb/(n(new) 1) 4 X —N(U); epossibly new states
5  qold) _ pnew: 5 U—X\S; etruly new states
6 until "converged" 6 S=SUY
7 return r(new; 7 return S;
GaussSeidéh: h,R; inout: 1) is Figure2: An MDD-based breadth-first generation algorithm.
1 repeat
2 forj=1to S| SymbolicEXA L 2)
3 h[j mi]-R[i, j]; ymbolic
4 T[l[[ﬂ/((_ [)} Zirjj>omi] -R{1 1} 1 return A~1(®); go one step backward
o e onverged SymbolicEUN 1, Q, ?)
1 X« P estart from the states satisfying p
Uniformizatior(in: 1o, P,q,t,M; out: T¢) is 2 U—X; sunexplored states
1 1m0 3Wh|le‘u7£(l)do
2 Yy T; 4 U~ (N"Y(U)NQ)\X; ego backward enforcing q
3 Poisson— e~ 5 X+—Xud eadd the new states to explore
4 fork=1to M do 6 return X;
5 +y-Poisson -
6 ;&:y.’.-&p- Y SymbolicEGA L, P)
7 Poisson; Poisson -t /k; 1 X« P estart from the states satisfying p
8 return TE; 2 repeat
3 0« X; 1 o
Figure 1: Numerical solution algorithms for CTMCs. g unécl S—N); (X)NP; ego backward, eliminate states
6 return X; ’
2 Key advancementsin logic and stochastic analysis Figure 3: Symbolic implementation of the CTL operators.

2.1 Symbolic model checking
To overcome limitations of explicit approaches to modeWe can store any set of global stat#sC S by encoding
checking, researchers turnedsgmbolicapproaches, which its indicator functionf, (x,...,x1), which evaluates to 1 iff
utilize binary decision diagrams (BDDs) [4] and their vari-(X«, - -.,X1) € X, in aK-level MDD rooted ar, Analogously,
ants, following the initial success of [9]. Instead ofwe can store any relation over or function froms to 29,
BDDs, which encode boolean functions on multidimensionaluch asi\(, in a X-level MDD. Then, we can generate the
boolean domains, we present multivalued decision diagramsachability sets using the symbolic algorithm of Fig. 2.
(MDDs) [21], which encode boolean functions on ttemain  Starting from the ses™, we compute the set of new states
S we already introduced in Sect. 1.3.kAlevel MDD on the reachable in one step, and iterate until thet¢eff unexplored
domains$ = Sk x --- x 51 is a directed acyclic graplootedat  states is empty. Of courss, U, X, and\( are encoded by
a noder, such that each non-terminal node is labeled with RIDDs. Operations on sets (e.¢?/J R) become boolean op-
levelk € {K,...,1} and hasx = [/ outgoing edges labeled erations on indicator functions (e.dp V f;), and are imple-
with the values ofS, respectively, while the terminal nodes,mented by recursive traversals of the corresponding MDDs;
labeled with level O, can only be the special nodes 0 or 1, cothis can be done with complexi®(|p| - |r|), where|p| indi-
responding to the boolean functions 0 and 1. hétp) be cates the number of nodes for the MDD rootegat
the level of nodep, and letp[i] be the node pointed by the
ith-edge of node, for i € Sx. We restrict ourselves to reducedJust like symbolic state-space generation, symbolic model
ordered MDDs: an MDD isrderedif Ivl(p) > Ivl(p[i]) for checking of CTL formulas is done using<2evel MDDs
eachi € S, and isreducedif it contains noredundantnodep  to store relations between states &tdevel MDDs to store
(such thatp[0] = - - - = p[nk — 1]) norduplicatenodesp andgq  sets of states. However, instead of “moving forward”, the
(such thatvl(p) = Ivl(q) andp[i] = q[i], for eachi € ). algorithms to computeEXp, EqUp, and EGp (Fig. 3),

