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Abstract

We develop a structural caching strategy to improve the per-
formance of simulation for a wide class of models expressed
in high-level formalisms. By imposing a Kronecker consis-
tent partition of a model into submodels, we compute once,
and cache for future use, the effect of each event on each
submodel. This greatly reduces the cost of processing events,
updating the current state, and collecting statistics.

INTRODUCTION

A discrete-event simulation based on a discrete-state model
fires the event with the earliest scheduled time among all
scheduled events enabled in the current state. As a result,
the current state may change, in turn causing some formerly
enabled events to become disabled, and some disabled ones
to become enabled. The process starts with the initial state,
which is normally an input specified by the model itself, and,
along the way, it accumulates state-dependent measures, or
rewards, which in turn are used to compute statistics such
as means and variances. The simulation ends according
to various criteria, such as maximum number of events or
runtime reached, or desired precision of some measures met.
While the system model can have an enormous or even infi-
nite state space, only a finite but large subset of states is of
course explored on any finite run (with some states likely to
be visited multiple times). Analogously, the number of pos-
sible state-to-state transitions is also large. In practice, this
makes it impossible to use a low-level formalism (i.e., one
where all states and transitions are explicitly enumerated).
For this reason, high-level formalisms, i.e., those where a
global state is described as a vector of local (sub)states, such
that events affect some of these components, are quite popu-
lar. Examples include Petri nets and queuing models: while
their description is compact, they can define complex under-
lying low-level stochastic processes. A standard simulation
engine can then interact with such a high-level model just as
with a low-level model, provided we specify a well-defined
interface that maps such a structured model onto the under-
lying flat view of the low-level process. Since the underlying
state space of the modeled system is still the same, though,
the runtime remains large; in fact, it is made even worse by
the additional overhead introduced by a high-level model.

In traditional simulation, each state along the simulated path
is generated and, once measures are calculated and the next
event fired, it is forgotten. This is one major advantage of
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simulation with respect to analytical methods such as numer-
ical solution of Markov models, which suffer from the curse
of state-space explosion. Simulation does not require the
storage of the state space although, of course, it is often the
case that the larger the state space, the more event firings will
be needed to obtain similar statistical accuracy for the output
measures. For high-level formalisms, computing the set of
enabled events and the state reached by firing one of them in
the current state is an expensive operation. The reduction of
these costs is the focus of this paper.

In our new strategy, high-level formalisms not only provide
a more intuitive and convenient way for modeling, but also
present opportunities to improve performance by exploiting
the structure of the model with a Kronecker-based caching
technique. In the following sections, we briefly introduce
Petri nets (but our ideas are equally applicable to other struc-
tured formalisms such as queuing models) and our concept
of Kronecker-consistent decomposition, then we present our
caching strategy and present an analysis of the performance
advantages exhibited by our technique.

STOCHASTIC PETRI NETS

Stochastic Petri nets (SPNs) are a popular formalism to

describe systems, due to their ability to capture complex

properties and behavior in a concise and intuitive manner,
and to the existence of techniques and tools for their so-
lution.  For illustration purposes, we assume SPNs with
exponentially-distributed firing times, but, provided analo-
gous structural requirements hold, our approach is applicable
even in the presence of general distributions, where simula-
tion is often the only practical solution method. An SPN
(P,7,i,1,0,H,)\) is a finite, directed, bipartite graph
with annotations:
P = {p1,...,p;p|} is aset of places.
T = {t1,...,t)7} isaset of transitions, PN T = 0.

e i® e N7l is the initial marking (a marking, or state,
i € NPl assigns a number of tokens to each place).

e I:PxTxNPIl -NO:PxTxNPl - NandH :
P x T x NIPI = N U {co}, are the (state-dependent)
cardinalities of the input, output, and inhibitor arcs.

e  \:7xNIPI-Ris a (state-dependent) transition rate.

