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Abstract. We presert a new method for the symbolic construction of
shortest paths in reachability graphs. Our algorithm relies on a variant
of edge{valued decision diagrams that supports e cien t xed{p oint it-
erations for the joint computation of both the reachable states and their
distance from the initial states. Once the distance function is known,
a shortest path from an initial state to a state satisfying a given con-
dition can be easily obtained. Using a few represertativ e examples, we
show how our algorithm is vastly superior, in terms of both memory and
space, to alternativ e approaches that compute the same information,
such as ordinary or algebraic decision diagrams.

1 Intro duction

Model chedking [13] is an exhaustive, fully automated approac to formal ver-
i cation. Its ability to provide courterexamplesor witnessesfor the properties
that are cheded makesit increasingly popular. In many cases,however, this
feature is the most time{ and space{consumingstage of the entire veri cation
process.For example, [15] showvs how to construct traces for queries expressed
in the temporal logic CTL [11] under fairnessconstraints. Another direction is
takenin SAT{based model chedking, where satis abilt y chedkersare usedto nd
shortest{length counterexamples(as is the caseof the bounded model cheding
technique [4]), conduct the ertire reachability analysis[1], or combine the state{
spaceexploration method with SAT solvers[24].

Sincea trace is usually meart to be examinedby a human, it is particularly
desirable for a model{cheding tool to compute a minimal{length trace. Unfor-
tunately, nding such trace is an NP-complete problem [17], thus a sub{optimal
trace is sough in most cases.For someoperators, nding minimallength wit-
nessesis instead easyin principle. An example is the EF operator, which is
closely related to the (backward) reacability relation: a state satis es EF p if
there is an execution path from it to a state where property p holds. Even using
symbolic encalings [7], though, the generation and storage of the sets of states
required to generatean EF witness can be a major limitation in practice.
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Our goal is then to adapt a very fast and memory{e cien t state{spacegen-
eration algorithm we recerly developed[10]and endow the symbolic data struc-
ture with information that capturesthe minimum distance of ead state from any
of the initial states. Knowledge of this distance signi cantly simpli es the gen-
eration of shortest{length EF witnesses.To encale this information, we employ
a variant of the edge{valued decisiondiagrams[21], appropriately generalizedso
that it is applicable to our fast state{space generation strategy. We shaow that
the new variant we de ne is still canonical, and emphasizethe importance of
using edge{values, which give us increased exibilit y when performing guided
xed{p oint iterations.

The paper is organizedasfollows. Section2 de nes basicconceptsin discrete{
state systems,ordinary and edge{valued decisiondiagrams, state{space genera-
tion, and traces, and formulates the one{to{many shortest path problem. Section
3introducesour extensionsto edge{valued decisiondiagrams, including a di er-
ernt type of canonical form, EV*MDDs. Section 4 discusseghe e cien t manip-
ulation of EV*MDDs and our algorithm for constructing the distance function.
Section 5 evaluates the performance of the new data structure and algorithm
by comparing them with existing technologies: regular and algebraic decision
diagrams. Section 6 concludeswith nal remarksand future researd directions.

2 State spaces, decision diagrams, and distances

A discrete{state model is a triple (@; St - N), where the discrete set $ is the
potential state space of the model; the set St 9 contains the initial states;
andN : 91 2% isthe transition function specifying which statesgan bereaded
from a given state in one step, which we extend to sets:N (X) = ;,, N(i). We
considerstructured systemsmodeled as a collection of K submalels A (global)

K local state spacesSi, which we identify with f0;:::;nx 1g sincewe assume
that $is nite. The (reachable)state space S 9 is the smallest set cortaining
St and closedwith respectto N, i.e.:

S = Sinit [ N (Sinit )[ N (N (Sinit )[ =N (Sinit ):

Thus, S is the xed point of equation S = N (S) when S is initialized to S™t .

2.1 Decision diagrams

It is well known that the state spacesof realistic models are enormous, and
that decision diagrams are an e ective way to cope with this state{space ex-
plosion problem. Their boolean incarnation, binary decision diagrams (BDDs)
[5], can compactly encade boolean functions of K variables, hence subsets of
f0; 1g% , which can then be manipulated very e cien tly. BDDs have been suc-
cessfullyemployed to verify digital circuits and other types of synchronous and



asyndronous systems.In the last decade,their application has expandedto ar-
easof computer sciencebeyond computer{aided veri cation. A comprehensie
overview of decisiondiagrams s preseried in [14].

We consider exclusively ordered decision diagrams (the variables labelling

either reducad (no duplicate nodes and no node with all edgespointing to the
same node, but edgespossibly spanning multiple levels) or quasi{reduced (no
duplicate nodes, and all edgesspanning exactly one level), either form being
canonical. We adopt the extension of BDDs to integer variables, i.e., multi{
valued decision diagrams (MDDs) [19], an example of which is in Figure 1.
MDDs are often more naturally suited than BDDs to represen the state space
of arbitrary discrete systems,sinceno binary encaling must be usedto represen
the local states for level k when ng > 2. An even more important reasonto use
MDDs in our work, asit will be apparen, is that they better allow usto exploit
the eventlocality presen in systemsexhibiting a globally{asynchronouslocally{
syndhronous behavior. When combined with the Kronecker represenation of
the transition relation inspired by [2] and applied in [9,22], MDDs accommo-
date di erent xed{p oint iteration strategiesthat result in remarkable e ciency
improvemerts [10].

