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Abstract

We present a new strategy for the allocation of requests in clustered web servers, based
on the size distribution of the requested documents. This strategy, EQUILOAD, manages to
achieve a balanced load to each of the back-end servers, and its parameters are obtained from
the analysis of a trace’s past data. To study its performance, we use phase-type distribution
fittings and solve the resulting models using a new solution method for M/PH/1 queues that
only requires solution of linear systems. The results show that EQUILOAD greatly outperforms
random allocation, performs comparably or better than the Shortest Remaining Processing Time
and Join Shortest Queue policies and maximizes cache hits at the back-end servers, therefore
behaving similarly to a “locality-aware” allocation policy, but at a very low implementation
cost.
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1 Introduction

The ubiquity and explosive growth of the World Wide Web presents many challenges to both re-
searchers and practitioners, as information and its location increasingly determine the performance
perceived by each individual user. The type of information (i.e., static data accessed with a simple
file fetch vs. dynamic data that must be reconstructed at each access) as well as rapid fluctuations
in the user demands imposed on a web server (e.g., special events such as the Olympic Games),
make system administration and capacity planning a remarkably difficult task.

To improve the throughput of a web site and alleviate the server bottleneck, researchers have
proposed clustering with a single-system image, that is, having multiple hosts behave like a single
host. Indeed, a distributed web server that appears as a single host to the user is currently the
most popular architecture and can be implemented at various levels: DNS-based, dispatcher-based
(at the network level), and server-based. These trends point towards the need for robust routing
algorithms that provide scalability, effective load balancing, and high availability in a constantly
changing environment. Yet, there is no consensus on how to achieve high performance and support

*This work was partially supported by National Science Foundation under grants EIA-9977030, and by the National
Aeronautics and Space Administration under Grant NAG-1-2168.



Front-end
D| spatcher

Arriving tasks Back-end Nodes

Figure 1: Model of a clustered web server.

the ever increasing and diverse workloads without manual tuning. Furthermore, there is increasing
evidence that the size of web documents, and accordingly their service demands, are governed by
heavy-tail distributions [2, 3, 4, 5]. As a consequence, load balancing strategies that perform well
under light-tail workloads become inadequate [15].

In this paper, we propose a new, easy-to-implement scheduling policy for a clustered web server,
whose abstraction is illustrated in Figure 1. With our new scheduling policy, called EQUILOAD, the
size of each incoming request determines the identity of the back-end server that will eventually
satisfy it. The front-end dispatcher does not directly consider any information regarding the load
of the individual back-end servers. Instead, an integral part of EQUILOAD is a distributed workload
characterization activity performed in the background by each back-end server. By continuously
monitoring all incoming workload, these servers can then periodically renegotiate their agreement
about the size of requests that will be allocated to them. To study the effectiveness of the rene-
gotiation activity performed by EQUILOAD, we fit the empirical distribution of the requests sizes
experienced so far by the back-end servers as a whole, using a phase-type probability distribution.
The result is one Markovian model of the M/G/1-type for each back-end server, which we can
solve extending the efficient analytic models we have previously devised [8, 9, 26], to provide a fast
analytical /numerical solution.

Our policy is inspired by previous work on size-based policies that advocate allocating incoming
tasks to the back-end servers based solely on the task’s size [14, 26], however, it is unique in that
it is parametrized in such a way to present the same load to each back-end server. We evaluate the
proposed policy via both analysis and trace-driven simulation, using real trace data showing the
file size distribution for all requests to the 1998 World Soccer Cup Web Site.

Our contributions are two-fold. First, we provide a methodology for detailed characterization of
web workloads, concentrating on fitting them with phase-type distributions that closely resemble
the original distribution, and we show how the resulting models have efficient numerical solutions.
We stress that this characterization can be done both off-line (i.e., on complete workload traces) and
on-line (i.e., using censoring that periodically examines the workload seen so far and accordingly
adjusting its fitting). Second, we propose a new size-based load balancing strategy for clustered
web servers, compare its performance with other policies and measure its effectiveness on a real
trace.

