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partitioned into a finite “boundary” se(® = {3(10>, .. .,s£2>}

We present an aggregation-based algorithm for the exact analysis?nd a countably infinite sequence of finite “level” s&ts) =

of Markov chains with GI/G/1-type pattern in their repetitive struc- {55]), e

ture, i.e., chains that exhildioth M/G/1-type and GI/M/1-type pat-
terns and cannot be solved with existing techniques. Markov chains
with a GI/G/1 pattern result when modeling open systems with
faults/repairs that accept jobs from multiple exogenous sources.
Our method provides exact computation of the steady state prob-
abilities, and allows computation of performance measures of in-
terest including the system queue length or any of its higher mo-
ments, the exact probability of system failures and repairs, and con-
sequently a host of performability measures. Our algorithm also
applies to systems that are purely of the M/G/1-type or the GI/M/1-
type, or their intersection, i.e., quasi-birth-death processes.
Keywords: Markov chains; Gl/G/1-type processess;M/G/1-type
processes; Gl/M/1-type processes; matrix-analytic techniques;
stochastic complementation; reliability analysis.

I ntroduction
During the past two decades, significant effort has been put into

the development of modeling tools that can capture the behavior]

of modern computer and communication systems. In many cases
the behavior of such systems can be captured by M/G/1-type or
GI/M/1-type Markov chains, and their generalizations (we assume
continuous time Markov chains, or CTMCs, but our discussion
applies just as well to discrete time Markov chains, or DTMCs).

(s}, j > L
The generator matrix can accordingly be block-partitioned as
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(we use the letter “L”, “F”, and “B” according to whether the ma-
trices describe “local”, ‘forward”, and “backward” transition rates,
respectively, and we use & for matrices related t&(?).
SinceRowSum(Q) = 0 and only the diagonal df can contain
negative entries, the infinite sets of matridd”) : j > 1} and
{FYW : j > 1} must be summable. Since the same local and for-
ward blocks appear from the third row block dtgwSum (B@))+
RowSum(BY~Y + ... + BM) must have the same value for all
> 2. This implies thatB“) is increasingly smaller, unless of

courseB?) is zero from some on, and that the infinite s¢B () :

j > 1} is also summable, sind@owSum (B™Y + - - . 4 BY), for
any finite j, is bounded byRowSum(—L — Y5°, F¥)). How-
ever,L(! can differ fromL in the diagonal, hencBowSum (B™)

CTMCs that model such processes have an infinite state space withmight be different fromRowSum(f’)(j)) + RowSum(BY~™Y +

a finite one-dimensional repetitive pattern.
Here, we study a class of CTMCs that show a GI/G/1-type pat-
tern in their repetitive structure and exhibibth M/G/1-type and

. +BW), forj > 2.
We are interested in the computation of the stationary probability
vectorr solution of rQ = 0, wheresw can be partitioned into

GI/M/1-type patterns, and cannot be solved with existing techniquesa(® € R™ and=) € R, for j > 1. Sincer is infinite, in
Such chains occur when modeling open systems that accept cuspractice we computer) only up to a sufficiently largg, or an

tomers from multiple exogenous sources (thus the existence of bulk
arrivals) and are also subject to failures and repairs (since the sys
tem may empty-out in a single step when a catastrophic failure oc-
curs or only parts of it may be operational when a non-catastrophic
failure occurs). The state spacé of a GI/G/1 CTMC can be
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'Throughout this exposition we use calligraphic letters to indicate
sets (), lower case boldface roman or greek letters to indicate
vectors &, «), and upper case boldface roman letters to indicate
matrices A). We use superscripts in parentheses or subscripts to

indicate family of related entities{*), A 4,). Vector and matrix
elements are indicated using square brackefs|,(A[1,2]), and

we extend the notation to subvectors or submatrices by allowing
sets of indices to be used instead of single indiag¢d|, A [A, B]).

aggregate measure of the fom>> | =) p)", wherep? is a
vector expressing theward rates for the states ir5(?).

While GI/G/1-type CTMCs do not have a known solution algo-
rithm in general [2], two special cases do: the GI/M/1-type CTMCs
(whereF) andF") are zero forj > 2, that s, forward jumps are
allowed only to the next level) and the M/G/1-type CTMCs (the
converse:BY) andBY) are zero forj > 2, backward jumps are
allowed only to the previous level). Neuts proposed the elegant
matrix geometric solution [7] for the former, while the latter can
be solved using one of thraatrix analytic-based methods [3, 8, 9].
The intersection of these two cases, wh€és block-tridiagonal,
is the class of quasi-birth-death (QBD) processes, which can in
principle be solved by either method (the matrix geometric solu-
tion is preferred because it is simpler, more widely-known, and at
least as efficient). In practice, such CTMCs often arise when ob-



serving an open system with a single infinite-waiting-room queue
at either the arrival or the service completion times.

Our contribution

2. Use the well-known concept of stochastic complementation [5]
to define two new processes (stochastic complements), one
containing all states it¥ (plus a special “gate” statg) and
one containing all states il (plus statey).

We propose a decomposition approach that extends both the appli-

cability and the efficiency of matrix analytic methods through anin-
telligentpartitioning of the repetitive portion of the state space into
subsets, according to its connectivity. This partitioning allows us to
define smaller CTMCs with a solvable structure, obtained from the
original CTMC through the use of stochastic complementation, an

exact decomposition technique that can be used to study the condi-

tional stationary behavior in individual portions of a larger CTMC.
To obtain the solution of the original process, the results of the
analysis of these portions are coupled back together [5].