Todiscusslocality in a structured model, we require a disjunctively{partitione d
transition function [18], i.eS N must be a union of (asyncironous) transition

and N. is the transition function assa@iated with event e. Furthermore, we must
be able to expressead transition function N, asthe cross{product of K local
transition functions: Ne(ik ;:::501) = Nex (i) Ne:1(i1). This is a sur-
prisingly natural requiremert: for example, it is satis ed by any Petri net [23],
regardlessof how it is decomposedinto K subnets(by partitioning its placesinto
K sets).Moreover, if a given model doesnot exhibit this behavior, we can always
coarsenK or re ne E sothat it does.If we identify Nex with a boolean matrix
of sizeny ny, whereentry (ix;jk) is1i jk 2 Nex(ik), q_:)e ovcﬁall transition
relation is encaded by the boolean Kronecker expression e ¢ ¢ 1 Nexk-
We say that evert e a ects level k if Nek is not the identit y, we denote the top
and bottom levelsa ected by e with Top(e) and Bot (e), respectively, and we let
E =fe2 E: Top(e) = kg.

2.2 Symbolic state{space generation: breadth{rst vs. saturation

The traditional approad to generatingthe reachable states of a systemis based
on a breadth{rst traversal, as derived from Cée\ssical xed{p oint theory, and
appliesa monolithic N (evenwhenencadedas .,z Ne): after d iterations, the
currently{kno wn state spacecortains exactly all stateswhosedistance from any
state in S™ is at most d. However, recert advanceshave shovn that non{BFS,
guided, or chaotic [16], exploration can result in a better iteration strategy.

An exampleis the saturation algorithm intro ducedin [10], which exhaustively
r es (explores) all events of i in an MDD node at level k, thereby bringing it to
its nal \saturated" form. We only briey summarizethe main characteristics of



Se= 101,239 \V/ S = £0210,1000, 1010

o 110Q 1110 1210

Se= 10129 2000, 2010, 2100

S, = f0; 1g 2110 22103010

3110 3200, 3201

S1= 10,129 3202 3210 3211%
3212

Fig. 1: A 4-level MDD on f0;1;2;3g f0;1;2g f0;1g f0;1;2g and the encoded set S.

saturation in this section, sincethe algorithm we present in Section 4.1 follows
the sameidea, exceptit is applied to a richer data structure.

Saturation considersthe nodesin a bottom{up fashion, i.e., when a node
is processedall its descendats are already known to be saturated. There are
major advantagesin working with saturated nodes.A saturated node at level k
encadesa xed point with respect to events in B [ :::[ E, thusit neednot
be visited again when consideringsuch everts. By cortrast, traditional symbolic
algorithms manipulate and store a large number of non{saturated nodes;these
nodes cannot be presern in the encading of the nal state space,thus will nec-
essarily be deleted before reaching the xed{p oint and replacedby (saturated)
nodesencaling a larger subspace Similar advantagesapply to the manipulation
of the auxiliary data structures used in any symbolic state{space generation
algorithm, the unique table and the operation cache only saturated nodes are
inserted in them, resulting in substartial memory savings. Exploring a node
exhaustively once, instead of once per iteration, also facilitates the idea of in{
place{updates. while traditional algorithms frequertly create updated versions
of a node, to avoid using stale unique table and cade ertries, saturation only
cheds{in a node when all possibleupdateson it have beenperformed.

Experimental studies[10] show that our saturation strategy performs orders
of magnitude faster than previous algorithms. Even more important, its peak
memory requiremerts are often very closeto the nal requiremerts, unlike tra-
ditional approaceswherethe memory consumption grows rapidly until midway
through the exploration, only to drop sharply in the last phases.Our next chal-
lengefor saturation is then applying it to other typesof symbolic computation,
such asthe onediscussedn this paper: the generation of shortest{length traces,
where the use of chaotic iteration strategieswould not seemapplicable at rst.

2.3 The distance function

The distance of a readable state i 2 S from the set of initial states S™ is
dened as (i) = min d:i2 N9SM ) . Wecannaturally extend :S! N
to all statesin & by letting (i) = 1 for any non{reachable state i 2 dns.
Alternativ ely, given such a function : $1 N [ f1g , we canidentify S asthe
subsetof the domain where the function is nite: S=fi2 §: (i) < 1g..



The formulation of our problem is then: Given a description of a struc-
tured discrete{state system(@; St - N), determine the distanceto all reachable
states, i.e., compute and store : $1 N [ f1g (note that the reachable state
spaceS is not an input, rather, it is implicitty an output). This can be viewed
asa least xed{p oint computation for the functional :D! D, whereD isthe
set of functions mapping 9 onto N[ flg . In other words, re nes an approxi-
mation of the distance function from the initial [ 2 D, de ned as (i) = 0,
if s2 st 0(j) = 1 otherwise, via the iteration

n o}
M+l iy = (™) = min - ™)y min 1+ ™G9 i 2 N(i9

Note that the state{space construction is itself a xed{p oint computation,
so we seeknow to e cien tly combine the two xed{p oint operations into one.
Before shawing our algorithm to accomplishthis, in Section 3, we rst describe
a few approacesto compute distance information basedon existing decision
diagrams technology.