R start from ©, the set of states satisfying propenty and
An MDD encodes a functiofy : § — {0,1}, according to the “move backward”, thus they requit® ~*, the inverse of\(:
definition of the function encoded by a nodat levelk: (Ko i15 JKs o5 J1) € ACHE (i, ooy j1, 0K, - --511) € AT

X1) = { fo(4c; %) :]: tigandp[xk] =a 2.2 Kronecker-based approaches

P o Also in the mid '80s, researchers working on discrete-state
MDDs arecanonical two boolean functions over the sameMarkov systems that produce enormous CTMCs turned to
domains$ encoded using MDDs witkhared nodeso avoid implicit representations for the matrQ. A successful idea

duplicate nodes, are identical iff they have the same root. Championed by Plateau [28], based on a representati@n of
in terms of Kronecker products [15], has received much at-

Given a discrete-state system with potential state sﬁace tention in the last decade [6, 8, 18].

fp(XK, ceny



The key to the Kronecker approach is to represent m&gx the authors also exploited the presencdoofl eventsfor a
which describes the contribution of evesto transition rate more efficienct reachability set generation.

matrix R for a CTMC with state spacﬁ, in a structured way:
This was later extended and improved in [10], which defines

o~

Reli,j] = ﬂﬁ:K Rexlik, jk] Top(e) = max{k : Rex # |}, the highest level on which each
N N evente depends, and partitions sEtinto (up to)K classes,
wherei = (ik,...,i1) € S andj = (jk,..., j1) € S. If the ma- _
tricesRek, of size|Sq| x |Sk|, have constant entries, then we Lc={e€ T : Tople)=k}, forK=>k=>1

say eventis Kronecker-consiste;mandﬁe can be expressed The saturationalgorithm [10] is then based restrictiriif to

as the ordinary Kronecker prodiRt = Rek ® - --®@Re1; 0th-  events that depend only on levésr below:

erwise, somdRe containsfunctionalelements an®e must _ _

be expressed using a generalized Kronecker product [18]. Th Aok = U1k N = Ueope) <k e

total storage required for matric& is much less than for The algorithm exploits the fact tha&{x can be directly ap-

R, but the numerical solution poses several challenges whehed to any levek node, since these events are unaffected by

R, or, ratherR is stored using a Kronecker approach. nodes above levéd. By repeatedly applying\zk to a levelk
i ~ i ~ node as soon as it is created, nodessateratedbefore they
Diagonal of Q. The diagonal of Q can ble expressed as 516 connected to the MDD. Starting from the bottom node(s)
the sum of Kronecker producty= — 5 ecx ®ic—k Feks WNET€ o4 e 1. nodes are then saturated recursively, so theeall
Feklikl = ¥ jiesiiiic Reklik Jil. Vectorg can either be stored goonqgants of the node being saturated are themselves guaran
explicitly and computed once, to speed up numerical S0Wtioge 15 pe already saturated. The reachability set is then en
or computed as needed, to reduce memory requirements. a4 by the root node of the MDD encodisj, once this
Local events. Evente depend®n state variable if its en- node has been saturated. This strategy often achievegsavin
abling depends oRy, its firing changes, or its firing time  of several orders of magnitude in both time and storageesinc
depends ory; when none of these conditions hol& is an only saturated nodes are added to unique tables and operatio
identity matrix. An important special case is when an eeentcaches, and not-yet-saturated nodes are updated “in“place

depends only ony; then, all such eventecal to levelk can

be merged into a single “macro-event”, since The saturation algorithm has been applied to other symbolic
computations. In [13], it is used to improve the efficiency of
(I ®Rek® 1)+ (1 ®Re,k®1) =1 @ (Re, k+ Rey k) @1 computing the CTL operatorSF (essentially, this is state-

space generation usiny ! instead of?\', where the Kro-
Exploiting this property and using Kronecker sums to dealecker encoding a1 is the same as that 6{, except that
with local events improves the solution efficiency [6, 28]. it uses the transpose matrid§§k) andEU (in addition, this
requires us to distinguish between “safe” and “unsafe” tsjen
cal solution offiQ — 0, whereftand any other auxiliary vector and interleave safe saturation with unsafe breadth-fiesa it

is of size|$|, is straightforward. Jacobi or Gauss-Seidel onl);ions)' In [12], itis applied tedge-valued MDD generate