This paper is organized as follows. Section 2 summarizes related work. Section 3 introduces our load
balancing strategy. In Section 4 we present the workload and the various steps we follow to obtain



a phase-type distribution that closely approximates it. In Section 5 we give an quick overview of
ETAQA, the fast numerical solution method we use for our M/G/1-type models, and we extend
it to general M/PH/1 queues. Section 6 presents detailed comparisons of the performance of our
proposed load balancing policy with other policies from the literature. Section 7 concludes the
paper and outlines future work.

2 Related work

In a typical clustered web server system, URL requests arrive to a front-end system responsible for
dispatching them to the back-end nodes [10, 14, 23]. This happens according to a task scheduling
policy that aims at optimizing some measure quality-of-service, such as minimizing the expected
response time. Identifying the “best” server to which assign each request requires detailed infor-
mation about the distribution of the service demands.

In the past two decades, there has been a significant research effort in task scheduling and load
balancing (see [15] and references therein). The basic assumption in much of this work is that the
service demands of the various tasks are governed by an exponential distribution. In contrast to
the above assumption, however, there is very strong evidence that the size of a web document,
and accordingly its service demand, is governed instead by heavy-tail distributions [2, 3, 4, 5].
This implies that, to minimize response time in such a multi-server system, “short” and “long”
jobs should be assigned to different queues [14, 15]. Under highly variable workloads, system
performance improves considerably if detailed information about the activity of each back-end
server is available to the front-end dispatcher [13]. In general-purpose computing systems, this
ideal workload partition is hard to achieve because the length of a job is known only a posteriori.
In web server systems, however, the size of the file corresponding to a given URL request is a good
characterization of the length of the job, so approaching this ideal is not out of the question: this
is the reason for the popularity of size-based policies for clustered web server systems [14].

However, a critical piece of information is normally missing: the contents of the RAM of each
server, before the request is routed to the particular server and at the time the request is actually
going to be served. This is fundamental, since the service time for a request can differ by over an
order of magnitude depending on whether the request can be fulfilled from the RAM’s contents, or
it requires disk access. For this reason, much work has been directed towards two related directions.
First, researchers have sought to characterize [1, 4] and then reproduce in synthetic traces [5, 7] the
locality of web references. Then, “locality-aware” allocation policies that exploit this knowledge in
the attempt to maximize cache hits have been proposed [6, 23].

3 EQuiLoAD: a new load balancing policy

Previous work on load balancing in a distributed server environment where task service times are
exponentially distributed highlights the need to direct tasks of “similar” size to the same server
to avoid the significant slowdowns that small tasks would experience when queued behind large
tasks [26, 15]. Knowing a priori the distribution of the incoming task sizes can be of great help.

Assuming that the number of back-end servers is N, our EQUILOAD policy requires partitioning



the possible request sizes into N intervals, [so = 0,s1), [s1,52), ..., [SN—1,SN = 00), so that
server ¢ will be responsible for satisfying requests of size between s;_; and s;. In practice, the
size corresponding to an incoming URL request might not be available to the front-end dispatcher,
but this problem can be solved using a two-stage allocation policy. First, the dispatcher assigns
each incoming request very quickly to one of the IV back-end servers using a simple policy such
as uniform random (or round-robin, which is even easier to implement in practice). Then, when
server 1 receives a request from the dispatcher, it looks up its size s and, if s;_1 < s < s;, it puts
the request in its queue, otherwise it reallocates it to the server j satisfying s;_1 < s < s; (of
course any request server i receives from another server is instead enqueued immediately, since it
is guaranteed to be in the correct size range).

Letting the back-end servers reallocate requests among themselves is very sensible, since the size
information is certainly available to them. The potential advantages of such a policy are clear:

e Partitioning the workload into N class sizes and assigning each to a different server maximizes
the homogeneity of request sizes within each queue, thus improves the overall response time.

e The dispatcher does not need to be aware of the sizes of the incoming requests, nor of the
load of each back-end server.

e Requests must be reallocated at most once; indeed, if the dispatcher uses a simple random or

round-robin allocation, the probability that a request must be reallocated is exactly %

e Except for the small reallocation overhead, no server’s work is wasted.

e The cache behavior is guaranteed to be close to optimal, since requests for the same file are
assigned to the same server.

but so are the challenges:

e The value of the N — 1 size boundaries s1, Ss,...,Sny_1 is critical, since it affects the load
seen by each server; the mechanism used to choose these boundaries must achieve the desired
performance goals, in our case, maintaining a similar expected queue length at each server.

e As the workload changes over time, we must dynamically readjust these boundaries, but the
cost for doing so must be small.