2.4 Explicit encoding of state distances

Algebraic decisiondiagrams (ADDs) [3] are an extensionof BDDs wheremultiple
terminals are allowed (thus, they are also called MTBDDs [12]). ADDs can
encade arithmetic functions from & to R[ flg . The value of the function on a
speci ¢ input (represening a state in our case)is the value of the terminal node
reached by following the path encading the input. While ADDs are traditionally
asseiated to boolean argumert variables, extending the argumerts to nite
integer setsis straightforward.

The compactnessof the ADD represettation is related to the merging of
nodes,exploited to a certain degreein all decisiondiagrams. In this case thereis
a unique root, but having many terminal valuescan greatly reducethe degreeof
node merging, especially at the lower levels, with respect to the support decision
diagram, i.e., the MDD that encades S 9. In other words, the number of
terminal nodesfor the ADD that encades : 9! N[ flg equalsthe number
of distinct valuesfor (hencethe \explicit" in the title of this section); if we
merged all nite{v alued terminals into one, thus encading just S but not the
state distances,many ADD nodesmay be mergedinto one MDD node.

An alternativ e explicit encading of state distancescan be achieved by simply
using a forest of MDDs. This approad is derived from the traditional ROBDD
method, by extending it to multi{v alued variables. Each of the distance sets
NI(SM )y =fi2Sj (i)=dg(or fi2Sj (i) dg, which may require fewer
nodes in some cases)can be encaled using a separate MDD. Informally, this
reversesthe region where most sharing of nodesoccurs comparedto ADDs: the
roots are distinct, but they may be likely to share nodesdownstream.

The cardinality of the range of the function is critical to the compactness
of either represenation: the wider the range, the lesslikely it is that nodesare
merged. Figure 2 (a) and (b) showv an example of the same distance function
represerted asan ADD or as a forest of MDDs, respectively.
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Fig. 2: Storing the distance function: an ADD (a) vs. a forest of MDDs (b).

2.5 Symbolic encoding of state distances

The idea of assaiating numerical valuesto the edgesof regular BDDs was pro-
posedin [20,21], resulting in a newtype of decisiondiagrams, edge{valued BDDs
(EVBDDs) 1. In the following de nition of EVBDDSs, instead of using the original
terminology and notation, we usethe terminology and notation neededto intro-
duce the new data structure presenied in the next section, so that di erences
and similarities will be more apparert.

De nition 1. An EVBDD is adirected acyclic graph that encadesa total func-
tion f : f0;1gX ! Z asfollows:

1. There is a single terminal node, at level O, with label 0, denoted by h0:0i.
2. A non{terminal node at level k, K k 1, is denoted by h:pi, where p is
a unique identi er within level k, and has two children, hk:pi[O]:child and
hk:pi [1]:chil d (corresponding to the two possiblevaluesof i) which are nodes
at some(not necessarilythe same)level |;k>1 0.
3. The 1l-edgeis labelled with an integer value hk:pi[1l]:val 2 Z, while the lab el
of hk:pi[O]:val is always (implicitly) 0.
4. There is a single root node h; :ri, for someK k; 0, with no incoming
edges,except for a \dangling" edgelabelled with an integervalue 2 Z.
5. Canonicity restrictions analogousto those of reduced ordered BDDs apply:
uniqueness if hk:pi[O]:child = hk:qi[0]:chil d, hk:pi[1]:child = hk:qi[1]:child,
and hk:pi[1]:val = hk:qi[1]:val, then p= q;
reducedness there is no redundant node Hk:pi satisfying hk:pi[O]:.child =
hk:pi[1]:child and Hk:pi[1]:val = O.

The function encaded by an EVBDD node hk:pi is recursively de ned by

..... i) = f hic:pi [o7:chil d(?l;:::;i.l) . @f !k =0
frcpifyenit a(ivs ooy i) + hkepi[lfval  if i = 1

1 We obserwe that also binary moment diagrams (BMDs), independertly intro duced
in [6], assaiate valuesto edges.For BMDs however, evaluating the function on a
particular argument requires the traversal of multiple paths, asopposedto a unique
path for EVBDDs. Thus, while very e ectiv e for verifying circuits such as a multi-
plier, BMDs are not as suited for our approach.
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Fig. 3: Canonical (a) and non{canonical (b),(c) EVBDDs for the samefunction f.

wherel and r are the levels of hk:pi[0]:chil d and hk:pi[1]:chil d, respectively, and
fro-0i = 0. The function encaded by an EVBDD edge, that is, a (value,node) pair
is then simply obtained by adding the constart value to the function encaded by
the node. In particular, the function encaded by the EVBDD isf = + fp, i.
Note that the nodes are normalized to enforce canonicity: the value of the
0-edgeis always 0. If this requiremert were relaxed, there would be an in nite
number of EVBDDs represering the same function, obtained by rearranging
the edgevalues.An example of multiple ways to encade the function of Figure 2
with non{canonical EVBDDs is shown in Figure 3, where, for better readability,
we show the edgevalue in the box from where the edgedeparts, except for the
top dangling arc. Only the EVBDD in Figure 3(a) is normalized. This node nor-
malization impliesthat = f (0;:::;0) and may require the useof both negative
and positive edgevalues even when the encaled function is non{negative, asis
the casefor Figure 3(a). More importantly, if we want to represen functions
such our distance : 9! N[ flg , we can allow edgevaluesto be 1 ; however,

required normalization, sincethis impliesthat is 1l ,andf isidentically 1 as
well. This prompted us to introduce a more general normalization rule, which
we presen next.