A transition ¢ is enabled in state i iff Vp € P, I(p,t,i) <

i, < H(p,t,i), where i, denotes the number of tokens in

place p for state i. If ¢ becomes enabled upon entering i

at time 6, its firing time 7 is sampled from the exponential

distribution with parameter A(¢, 1), and ¢ is scheduled to fire
at time 6 + 7.  If 8 4+ 7 is the earliest scheduled firing
time, t will be fired, leading the SPN to a new state j given



by Vp € P, jp = ip — I(p,t,i) + O(t, p, i), we write i-j.
However, if another transition ¢’ fires at time #’ < 6 + 7 and
changes the state to i’, the remaining firing time = — (8’ — 0)
for ¢ is is discarded, if t becomes disabled in i/, or it is scaled?
by a factor \(¢,1)/A(¢,1"). Due to the memoryless property
of the exponential distribution, this is statistically equivalent
to resampling a new firing time for each enabled transition
after each firing of any transition; however, this is not only
computationally less efficient, but also not generalizable to
the non-memoryless case.

The reachability set, or (global) state space S is defined as
the smallest set containing i(®) and such that, if i € S and

there exists a transition ¢ such that i->j, j € S as well. In
simulation, we usually visit only a subset S of S. The
concept of a state indexing function is fundamental to our
work. This is a function that maps the already visited states
S? tothe first | S” | natural numbers and all other states to null:
¢ : NIPI — {0,1,...,|S”| — 1, null}; in practice, states can
be assigned increasing indices in the order they are found.

CACHING TO SPEED-UP SIMULATION

One way to speed up discrete-event simulation is to “cache”
computations. When visiting state i for the first time, we
assignitan index ¢ (i); then, for each enabled transition ¢, we
compute its rate A(¢, 1) and the identity of the corresponding
state j reached by firing ¢ in i; then, we search for state j
among the already visited portion of the state space S and,
if found, we retrieve its index ¢ (j); otherwise, we insert it
in S and assign it a new index v (j); finally, we store this
information in entry ¢ (i) of vector R;, which is of size |S”|:
R[y(i)] < (A(i),%(j)). Note that this is similar to the
algorithm required to build the transition rate matrix for a
numerical solution, except that we don’t recursively explore
Jj» we explore it only if the simulation actually visits it.

The simulation can then use these | 7| cached vectors R; by
operating on the integer indices ¢ (i) instead of the actual
states i: if ¢ fires, we go from “state” ¢ (i) to “state” ¥ (j),
and this last quantity, an integer, is obtained with a fast O(1)
lookup in R:[v(i)].

Each time a transition fires, we also need to determine which
enabled transitions become disabled (their entry must be re-
moved from the event list), which disabled transitions be-
come enabled (a new firing time must be sampled for them
and an entry for them must be inserted into the appropriate
place of the event list), and which enabled transitions have
their remaining firing time scaled (their entry in the event list
must be updated and moved to the appropriate place). If we
want to exploit the caching idea, we should perform these
operations without examining the new state j, but instead use
only its index v (j). We can use boolean |7| x |7| matrices
A4, A¢, and A€ that (conservatively) specify when the firing
of a transition ¢ might disable, enable, or change the rate of a

2A semantic where the remaining fi ring time is not scaled when the state
changesis also possible; this simplifi es simulation but complicates
numerical solutions.

transition w, for (¢,u) € 72. Then, after the firing of a tran-
sition ¢, we scan the rows A?[t, -], A®[t, -], and A°[t, -], and
perform the needed operations on the event list. If we store
these three matrices in sparse row-wise format, the number
of operations is O(n? + n° + n°), likely to be much smaller
than not only |7'| but even of the size of the event list (n*
is the number of nonzero entries in row AZ[t,-]). To scale
a remaining firing time, we simply multiply it by the rate
in the previous state i and divide it by the rate in the new
state j (for simplicity, the “current rate” can be stored in the
corresponding entry of the event list). Finally, a simulation
is carried on to compute a set M of statistical measures on
the model. For each measure m, this requires to accumulate
the products of the reward rate p,, (i) of the n*" visited
state by the length of that visit. Again, we must evaluate the
reward function p,,, on each visited state i once, and cache
its value in the entry (i) of a vector.