. . . _ . . 1 -t
need an appropriate algorithm for vector-matrix or vectora"d store thelistance functiod(j) = min{n:j € A(S™)},

column multiplication [6]. Furthermore, since the realtsta for all j € S, as the fixpoint of3(j) = min{&(j), min{1 +
space of the CTMC i$ C 5, vectorft must be initialized so 9(1) |J € AL(i)}}. Inturn,is then used to efficiently generate
thatTii] = 0 wheni ¢ 5, this guarantees that the same propertghortest-lengtiwitnesseso CTL EF queries.

holds upon convergence. However, this simple approach hg
high computational and storage costs whejts> |S|. Using
instead vectors of sizg5| can save much storage, but intro-
duces additional challenges: Jacobi and Gauss-Seidel mﬁ
visit only reachablerows and columns of), and the index-
ing difference betweem and T must be accounted for. The
resulting vector-matrix and vector-column multiplicatial-
gorithms are considerably more complex [6].

Potential vs. actual-sized vectors. In principle, the numeri-

§ described above, saturation uses a Kronecker representa
tion of A, which means that eachz must be Kronecker-

Q sistent. If this is not the case for an eveneithere can

e split into sub-eventsy,...,q, each of them Kronecker-
consistent, or state variables can be combined ebticomes
Kronecker-consistent. However, either way to achieve Kro-
necker consistency can be expensive in terms of memory,
time, or both (for example, if we combine many state vari-
ables, we approach an explicit enumeration of the states). T
overcome this problem, (booleamjatrix diagrams(MxDs)

3 Cross-fertilization were developed [24]. These combine MDDs and boolean
Kronecker matrices: a levédMxD node contains a matrix of
3.1 Using Kronecker for symbolic model checking |Sk| < |Sk| downward pointers; more notable, though, is that,

A Kronecker encoding of\( (using boolean-valued, insteadinstead of eliminating redundant nodédentity nodes (cor-
of real-valued, elements fdR¢x) has been used to improve responding to identity matrices) are eliminated. An MxD en-
explicit reachability set generation [22]. For symbolic reacheoding of\’ allows it to be automatically partitioned into sets
ability set generation, a Kronecker encodingfgfwas first ALk, even when the relatiof is not Kronecker-consistent
used, instead of ak*level decision diagram, in [26], where [25], thus the saturation algorithm can always be used.



3.2 Using matrix diagrams for Markov analysis 4 Challenges
Just as boolean MxDs were developed to improve the Kro-

necker representation o, edge-valuedVixDs were devel-
oped to improve the Kronecker representatiorQofspecif-

ically, of the numerical solution [11]. Edge-valued MxDs; ) )
assign a real-valued label to each downward pointer from!39 (Saturation), reduce the memory requirements to store a

levelk node, which is analogous to the value of an entry iff T MC (matrix diagrams), or generalize our ability to dissus

a matrixRe; then, the value of an element in the matrix enCTMC measures (CSL). However, several advancements are

coded by an edge-valued MxD is obtained by traversing th%i” needed to fully exploit the promise of symbolic metisod
MxD and multiplying the edge values along the path. Since a
Kronecker product is a special case of a MxD where all dowry Completely symbolic CTMC solution

ward edges from levéd point to the same node at level-1,  kronecker or, even better, MxDs can compactly encode enor-
building an edge-valued MxD from a Kronecker represeny,oys CTMCs. However, the best current numerical solution
tation of Q is straightforward. However, using appropriate,|gorithms that use these symbolic encodingsstill em-
MxD operations, the “unreachable” rows and columnof oy explicit storage for the required vectors, including
can be filled with zeroes, eliminating one source of overheag,;g severely limits the state-space size of practicallyaide

with Kronecker-based numerical solution. Furthermore, g qqels to perhaps $@r so, even on the largest workstations.
more efficient vector-column multiplication algorithm ieg

sible with edge-valued MxDs, whiatachespreviously-built  To overcome this limitation, a fully symbolic approach must
matrix columns (an idea borrowed from MDD manipulationpe devised, where not on{y but alsortis stored using some
algorithms). Finally, aredge-valuedVDD-based structure form of decision diagrams. Botmulti-terminal binary de-
[11, 12] can be used not only to stase but also to resolve cision diagrams(MTBDDs) and probabilistic decision dia-
the indexing difference betweenand, by efficiently com-  grams(PDGs) have been proposed for this purpose, but with