3 A new approach

We use quasi{reduced, ordered, non{negative edge{valued, multi{v alued deci-
sion diagrams. To the best of our knowledge, this is the rst attempt to use
edge{valued decisiondiagramsof any typein xed{p oint computations or in the
generation of traces.

3.1 Denition of EV *MDDs

We extend EVBDDs in seeral ways. The rst extensionis straightforward: from
binary to multi{v alued variables. Then, we change the normalization of nodes
to a slightly more generalone neededfor our task. Finally, we allow the value of
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Fig. 4: Storing total (a) and partial (b) arithmetic functions with EV *MDDs.

an edgeto be 1 , sincethis is required to describe our distance functions. Note
that the choiceto usequasi{reducedinstead of reduceddecisiondiagramsis not
dictated by limitations in the descriptive power of EVBDDs, but by e ciency
considerationsin the saturation{based algorithm we presen in Section 4.

De niton 2. Givena function f : 9! Z[ flg ,anEV*MDD forf 6 1 isa
directed acyclic graph with labelled edgesthat satis es the following properties:

1. There is a single terminal node, at level 0, with label 0, denoted by H0:0i.

2. A non{terminal node at level k, K k 1, is denoted by hk:pi, where p
is a unique identi er within the level, and has ng 2 edgesto children,
hk:pi[ik]:child, labelled with valueshk:pifix]:ival 2 N[ flg , for 0 ik < ng.

3. If hkpifik]:val = 1, the value of H:pi[ik]:child is irrelevant, so we simply
require it to be 0 for canonicity; otherwise, hk:pi[ix]:child is the index of a
node at level k 1.

4. There is a single root node, hK:ri, with no incoming edges,except for a
\dangling” incoming edgelabelled with an integer value 2 Z.

5. Each non{terminal node has at least one outgoing edge lab elled
with 0.

6. All nodesare unique, i.e., if 8ix;0 ik < ng;hk:pi[ix]:child = h:qi[ik]:child,
H:pifik]:val = H:qi[ik]:val, then p= q.

Figure 4 shavstwo EV*MDDs storing a total and a partial 2 function, respec-
tively (the total function encaded is that of Figures 2 and 3). Note that, unlike
the normalization for EVBDDs, our normalization requires that the labels on
(non{dangling) edgesbe non{negative, and at least one per node be zero, but
not in a pre{determined location; comparethe EVBDD of Figure 3(a) with the
equivalent EV*MDD of Figure 4(a). The function encaded by the EV*MDD
node K:pi is

2 By \partial, we mean that some of its values can be 1 ; whenewer this is the case,
we omit the corresponding value and edgefrom the graphical represertation.



and we let fo.0i = 0. As for EVBDDs, the function encaded by the EV*MDD

(; Keri)isf = + frxi. However, now, = minff(i):i 2 S $10. In
our application, we will encade distances, which are non{negative, thus = 0.
If we wanted to cope with the degeneratecaseS™ = ;, sothat f is identically

1 , we could allow a special EV*MDD with = 1 and root h0:0i.

3.2 Canonicit y of EV * MDDs

Lemma 1. From ewery non{terminal EV*MDD node, there is an outgoing path
with all edgeslabelled 0 reaching h0:0i.

Corollary 1. The function f.,; encaded by a node tk:pi is non{negative and
mln(f hk:pi) = 0.

De nition 3. The graphs rooted at two EV*MDD nodes hk:pi and Hk:qi are
isomorphic if there is a bijection b from the nodesof the rst graph to the nodes
of the secondgraph suc that, for eadh node h:si of the rst graph and eadh
ih2S (with k 1 1)

b(H:si)[iiJ:child = b(H:si[i|]:child) and  b(H:si)[i)]:val = H:sifi]:val:

Theorem 1. (Canonicity) If two EV*MDDs ( 1;hK:rii) and ( 2;hK:rzi) en-
code the samefunction f : §1 N [ flig , then ; = , and the two labelled
graphsrooted at KK :r;i and KK :r,i are isomorphic.

Pro of. It is easyto seethat, sincethe value on the dangling edgesof the two
EV*MDDs equalsthe minimum value the encaded function f can assume,we
must have 1 = , = , and the two nodeshK:rii and HK:roi must encade the
samefunction f . We then needto prove by induction that, if two generic
EV*MDD nodestk:pi and Hk:qi encade the samefunction, the labelled graphs
rooted at them are isomorphic.