This caching approach requires O((|7 |+ |M]) - |S¥|) mem-
ory, too much to be of practical use. Furthermore, while the
time spent for the actual simulation is greatly reduced, the
time to search each state in S¥ when building the entries of
the R, vectors could be relatively large, e.g., O(log |S?]) ifa
search tree is used to store SV; this cost would be amortized
only if states are revisited many times, which may not be the
case in practice when the state space is large. In the follow-
ing, we will show how the idea of caching can nevertheless
be practical, if implemented in conjunction with a structural
decomposition of the high level model. First, however, we
need to discuss the type of decomposition we require.

KRONECKER CONSISTENT DECOMPOSITION
Given an SPN, partition its set of places P into K mutually
exclusive subsets, P = Px U - - - U Py, effectively defining
K subnets having common transitions but disjoint local sub-
states. Then, a state i is partitioned as (ik, . ..,i1) and the
local state space Sy, of the k&t subnet is the projection of the
state space S onto the places Py, of the k" subnet. Clearly,
the cross-product of the local state spaces, or potential state
space, S = Sk X --- x Sy includes S.
A partition is Kronecker consistent iff, for each t € 7
(logical independence of substates)
5§ AT D) AT € {ik, i bxe--x{in, i)} = 1755,
where ji = ji if i} = ix, and ji = j if il = i}, and
(product-form expression of rates)

there exist functions Ay, : 7xNIPxl — R, for K > k >

1,suchthat, Vi € S, A(t,i) = Ax (¢, 1K) - - - A1(t, 11).
We have employed the first condition on Kronecker con-
sistent partitions to speed-up symbolic state-space genera-
tion. Through K local indexing functions ¢, : NIPxl —
{0,1, ..., |Sk| — 1, null}, a substate i;, can be mapped to its
index i, = v (ix), or to null if it has never been seen be-
fore. Then, any subset of states in S or, rather, its indicator
function, can be stored as a (multi-way) decision diagram [4].
Instead of also using a decision diagram to encode the transi-
tion relation specifying the possible state-to-state transitions



as traditionally done with symbolic methods, we stored a
boolean incidence matrix N = >, -+ @ e~ p>1 Ne,k, Where
“®” indicates a Kronecker product and the |7| - K boolean
incidence matrices N, 5, € {0, 1}I5+1xISx| describe the effect
of each transition ¢ on each subnet [2] (N 4 is the identity if
the &*" subnet does not affect the enabling of ¢ nor is affected
by its firing, i.e., if the two are independent). This idea was
initially developed in [5] to encode the transition rate matrix
R of a stochastic automata network defining an underlying
continuous-time Markov chain (CTMC). The additional sec-
ond condition on the rates for a Kronecker consistent partition
allows us to write R as the sub-matrix corresponding to S of
the (real) Kronecker expression R = >, - & jc~1~1 Rk
where R, x, is a real matrix capturing the values of A\ (¢, -).

Both [2] and [5] assumed that each local state space Sy, can be
built, stored, and indexed in isolation, prior to performing any
type of analysis. Simulation, however, may be applied when
the state space S is too large even for symbolic methods, or
infinite. In [3], we demonstrated an interleaving algorithm
where the local state spaces Sy and the global state space S
are built at the same time, alongside the Kronecker matrices
N, . The key idea is to classify the potentially reachable
local states §k as confirmed or unconfirmed. The symbolic
global state space generation operates on structured states
i.e., vector of K integer indices (ik,...,i1) of the K sub-
states (i, ...i1) forming a global state i, while the K local
state space generations operate on substates i, K > k > 1.
During execution, a local state i, € Sy is classified as con-
firmed if a reachable global state (i, ...,41) has been pre-
viously found such that ¢ (i) = ix. When an unconfirmed
iy is determined to be part of a globally reachable state, it
is confirmed by immediately building the corresponding row
ir, = 9 (ix) of each matrix Ny 4 (of course, only for those
transitions ¢ that depend on the k" subnet). Since it is pos-

sible that ikijk in isolation, but, at least so far, no global
state with £*™® component equal to +(j, ) has been found, en-
tries in these rows might refer to an unconfirmed local state
Jr € S\ Sk, or, rather, to its index jx = ¥ (ji).