For the first challenge, the objective is to provide each back-end server with (approximately) the
same “load” by choosing the intervals [s;_1,s;) so that the requests routed to server i contribute
a fraction 1/N of the mean S of the distribution size. In other words, we seek to determine
$1,89,...,8N_1 such that, for 1 <i < N,

si 1 o S
/Silzr-dF(a:)NN/O m-dF(:E)—N,

where F'(x) is the CDF of the request sizes. Given an empirical request size distribution, that is,
a trace of R requests and their sizes, this can be accomplished in three passes:

1. first, we sort the request sizes in increasing order,



2. then, we compute the expected request size S (using sorted data improves numerical stability),

3. finally, we scan the sorted data and accumulate their sizes, recording the points s1, s2,...,sny_1
at which we reach a fraction %, %, ceey % of R-S.

The approach just described corresponds essentially to an off-line algorithm where the request size
distribution is a fixed input parameter. The second challenge can be instead seen as an on-line
problem, where the stream of requests is at the same time to be allocated according to the current
values of the N—1 boundaries, but also used to determine their new values. We then need to devise
a strategy where, these boundaries are periodically adjusted according to the overall request size
distribution seen so far. In this work we simply hint at a few possibilities, and report data on the
cost incurred when the boundaries are not properly adjusted.

4 The workload

The workload used in our analysis is obtained from real web server traces. Since we evaluate different
load balancing policies using analytic techniques, we fit the data using phase-type distributions. In
this section, we describe the workload used and the fitting steps.

We obtained workload traces of the 1998 World Soccer Cup Web site!. The server for this site was
composed of 30 low-latency platforms distributed across four physical locations. Client requests
were dispatched to a location via a Cisco Distributed Director, and each location was responsible
for load balancing incoming requests among its available servers.

The traces provide information about each request received by each server. For each request the
following information is recorded: the IP address of the client issuing the request, the date and
time of the request, the URL requested, the HT'TP response status code, and the content length (in
bytes) of the transferred document. Trace data were collected for each day during the total period
of time that the web server was operational. Since the focus of this work is on load balancing
irrespective of possible caching policies at the server, we only extract the content length of the
transfered document from each trace record, assuming that the service time of each request is a
function of the size of the requested document.

4.1 Fitting

Recall that our policy must identify the boundaries of the request sizes assigned to each server, and
it does this by partitioning the set of possible sizes, from 0 to oo, into N disjoint intervals, so that
the same load is seen by all servers. Since we intend to study our policy using analytical models, we
then need to fit our real trace data using phase-type distributions. In particular, the data falling
into each interval is fitted into a phase-type distribution, then we probabilistically merge the N
fittings, resulting in a distribution that is still phase-type, since it is a mixture of hypo-exponential
(possibly Erlang) and hyper-exponential distributions [16]. The idea is illustrated in Fig. 2, where
the vertical bars correspond to the empirical data (appropriately discretized into bins) which, since

! Available at http: //researchsmp2.cc.vt.edu/cgi-bin/reposit/search.pl?details=YES&detailsoffset=135.
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Figure 2: Fitting N = 4 intervals of the size distribution with individual phase-type distributions.

we assume N = 4, is fitted with four phase-type distributions over the four different ranges of
data?.

Given a choice for an interval’s boundaries, we consider the contribution of each discrete bin falling
in the interval, and compute the mean and variance of the distribution, hence the the coefficient
of variation. Then, according to whether this coefficient of variation is greater or smaller than
one, we fit the data in the interval with a hyper-exponential or a hypo-exponential distribution
using the method of moments (see the Newton-Raphson algorithm in [27]). To illustrate the fitting
methodology, we selected a random date for the 1998 World Soccer Cup (day 57). Figure 3 shows
the phase-type distribution resulting form the probabilistic merging of the individual four fittings;
of those, the first one is a two-stage hyper-exponential, while the other three are hypo-exponential,
with the last one very close to an Erlang (the numbers written inside each stage are the rates of the
corresponding exponential distributions, while those on the arcs describe probabilistic splittings).
To assess the quality of the overall phase-type fitting, we can consider Figure 4, which compares the
probability density function (pdf) and the cumulative distribution function (CDF) for the empirical
data and for our fitting. Even more importantly, we can consider Table 1, which shows how close
important measures, the expected queue length and slowdown (defined as the ratio of the response
time by the service time), are when computed using either the real vs. the fitted traffic (we assume a
single server system with exponential arrivals where the unit of time is the time required to service
a 1-byte request).