Basis (k = 1): if hl:pi and hl:gi encale the samefunction f : S; ! N[ flg ,
hl:pi[i1]:child = hl:qgi[i1]:child = 0 and hL:pi[i,]:val = hL:qi[i1]:val = f(i,) for
alli; 2 S, thusthe two labelled graphsrooted at hl:pi and hl:qi areisomorphic.
Inductiv e step (assumeclaim true for k  1): if Kk:pi and hk:qgi encade the same
function f : S S; ! NJ flg , considerthe function obtained when we
X iy to a particular valuet, i.e., f; =¢. Let g and h be the functions encaded
by hk:pi[t]:child and hk:qi[t]:child, respectively; also, let hk:pi[t]l:val =  and
hk:qgi[t]:val = , and obsenethat the functions +gand + h must coincidewith

fi, =t. However, becauseof Corollary 1, we know that both the g and h evaluate
to 0, their minimum possible value, for at least one choice of the argumerts
respectively; since +gand + h arethe samefunction, they must have the same
minimum, hence = . This implies that g = h and, by inductiv e hypothesis,
that hk:pi[t]:child and hk:qi[t]:chil d are isomorphic. Sincethis argumert applies
to agenericchild t, the two nodeshk:pi and h:gi arethen themselvesisomorphic,
completing the proof. 2



UnionMin (k : level; ( ;p) : edge; ( ;q) : edge) : edge

1. iff =1 thenreturn( ;q);

2. if =1 thenreturn ( ;p);

3. if k = 0 then return (min( ; );0); the only node at level k = 0 hasindex 0
4. if UCacheFind(k; p;q; ;( ;u)) then match (k; p;q; ), return (' ;u)
5. return ( + min( ; );u);

6. u NewNode(k); create new node at level k with edgessetto (1 ;0)
7. min( ; );

8. forix = 0tonck 1do

9. p° he:pichild[ic]; ° + hk:pi:valix];

10. ¢ hk:qi:child[ix]; ° + hk:qi:valfix];

11, Hk:uifix] UnionMin (k 1;( %p%;:( %9); contin ue downstream
12. CheckinUniqueT able(k; u);

13. UCachelnsert(k; p;q; p(ou);

14. return (; u);

Fig. 5: The UnionMin algorithm for EV*MDDs.

4 Operations with EV *MDDs

We are now ready to discussmanipulation algorithms for EV*MDDs. We do so
in the context of our state{spaceand distance generation problem, although, of
course,the UnionMin function weintroducein Figure 5 hasgeneralapplicability.
The typesand variables usedin the pseudo{cale of Figures 5 and 7 are event
(model evert, ), level (EV*MDD level, k), index (node index within a level, p,
g p% o s, u, f), value (edgevalue, , , 9 9 , , ), local (local state index
ik, jk), and localset (set of local statesfor onelevel, L). In addition, we let edge
denote the pair (value;index), i.e., the type of hk:pi[i]; note that only index is
neededto identify a child, sincethe level itself is known: k 1.

The UnionMin algorithm computesthe minimum of two partial functions.
This acts like a dual operator by performing the union on the support sets of
states of the two operands (which must be de ned over the samepotential state
space@), and by nding the minimum value for the common elemens. The
algorithm starts at the roots of the two operand EV*MDDs, and recursively
descendsalong matching edges.If at somepoint one of the edgeshas value 1 ,
the recursionstopsand returns the other edge(sincel is the neutral value with
respect to the minimum); if the other edgehas value 1 as well, the returned
valueis (1 ;0), i.e., no statesare addedto the union; otherwise, if the other edge
has nite value, we have just found states reachable in one set but not in the
other. If the recursionreacesinstead all the way to the terminal node h0:0i, the
returned value is the minimum of the two input values and

If both and are nite and p and q are non{terminal, UnionMin \k eeps"
the minimum value on the incoming arcsto the operands, , and \pushes down"
any residual value Jf = < or ,if = < , onthe children of
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Fig. 6: An example of the UnionMin operator for EV " MDDs.

p or g, respectively, in its recursive downstream calls. In this case,the returned
edge(; u) issudthat + freyi = min( + frepis + fricgi)-

An example of the application of the UnionMin algorithm is illustrated in
Figure 6. The potential state spaceisS; S, S;=10;1,2g f0;1g fO0;1g.
The functions encaded by the operands,f and g, are listed in the table to the
left, along with the result function h = min(f; g).

Lemma 2. The call UnionMin (k;( ;p);( ;) returns an edge( ; u) suc that
= min( ; ) and h:ui and its descendats satisfy property 5 of De nition 2,
if h:pi and hk:gi do.
Pro of. It isimmediate to seethat = min( ; ). To prove that hk:ui satis es
property 5, we useinduction: if k = 0, there is nothing to prove, since property
5 applies to non{terminal nodesonly. Assume now that the lemma is true for
all calls at level k 1 and consideran arbitrary call UnionMin (k;( ;p); ( ;a)),
where the input nodes hk:pi and hk:gi satisfy property 5. If or is1, the
returned node is one of the input nodes, so it satis es property 5. Otherwise,
since = min( ; ), at leastoneof and is 0; say = 0. The values
labelling the edgesof hk:ui are computed in line 11 of UnionMin . Since h:pi
satis es property 5, there exists iy 2 f0;:::;nx 1g such that hk:pi:vallix] =
0. Then, for the corresponding iteration of the for{loop, ©is 0 and the edge
returned by UnionMin (k  1;( %p9;( %q9) is (min( % 9;u% = (0;u9, where
h 1:u9 satis es property 5 by induction; thus, hk:uiliy]:val is setto 0. 2

We concludethe discussionof UnionMin by observingthat the hash{key for
the entries in our \union/min cacde" is formed by the two nodes(passedaslevel,
index, index, sincethe nodesare at the samelevel) plus the di erence of
the valueslabelling two edgespointing to thesenodes. This is better than using
the key (k;p;q; ; ), which would unnecessarilyclutter the cace with ertries
of the form (k;p;g; + ; + ;( + ;u)), for all the valuesof arising in a
particular execution.