STRUCTURAL CACHING

We now discuss how, adapting the idea of [3], we can achieve
the same caching effect with small memory requirements
and, at the same time, greatly improve the amortization of
the time spent for state lookups to compute their indices.
As in [3], we will build the sets S, where “v” stands for
“visited”, and the corresponding portions of the matrices
R ;, on-the-fly. Our goal is to perform the most frequent
simulation computations on the structured state (a vector of
K integer indices) instead of on the model state (a vector of
|P| integers). Only the generation of the entries in the rows
of the Kronecker matrices R j requires “going all the way
to the SPN model” and examining the composition of actual
substates, i.e., vectors of |Py| integers (which are anyway
smaller than actual states, i.e., vectors of |P| integers).

The total storage requirements for the matrices R, j, are just

O(T|-(|S¥%|+---+]S7])), since each row contains at most
one entry and they can be stored as vectors; this is a logarith-
mic reduction with respectto O(|7|-|S”|). Analogously, the
cost of searching for a state j in the (global) state space S is
now replaced by that of searching each ji in the local state
spaces Sj,. However, while we need to search O(|7 - |S?])
states in the unstructured approach, we only need to search
O(T| - (IS¥%| + --- +|57])) local states in our structured
approach, again a logarithmic reduction (furthermore, the
searches are performed on smaller sets). This means that the
search cost in our approach is amortized even if no global
state is ever revisited, as long as local substates are revisited,
no matter in what combination of global states.

A further improvement in time and memory is achieved by
considering the locality of each SPN transition. When com-
puting the (structured) state (jx, ..., j1) reached when tran-
sition ¢ fires in (structured) state (i, ...i1), we only need to
look-up and update as many entries as the number of sub-
models that depend on ¢, usually much fewer than K (recall
that, if ¢ and the &*» submodel are independent, Rip =1
and is never used nor stored). To exploit locality, we set up
a sparse data structure prior to starting the simulation, based
on the connectivity of the SPN graph and the identities of the
places appearing in the expressions for the transition rates.

The same matrices A%, A¢, and A¢ we discussed for the
unstructured case are still applicable to our approach. If the
rate of transition ¢ depends on L. < K submodels, we need
to perform O(L) multiplications to obtain A(¢,1), any time ¢
becomes enabled upon entering i. In the unstructured cached
approach (which is, however, usually infeasible in practice
due to its excessive memory requirements), the evaluation
of the expression for A(t,i) would require at least O(L)
operations, but only the first time i is encountered, since a
cache lookup would be used after that. If i is entered many
times from states where ¢ is disabled, our approach could
spend L times more for these evaluations. Compared to a
traditional (unstructured, uncached) simulation, however, it
would still be more efficient, since L is small in practice.

Furthermore, when the rate of transition ¢ needs to be scaled,
we can exploit structural information even more. As an
example, if the rate of ¢ is the product of L < K values
obtained from the matrices R , if the state changes from i
to i’ because of the firing of transition w, if ¢ is enabled in
both i and i/, if A°[u,t] = 1, and if u changes only the £*®
component, where the &t subnet is one of the L affecting
the values of the rate of ¢, then we can obtain the new value
of \(¢,1") in O(1) operations, as A(¢,1) - Ry x[2}] /R i [ix].

The computation of the reward rate in each state must also be
performed in a structured fashion. In the common case where
pm(i)ifoftheform ooy pmk(ie) OF [T p>1 Pmok (ik),
an analogous reasoning as for the rate computation applies:
we only need to cache the value of p,, 1 (ix) for each mea-
sure m, submodel k, and index i, = (i) of each local state
in §¥. In the general case, the expression for a measure p,,,
must instead be separated into local sub-expressions depend-