5 Analytic solution of M/PH/1 queues

Once we have characterized the load offered to each server using a phase-type distribution, we can
use analytic models to study the resulting performance. This is especially efficient because of the
potentially high variability present in the workload: although we do use trace-driven simulations
to verify our analytic models, we observe that the use of simulation can be prohibitively time-
consuming, especially if we want to obtain high-confidence measures related to the rare events
responsible for the heavy-tail aspects of the distribution. In the following, we present an overview

>This is different from [11], where data is also broken into subsets, but then each section is fitted to a simple
exponential distribution, and a hyper-exponential distribution is obtained when probabilistically merging back these
distributions.
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Figure 4: Comparing the empirical and fitted data: pdf (left) and CDF (right).

Arrival rate

Real data
(trace-driven simulation)

Fitted data
(analytical solution)

E[queue length| | E[slowdown] | E[queue length| | E[slowdown]
0.0000250 0.84 6.51 0.83 6.41
0.0000375 1.92 9.96 1.92 9.81
0.0000500 3.60 14.01 3.60 13.84
0.0000625 6.05 18.82 6.06 18.60
0.0000750 9.51 24.65 9.52 24.38
0.0000875 14.37 31.92 14.40 31.60
0.0001000 21.22 41.24 21.26 40.82
0.0001125 30.99 53.54 31.10 53.09
0.0001250 45.34 70.49 45.44 69.81
0.0001375 67.42 95.29 67.41 94.14
0.0001500 104.22 135.02 103.95 133.07

Table 1: Comparing the empirical and fitted data: performance results.




of classic techniques, and we introduce a new technique, for solving the class of queuing systems
that models the systems we consider.

5.1 Background: matrix analytic methods

Over the last two decades, considerable effort has been put into the development of matriz analytic
techniques [21, 22] for the exact analysis of a general and frequently encountered class of queuing
models. In these models, the embedded Markov chains are two-dimensional generalizations of
elementary GI/M/1 or M/G/1 queues [17]. In either case, the state space is partitioned into the
“boundary” states S0 = {3(10), A s$2)} and the “repetitive” sets of states SU) = {sgj), cel sg)},
for j > 1.

For GI/M/1-type and M/G/1-type Markov chains, the infinitesimal generator Q can be block-
partitioned, respectively, as:

L F o 0 0 o0 I, FO B@ RO @ RO
B L F 0 o0 0 B L FO FO® g6 p®
32 BO L F o 0 and 0 B L FO F® g6 ,
B® B@ BO L F 0 0 o0 B L FOH r®

where we use the letter “L”, “F”, and “B” according to whether the matrices describe “local”,
‘forward”, and “backward” transition rates, respectively, and we use a “”” for matrices related to
SO,

The matriz geometric approach [21] can be used to study GI/M/l-type processes. If () is the
stationary probability vector for states in S, we have:

Vi>1, AUt — zUOR = ... = ﬂ.(l)Rj’ ()

where R is the solution of the matrix equation F + RL + 33°; R¥!B(*) = 0. Tterative numerical
algorithms can be used to compute R. Then, we can write

A~ ~

L | F
{TF(O) ‘ 71'(1)} . [ % RF1B® ‘ L+Y%, RFB®) =0

which, together with the normalization condition 7(®1 4 (1) Zjoil R/~11 = 1, or, equivalently,
w0147 (I-R)~11 = 1, yields a unique solution for 7(?) and () (we let 0 and 1 be a row vector
or a matrix of 0’s, and a column vector of 1’s of the appropriate dimensions, respectively). For j > 2,
() can be obtained numerically from (1). More importantly, though, many useful performance
metrics such as expected system utilization, throughput, or queue length can be computed exactly
in explicit form from 7(®, 7 and R alone.