4.1 State{space and distance generation using EV * MDDs

Our xed{p oint algorithm to build and store the distance function , and im-
plicitly the state spaceS, is described by the pseudo{cade for BuildDistance,
Saturate, and RecursiveFire, shovn in Figure 7. Given a model (@; St - N') we
follow these steps:

1. Encode S into an initial EV*MDD node hK:ri. This can be done by
building the MDD for St | then setting to 0 all edgevaluesfor edgesgoing
to true (called 1 in the MDD terminology of [10]), setting the remaining edge
valuesto 1 , eliminating the terminal node false, and renaming the terminal
node true asO0 (in EV*MDD terminology). See[10]on how to build an MDD
when St cortains a singlestate. In general,the MDD encading of S™Mt  will
be derived from some other symbolic computation, e.g., it will be already
available asthe result of a temporal logic query.

2. Call BuildDistance(K ;r).

Functions CheckinUniqueTable, LocalsToExplore, UCacheFind, FCacheFind,
UCachelnsert, FCachelnsert, PickAndRemoveElementiFomSet, and CreateNade
have the intuitiv e semariic ass@iated to their name (seealso the commerts in
the pseudo{cade). Normalize(k;s) puts node tk:si in canonicalform by comput-
ing = minfhk:si[ig]:val : ix 2 Skg and subtracting from ead hk:si[ig]:val
(so that at least one of them becomes0), then returns ; in particular, if all
edgevaluesin hk:si are 1 , it returns 1 (this is the casein Statemert 17 of
RecursiveFire if the while{lo op did not manageto re e from any of the local
statesin L).

The hash{key for the ring cade doesnot usethe value on the incoming
edge,becauseahe node hk:si corresponding to the result ( ;s) of RecursiveFire is
independert of this quantit y. The edgevalue returned by RecursiveFire depends
instead of : it is simply obtained by adding the result of Normalize(k;s) to

RecursiveFire may push excessvalues upwards when normalizing a node
in line 17, that is, residual values are moved in the opposite direction as in
UnionMin . Howewer, the normalization procedureis called only once per node
(when the node has been saturated), therefore excessvalues are not bounced
badk and forth repeatedly along edges.

4.2 Trace generation using EV * MDDs

Oncethe EV*MDD (; hK:ri) encading and S is built, a shortest{length trace
from any of the statesin S™ to oneof the statesin asetX (givenin input asan
MDD) can be obtained by badktracking. For simplicity, the following algorithm
doesnot output the identit y of the everts along the trace, but this option could
be easily added, if desired:

1. Transformthe MDD for X into an EV*MDD ( x;hK:xi) encading X and
using the approad previously described for S™ | where (i) = 0ifi 2 X
and 4(i)=1 ifi29nX.



BuildDistanc e(k : level; p : index)

1. if k > 0 then

2. forix=0tony 1do

3. if hk:pifix]:val < 1 then BuildDistance(k 1;hk:pi[ik]:child);
4. Saturate(k; p);

Saturate(k : level; p : index)
1. repeat

2. pChanged false;
3. foreache?2 E do

4. L LocalsToExplore(e;k; p); fik i Nek(ik)6; "~ hk:pifik]:val 6 1g
5. whileL 6 ; do

6 ik PickAndRemoveElementFomSet(L );

7 ( ;f) RecursiveFire(e;k  1; hk:pifik]);

8

if 6 1 then
9. foreachjk 2 Nex (ix) do
10. (;u) UnionMin (k 1;( + 1;f);hpi[j«]);
11. if ( ;u) 6 Hk:pifjk] then
12. hk:pi [j k] (;u);
13. pChangel true;
14. if Nex (jk) 6 ; thenL L[ fjkg; remember to explore ji later

15. until pChangal = false;
16. CheckinUniqueT able(k; p);

RecursiveFire(e: event; k : level; ( ;q) : edge) : edge

1. if k < Bot(e) then return ( ;Q); level k is not a ected by event e
2. if FCacheFind(k;q;e;( ;s)) then match (k;q; e), return ( ;s)
3. return( + ;s);

4. s NewNode(k); create new node at level k with edgessetto (1 ;0)
5. sChangal false;

6. L LocalsToExplore(e;k; q); fik : Nex (ix)6; " hk:qifik]:val 6 1g

7. whileL 6 ; do

8. ik PickAndRemoveElementfFomSet(L );

9. (;f) RecursiveFire(e;k  1; hk:qifix]);

10. if 6 1 then

11. foreachjk 2 Nex (i) do

12. (5w UnionMin (k  1;(; f);hk:sifj«]);
13. if ( ;u)6 hk:si[jk] then

14. hk:si[j«] (;uw;

15. sChangeal true;

16. if sChangel then Saturate(k;s);
17. Normalize (k; s);

18. s CheckinUniqueT able(k; s);
19. FCachelnsert(k;qg;e;( ;s));
20. return ( + ;s);

Fig. 7: BuildDistanc e, our saturation{based algorithm using EV " MDDs.