ing on a single local state i, (multiple sub-expressions can
refer to the same submodel &, while, on the other hand, some
submodel might not be referenced at all). Then, a parse
tree of the expression, where the basic elements are these
sub-expressions, can be evaluated in the initial state and, as
the model evolves, only portions of the parse tree must be
re-evaluated, using cached values for the sub-expressions.
Assume the reward rate p,, = ((a1 - b2) + (c1 - (d3 + e4))),
where the subscripts indicate the submodel on which the sub-
expression depends. If ¢ fires in state i, for which we have
already computed the value of p,,, (i), and it changes only i
into jo, we obtain p,,,(j) by retrieving the value of b3 (v (j2))
from the measure cache (or computing it from scratch if it
is the first time we visit local state jo) and recomputing the
value of the product = a; - by (where the value of a;
is unchanged) and of the sum = + y (where the value of
y = (c1 - (ds + e4)) is unchanged).

PERFORMANCE ANALYSIS AND RESULTS

If, on average, m subnets depend on each transition and each
Sy has s states, we need m - s cache entries for each transition
and, in total, the entire size of the cache is m - s - |7 entries.
As previously mentioned, the state space S is a subset of the
potential state space S = Sk x - - x S1. If we assume that
each Sy, has the same cardinality, s = O(|S|*/ %), where K
is the number of partitions. If we define the looseness of a
partition as ¢ = |S|/|S|, then |S| = ¢ - |S| and it follows
that s = O((¢ - |S|)/X). This is usually extremely small in
comparison to |S|, also because ¢ can be large only when K
is (in the limit, if K =1, S = Sand ¢ = 1).

In common simulation applications, the number N of events
fired, thus the number of states calculated from the model, is
usually proportional to the cardinality of the state space. If
we assume that calculating a new local or global state directly
from the model costs L and G =~ L - m, respectively, and
that accessing a local cache costs A, building our cache costs
m - s-|T|- L and so the ratio of time savings is

N-G B N-L
m-s-|T|-L+N-m-A s-|T|-L+N-A

For long simulations, the terms containing N dominate the
above expression, and the ratio is close to L/A. In practice,
A is just the cost of one direct access in a vector, while L is
the cost of processing the effect of transition on a subset of
places Py, so it is substantially larger.

Analogous reasoning leads us to conclude the the time saving
ratio for event checking and measure computation is close to
the cost ratio between performing these operations directly
on the model vs. using the direct access provided by the
cache. Thus, the entire simulation process can benefit from
our structured caching strategy.

The following table shows the improvements achieved us-
ing our technique on three models: a flexible manufacturing
system, an elevator, and the Aloha protocol. For each, we
show the overall runtime and its “improvable” portion (state

and event manipulation but not, e.g., random number gener-
ation), for both the traditional and the structural approaches.
For the FMS, event processing is inexpensive, thus the tradi-
tional approach is slightly better. However, for the elevator
and Aloha models, our caching strategy achieves substantial
speedups: more than 4 and 6 overall, due to speedups in the
improvable portion of almost 20 and 120, respectively.

Model Traditional Structural Speedup
Overall | Impr.|Overall | Impr. |Overall | Impr.
FMS 28.41| 3.91| 30.47| 597| 093] 0.65

Elevator 21.56| 17.50 497| 0.91 4.34| 19.23
ALOHA || 437.07|371.42| 68.84| 3.19 6.35/116.43

IMPLEMENTATION IN SMART

Our simulation engine in SMART [1] interacts with arbitrary
discrete-state models expressed in a variety of formalisms
through a well-defined interface. Our cache implements that
same interface and intercepts calls from the simulation engine
to the original model. Thus, when the caching option is on,
the SMART simulation engine only interacts with the cache,
while only the cache interacts with the original model.
While our presentation so far has been limited to the case
of exponentially-distributed events, our implementation in
SMART is more general. The caching idea is applicable to the
general case, as long as the parameters for the distribution
can be expressed as a function of “local functions” evaluated
on local substates. In particular, the efficient scaling of the
remaining firing times we exemplified in the previous section
remains possible as long as the firing time distribution is
characterized by an average expressed as the product of (up
to) K factors, each depending on a different submodel. Of
course, a no-scaling semantic is even simpler to implement.
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