For the solution of M/G/1-type processes, several algorithms exist [12, 20, 22]. Here, we outline
one that provides a stable calculation for the values of 7w(?), the stationary probability vector for
states in SU). Using Ramaswami’s recursive formula [24] we have:

j—1
vi>1, o) =_ (,T(O)go) n Zw“)s(j—l)) s
=1



where SU) = 22 FOGHI, j > 1, and SV = Y2, FOGH, j >0 (letting F® = L), and G
is the solution of the matrix equation B + LG + 3772, FUGIt = 0.

Several iterative algorithms for the computation of G exist [12, 22], the most efficient being the
one based on Toeplitz matrices [20]. See [25] for cases where G can be explicitly defined and does
not require any calculation.

Given the above definition of 7() and the normalization condition, a unique vector w(® can be
obtained by solving the following system of m equations

-1
70 (fJ _ S(l)s(O)jB)<> 1 (Z g(j)) (Z S(j)) 1| =[0]1],
j=1 j=0

where the symbol “°” indicates that we discard one (any) column of the corresponding matrix,
since we added a column representing the normalization condition. Once 7(©) is known, we can
then iteratively compute w(@) for j = 1,2, ..., stopping when the accumulated probability mass is
close to one.

Both R and G have important probabilistic interpretations. G expresses the probability of first
entering SU~1) through each of its states, starting from each state S&). R records the expected
number of visits to each state in S, starting from each state in SU—Y before reentering SU—.

We are particularly interested in quasi-birth-death (QBD) Markov chains, which are the intersection
of the two previous cases, and whose infinitesimal generator Q can be block-partitioned as:

co @
owtH =
W Ho
HHo o
Moo o
coo o

We can solve QBD processes using the matrix-geometric method. In this case, R is solution of
the quadratic equation F + RL + R?B = 0 and can be obtained numerically using an iterative
procedure. Since QBD processes are also a special case of M/G/1-type processes, we can also
consider the matrix G [18], solution of B+ LG +FG? = 0. Then, the relation R = —F(L+FG) ™!
holds [18, pages 137-8], from which we can derive the fundamental equality

RB = FG. (3)

5.2 ETAQA

We introduced the ETAQA approach first for the solution of QBD models [9], then extended for
the more general M/G/1-type case [8]. The advantages of ETAQA are its simplicity and efficiency,
as it is derived from first principles using the classic Chapman-Kolmogorov [17] equations that
relate the flow into and out of each state in equilibrium. Other explicit solution techniques in the
literature [28] for the type of chains we consider calculate the stationary probabilities using recursion
(i.e., once we know the stationary probability of the states in S (@), we can obtain the stationary
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Figure 5: Aggregation of an infinite S into a finite number of states.

probability of the states in SUTY and so on). Our method differs in that we do not evaluate the
probability of all states in the chain, rather we compute the aggregate probability distribution for
the repetitive portions of the chain. If this repetitive portion is composed of multiple subchains,
we compute the aggregate probabilities of each infinite subchain in the system.

As introduced in [8, 9], ETAQA imposes no restriction on the structure of L and F, they can be
completely general, but B must instead have a special structure: only one of its columns (which
by convention we number last, n), can contain nonzero entries. This effectively means that all
transitions from S to SU~Y are restricted to go to 37(~;j _1). When this condition holds (and
we demonstrated several practical applications where it does in [8, 9]), it is possible to derive a
system of m + 2n independent linear equations in 7@, (), and w®*), a new vector of n unknowns
representing the stationary probability of being in the sets of states R; = {SZ(-J ) j > 2}, for
i=1,...,n, e, 7 = Z;”;Q w0, Fig. 5 illustrates how this approach can be thought of as
aggregating the states of R; into a single macro-state.

The following theorem formalizes the above ideas and shows how to apply them to specific classes
of CTMCs.