2. Compute IntersectionMax (K ; (; r); ( x;x)), which is the dual of UnionMin ,
and whosepseudo{cade is exactly analogous;let (; hKK:mi) be the resulting
EV*MDD, which encadesX \ S and the restriction of to this set( isthen
the length of one of the shortest{paths we are seeking).

3. Extract from (; hK:mi)astatejl 1= (jL1;:::;j1 1) encaded by a path from
hK :mi to H0:0i labelled with O values(j! ! is a state in X at the desiredmin-
imum distance from S™t ). The algorithm proceedsnow with an explicit
avor.

4. Initialize to and iterate:

(@) Find all statesi 2 $ such that j{12 N (i). With our boolean Kronecker
encading of N, this \one step badkward" is easily performed: we simply
have to usethe transposeof the matrices Ngx.

(b) For eath sud state i, compute (i) using(; hKK:ri) and stop on the rst

i such that (i) = 1 (there exists at least one such state i ).
(c) Decremen .
(d) Letjl!bei .
5. Output jO;::::jl1]
The cost of obtaining j[ 1 asthe result of the IntersectionMax operation is

O hK:ri #HK:xi), where # indicates the number of EV*MDD nodes. The
complexity of the rest of the algorithm is then simply O( M K), whereM is
the maximum number of incoming arcsto any state in the reachability graph of
the model, i.e., M = maxfiN (j)j:j 2 Sg, and K comesfrom traversing one
path in the EV*MDD. In practice M is small but, if this were not the case,the
setN 1(j[]) could be computed symbolically at ead iteration instead.

Generating the sametrace using traditional symbolic approacescould follow
a similar idea. If we usedADDs, we would start with an ADD encaling the same
information asthe EV*MDD ( «;hK:xi), compute the ADD equivalernt to the
EV*MDD (; hK:mi) using a breadth{ rst approad, and pick asj! 1 any state
leading to a terminal with minimal value . If we used a forest of MDDs, we
would compute = minfd: N9(S"t )\ X 6 :;g, and pick asjl 1 any state in
N \ X. Then, the badtracking would proceedin exactly the sameway.

In either case,however, we are discovering states symbolically in breadth{
rst order, thus we could chooseto perform an intersection with X after nding
ead additional setof statesN 9, and stop assoon asN ¢4(S™ )\ X 6 ;. Overall,
we would then have explored only fi : (i) g, which might be a strict subset
of the ertire state spaceS. However, two obsenations are in order. First, while
this \optimization" managesfewer states it may well require many more nodes
in the symbolic represenation: decisiondiagrams are quite courter{in tuitiv e in
this respect. Second,in many veri cation applications, the statesin X satisfy
someproperty, e.g.,\b eing a deadlock”, and they can only be reached in some
obscureand tortuous way, sothat the minimum distance to any state in X is
in practice close,if not equal, to the maximum distance to any of the states
in S.

The advantage of our approad is that, while it must explore the ertire S, it
can do so using the idea of saturation, thus the resulting decisiondiagrams are



Table 1: Comparison of the v e approaches(\|" means\out of memory").

Time Numb er of nodes
N iSj (in seconds) nal peak
Es [Eb[Mp[ As [ Ay |EsEp[ Mp [AsAp][ Es [ Epb [Mp JAs [ Ap

Dining philosophers: D = 2N, K = dN=2e, jSxj= 34 for all k exceptjS1j= 8 when N is odd

5/ 13103 0.000.01j0.01] 0.01] 0.03 11] 83 38 11 155 172] 48 434
10 19108 0.010.060.05 0.12] 0.46] 21| 255 170 21| 605 644 238 4022
20| 3.510'2| 0.01/0.34/0.28| 1.64] 9.00| 46| 1100 740 46| 2990 3079 1163 38942
25 4.7 10'5 0.01/0.59(0.47| 4.09 26.08] 61| 1893 1178 61| 5215 5334| 1958 79674
30| 6.410'8 0.020.860.70| 7.39| 56.80| 71| 2545 1710 71| 7225 7364| 2788 140262

100009.2 10526| 0.48 | | | | | | 2496 | | | 2496 | [ | |

Kanban system: D = 14N, K = 4, jSyj= (N + 3)(N + 2)(N + 1)=6 for all k

3] 5.810% 0.010.020.02] 0.04] 0.17] 7] 180] 68 29 454] 464] 284] 3133
5/ 25108 0.020.14/0.12| 0.24| 1.55 9| 444 133 57| 1132 1156 776 13241
7| 4.2107| 0.040.51/0.42| 0.94 7.79] 11| 848 218 93| 2112 2166 1600 35741
10 1.010° 0.162.10/1.68 4.68 48.86 14| 1673 383 162| 4041 4160 3616 98843
12| 55109 0.34/4.34)3.45(11.08129.46 16| 2368 518/ 218 5633 5805 5585 165938
50| 1.0 1016|179.48 | | | | | 58 | | | 2802 | | | |