The previous section introduced several exciting advances
that greatly improve the efficiency of symbolic model check-

puting the lexicographic index i of a statd. limited success: an effective fully symbolic approachl stil
eludes us. MTBDDs are a simple extension of BDDs where,
33 CSL instead of just 0 and 1, an arbitrary number of real-valued te

Continuous stochastic logic (CSL) [1, 2] is analogous to CTIlminal nodes can be present. MTBDDs have been used to store
except it includes (real) timing and probability informatj  Q with reasonable success [23] when many entries in the ma-
and is applied to a CTMC instead of a state transition graplrix have the same value; but, unfortunately, in practicesimo
For instance, given a state formuaa probabilitya € [0,1], entries ofrtare distinct, producing an MTBDD that is nearly
and a comparison operatdr € {<,<,>, >}, the state for- a full tree and thus even more expensive to store than the full
mulaSaq (@) is true for a stats if, given that the CTMC be- vector we are trying to avoid in the first place. The extension
gins in states, the steady-state probability of being in a statéo multivalued instead of binary nodes is possible, butessff
where@ holds isAa. The state formul#® »q (W) is true for  from the same problem. PDGs are instead a form of edge-
statesif, when the CTMC begins in stagg the probability of valued decision diagrams where the sum of the edge values
path formulay holding isAa. Intuitively, path quantifier& leaving a node is exactly 1.0 [3] (they can be seen as a special
andA are equvalent t&#-o andPx1, respectively, assuming case of MxDs where the nodes are 2 matrices instead of
appropriate fairness constraints to avoid the complicatib  |Sk| x |Sk|]). While perhaps more promising than MTBDDs,
non-empty sets of paths having probability measure O. PDGs also seem to suffer from a lack of structure when stor-
ing Ttin practice, and, again, switching to multivalued nodes

Similarly, the temporal operatods andU are given bounds, (j.e., using 1x |Sk| matrices) does not seem to help.
which are nonempty time intervalsC R: path formulaX; ¢

holds along paths where the second state satigfeasd the

transition from the first state to the second state occuimiat 4.2 Symbolic methods for approximate CTMC solution

t € 1, and path formulap,U, ¢, holds along paths wherg, An approach to determine @pproximationto twas inves-

is satisfied at some time instan€ | along a path wherg, tigated in [27], based on the MDD representationsofeach

holds before time. Again, note that “ordinaryX andU are  downward pointer in the MDD has an associated real-valued

equivalent toX[g .. andUq «), respectively. edge label, and the value ofi] is estimated as the product of
the edge labels along the path through the MDD correspond-

Algorithms to check CSL specifications [2] combine conceptig to i. Based on the exact MDD structure §fand Kro-

from untimed logic model checking algorithms and numericatecker structure of, an aggregated CTMC is built for each

analysis of CTMCs. For instance, we can compute the prob&DD level, whose states correspond to the downward MDD

bility of @U@z by recursively determining states that satpointers; the edge labels corresponding to these downward

isfy @1 andqy, then merging the states that satighyinto an  pointers are obtained from solving this aggregated CTMC.

“absorbing good macrostate” and states that satisfy majthe Since the aggregated CTMC for each level can depends on

nor ¢, into an “absorbing bad macrostate”, then computing the edge labels at all other levels, fixed-point iteraticesra-

for the resulting CTMC, and extracting the probability oéth quired to obtain the edge labels. A similar but more adaptive

good macrostate. approach is used in [5].
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