More specifically, our main contribution is a decomposition al-
gorithm that can be used for the performability analysis of complex

systems modeled as GI/G/1-type processes. Since such processes

3. Solve each new process using well-known techniques, and
obtain the conditional stationary probabilities for all states in
UUg (or LUg) given that the original proces3is int/Ug (or
LUg, respectively). In particular, the stochastic complement
of the set/ U g is a GI/M/1-type process that is solved with
the matrix geometric method [7] and the stochastic comple-
ment of £ U ¢ is an M/G/1-type process that is solved using
the matrix analytic method [3, 8].

4. Finally, “couple” the two solutions by scaling back the con-
ditional state probabilities of all stateslifig andLUg, and
obtain the stationary probabilities for the original process.

can capture both the normal behavior (arrivals and service) and theThe required block structure f@ is shown in Fig. 2. We observe

reliability aspects (failures and repairs) of system operation, they
provide the necessary means to model a system’s performability.
In particular, GI/G/1-type processes are the tool of choice if one
needs to analyze the user-perceived performance of a compster sy

a “two-level” repetitive structure, where each level &0, j > 1,
is partitioned into two disjoint classes denotgtl’ (for “upper”)
and £ (for “lower”). Lety = (J2>, u andL = (U2, £Y).
The following list summarizes the interactions within each set and

tem. In such cases, the normal operation of the system correspond$cross the two sets.

to the M/G/1-type pattern of the GI/G/1-type model, while soft-
ware or hardware failures correspond to the GI/M/1-type pattern of
the GI/G/1-type model. Our method exploits this structure by re-
flecting a key performance component of the state (the number of
customers in the system) in the leyedf the setsS"), while the re-

maining component (the status of the service and repair processes,

and the inter-arrival and service distributions, if not memoryless)
are capturedvithin the states of a level set. Only the latter compo-
nents truly affect the solution complexity of our approach.

With regard to degradable behavior, we observe thateivard
structure assigned to the CTMC states is very flexible, since it al-
lows to define the reward, or “usefulness”, of a stgfe in terms
of both its index;, describing the failure status of each component,
and of the leve}j, describing the present workload in the system.

Since general GI/G/1-type models do not have a known exact so-
lution [2], they are usually studied through approximations based
on QBD processes or complex eigenvalue methods [1]. Informally,
a QBD approximation truncates the “arbitrary forward and back-
ward jump” behavior, but the resulting process is orders of mag-
nitude larger than with the approach we propose, thus its solution
is much more computationally expensive. Our methodology based
on aggregation/decomposition techniques is applicable to an im-
portant subset of GI/G/1-type processes and provides inskaatl

o Within setl/, forward transitvions are allowed from atuy(j )
only toward the next level/“+1), Backward transitions are

allowed from set/\%) to any lower level set&*), k < ;.

e Within set£, forward transitions are allowed from amyj )
toward any higher leveL*), k > j. Backward transitions
are allowed from sef¥) to £U~1 only.

Local transitions (not shown) are allowed within edet)
and£,

Transitions froni/) to any£®, k > 1 are allowed.

There is strictly no interaction froni towardi/ (except, of
course, through the boundary portisf”).

There is a special “gate” statein S*) such that any path
from £ to U4 must visit statg. In practice, such a gate might
existinS™ but not inS?; in this case, we simply redefine
anewS® as the union of the original se&® andS™ and
“shift all levels to the left by one”.

The gated structure for the interactioniéfand £ is critical for
our algorithm, as it allows us to apply stochastic complementa-

solutions. Since we approach the problem in a divide-and-conquertion in a special setting. Furthermore, in conjunction with the up-
way, we ensure that the subproblems are smaller in size and com-per/lower interaction between séfsand Z, it ensures that (a) the
putationally more efficient to solve than the approximated original stochastic complement of the upper set of states is a GI/M/1-type

problem.

Overall approach

In this section, we present the high-level idea of our algorithm and
outline the the structure that the CTMCs must have to be solved
with the proposed technique. We observe that the pattern of in-
teraction among states of a CTMC with infinitesimal gener&or
given by Eq.(1) is the union of the patterns for GI/M/1-type and
M/G/1-type processes, thus it is more general than either. Based o
this observation, we propose the following solution steps (Fig. 1):

1. Partition the union of the level sefs= [ J32, SV into two
disjoint setd/ and £ such that/ captures the GI/M/1-type
behavior ofQ and £ captures the M/G/1-type behavior@f.

n

CTMC and (b) the stochastic complement of the lower set of states
is a M/G/1-type CTMC.

The identification of this gate state and the partition of the over-
all state space into the upper and lower sets is a graph partitioning
problem, which is subject of future work. In many cases, how-
ever, the nature of the system under examination may immediately
guide us into identifying the possible state space partition. Then,
our algorithm is easily applied and allows the modeler to compute
stationary measures for Markov chains previously thought not solv-
able by analytical methods.

For more details on our methodology including the formulation
of the conditions under which our approach is feasible as well as an
example from the area of realiability analysis of parallel computer
systems, we direct the interested reader to [10].
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Figure 1: Theoverall idea of our approach.
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Local transitions

Transitions from boundary to upper states
Transitions from lower to boundary states
Transitions from boundary to lower states
Transitions from upper to boundary states
Transitions from upper to lower states
Forward transitions between upper states
Forward transitions between lower states
Backward transitions between upper states

Backward transitions between lower states

Figure2: Thenonzero pattern in our matrix Q.
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