Flex. manuf. syst.: D = 14N, K = 19, jSkj= N + 1 for all k except jS17j= 4;]S12)= 3;]S2j= 2

3[ 4.910% 0.000.1200.09 0.26] 1.58] 88] 1925 1191] 116 5002 5187 2075 37657
5| 2.9106| 0.01/0.42/0.34 0.88 11.78 149| 5640 2989 211/15205/15693 4903 179577
7| 6.6107| 0.02/1.05/0.85 2.08| 65.32 22212070 5739 3263280533761 9027| 523223
10, 2.510° 0.04/2.96/2.40| 5.79/608.92 3542822511894 536|7667678649 178851681625
140 2.010%3| 20.03 | | | | | 32012 | | [52864 | | | |

Round{robin mutex protocol: D=8N 6, K =N+ 1, jSj= 10 for all k exceptjS1j=N+1

10] 2.310% 0.010.06[0.05] 0.22] 0.50] 92 1038 1123 107] 1898 1948 1210 9245
15/ 1.1105 0.01/0.150.14| 1.00, 2.93 177 2578 3136 212| 4774 4885 3308 34897
20| 4.7107| 0.020.32|0.31] 3.10| 12.62| 287| 4968 6619 322| 9270 9467| 6901| 92140
25| 1.810% 0.030.590.54 7.89| 52.29 422 833311947 477|15636/15944|12364) 198839
30 7.210%0 0.05/0.950.8916.04/224.83 582/1279819495 637|24122/24566(20072 376609
200 7.210%2| 1.63 | | | | | 20897 | | 21292 | [ [ |

built much more e cien tly and require much lessmemory than with breadth{

rst approacdes. The following section con rms this, focusing on the rst and
expensive phaseof trace generation,the computation of the distanceinformation,

sincethe backtracking phasehasnegligible costin comparisonand is in any case
essetially required by any approad.

5 Results

To stressthe importance of using a saturation{based approac, we comparethe
three typesof encadings for the distancefunction we have discussed EV * MDDs,
forestsof MDDs, and ADDs, in conjunction with two iteration strategies,based
on breadth{ rst and saturation, respectively (seeTable 1). Sinceonly breadth{
rst is applicablein the caseof forestsof MDDs, this leadsto v ecasesEV* MDD
with saturation (Es), EV*MDD with breadth{rst (Ej), forest of MDDs with
breadth{rst (M), ADD with saturation (As), and ADD with breadth{rst

(Ap). Note that only My and A, have beenusedin the literature before, while



Es and E,, useour new data structure and Ag (which we cannot discussin detalil
for lack of space)applies the idea of saturation to ADDs, thusit is also a new
approad.

We implemerted the v e algorithms (their MDD, not BDD, version) in our
tool SMART [8] and usedthem to generatethe distance function for the ertire
state space.The suite of examplesis chosenfrom the samebencmark we usedin
[10]; each model is scalableby a parameter N . All experiments wereran on a 800
MHz Pertium 111 workstation with 1GB of memory. For eadh model, we list the
maximum distance D, the number K of levelsin the decisiondiagram, and the
sizesof the local state spacesFor eat experiment we list the maximum distance
to a reachable state, which is also the number of iterations in the breadth{ rst
approades, the runtime, and the number of nodes (both nal and peak).

In terms of runtime, there is a clear order: Es < E, < Mp < As < Ap, With
Es easily managing much larger systems;Es; Ep, < My < As; Ap clearly attests
to the e ectiv enessof the data structures, while Es < E, and Ag < Ay attest to
the improvemerts obtainable with saturation{based approades.

With EV*MDDs, in particular with Eg, we can scaleup the modelsto huge
parameters.The other two data structures do not scaleup nearly aswell and run
out of memory. In terms of memory consumption: Es < Ag < E, Mp < Ap
for the peak number of nodes, while Es = Ep, < Ag = A, My for the nal
number of nodes. The key obsenation is that Eg substartially outperforms all
other methods. Comparedto Ay, it is over 1,000times faster and usesfewer peak
nodes, also by a factor of 1,000.

6 Conclusion

We introduced EV*MDDs, a new canonicalvariation of EVBBDs, which canbe
usedto store the state spaceof a model and the distance of every state form
the initial set of states within a single decisiondiagram. A key cortribution is
that we extend the saturation approac we previously intro ducedfor state{space
generationalone,and apply it to this data{structure, resulting in a very fast and
memory{e cien t algorithm for joint state{space and distance generation.

One conclusion of our researt is a clear con rmation of the e ectiv enessof
saturation asopposedto atraditional breadth{rst iteration, not just whenused
in conjunction with our EV*MDDs, but even with ADDs. A secondorthogonal
conclusionis that edge{valued decisiondiagramsin generalare much more suited
than ADDs to the task at hand, becausethey implicitly encade the possible
distance values, while ADDs have an explicit terminal node for eah possible
value, greatly reducing the degreeof node merging in the diagram.

Future work alongthesereseart lines includesexploring smarter cache man-
agemen policiesthat exploit properties of the involved operators (e.g., additiv-
ity), extending the ideato EU and E G operators (probably a major challenge),
comparing the performance of our method with that of non BDD{based tech-
niques (such asusing SAT solvers[4]), and investigate other elds of application
for EV*MDDs.
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