Theorem 5.1 Consider an M/G/1-type process with with infinitesimal generator Q
and such that the first n — 1 columns of B are null, By, 1.,—1 = 0. Assume that the
infinite sets of matrices {F() : j > 1} and {FJ : j > 1} are summable and that, in
particular, they can be expressed as FU) = AJ1F and FU) = AJ-1F, for 7 > 1, where
A and A are nonnegative diagonal matrices with elements strictly less than one. If
T = [71'(0), ), 7@ ] is the stationary probability vector of the process, the system

of linear equations xM = [1, 0], where M € R 2> (m+21) ig defined as follows:

1 ]j" Fsgn,l:nfl (A(I - A)ilﬁ)lzn,l:n—l A(I — A>72]§‘1
M = 1 B Ll;nJ:n—l ((I - A)ilF)liTl,llTL—l (I - A)72F1
1/0 0 ((IiA)_lFWLL)l:n,l:nfl ((I*A)_QF*B)l

admits a unique solution x = [7(®), 7N 7)) where 7(*) = 3222, 7 (),

Proof: See [8], or [9] for a version of this theorem restricted to QBD processes.

ETAQA provides excellent computational and storage savings in comparison to the classic ap-
proaches; we point the interested reader to [8] and [9] for a detailed discussion.
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5.3 Extending ETAQA to M/PH/1 queues

In the special case of M/PH/1 queues, the infinitesimal generator has a peculiar structure, and
we now show how our ETAQA solution approach can be extended to solve them, even if there are

multiple return states from SU) to SU=1, that is, B contains multiple nonzero columns®.

The service time of an M/PH/1 queue can be characterized as the time to absorption in a CTMC
with state space 7 U {a}, where 7 is a set of n transient states and {a} is the unique absorbing
state. The infinitesimal generator of this absorbing CTMC is

P7 | u
P_[O 0

and its initial probability vector is [3| 0], with 3 € R".

If the arrival rate to the M/PH/1 queue is A, the CTMC modeling this queue has then a QBD
form with L = P7, F = A, and B = pu83. In other words, unless the phase-type distribution of
the service time is such that the absorbing CTMC starts in a given state of 7 with probability
one (i.e., exactly one entry in 3 equals one, while all others are zero, as is the case in an Erlang
distribution), multiple, and possibly all, columns in B are nonzero, thus ETAQA cannot be applied
as stated in [8, 9]. However, B still has a very special form: its columns are all proportional to the
vector p, where the proportionality constants are given by the entries in 3, which of course sum to
one.

Since 81 = 1 and B = p3, Ramaswami and Latouche showed that G can be explicitly obtained
as G = 13 [25]. This is a very important result which greatly facilitates the computation of the
exact stationary probabilities of the M/PH/1 queue.

Consider the equation wQ = 0 for a QBD process, which can be written as

O L + 7B 0
7OF + 720L + 7@ B = o
T F + 7@ L + 70 B = 0 . (4)
7D F + 7#O0L + #®WB = 0

If we sum all row blocks in Eq. (4) from the third one on, we obtain
Z aUF + Z UL + Z =B =0,
j=1 j=2 j=3

which we can rewrite as
aVF - 72®B+ 7B+ L+F) =0, (5)

where 7w(*) = PO 7). Then, using now Eq. (1) and (3), we obtain

Vji>1, #UtUB = x0)RB = nU)FG,

3An earlier version of this result appeared in [26], where we were only interested in the special case of hyper-
exponential service times, which can arise when fitting a heavy-tail distribution.
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which, summed over all j > 1 gives
7B = 7VWFG + ¥ . FG,

or
B -FG) =7VFG = #RB = #?B.

Using this last equality, we can then substitute 7w(*)(B — FG) for 7(¥ B in both the second row
block of Eq. (4) and in Eq. (5), and obtain, respectively,

A

7OF + z0L + 7B - FG) =0

and
aVF 4+ 7 (L+F+FG) =0,

which, together with the first row block of Eq. (4), provides a new system of m + 2n equations in
7@ 7 and #®). Written in matrix form, this system is:

L F 0
(7020 =0] | T8 L F —[0]o0]o0]. (6)
0 |B—FG|L+F+FG
X

The following theorem states that the rank of X is m + 2n — 1, implying that (6) contains enough
information to compute 7@, 71 and 7#®*), once we also take into account the normalization
constraint

@14+ 701 7M1 =1,

Theorem 5.2 Given an ergodic CTMC with infinitesimal generator Q having the
structure shown in (2), the rank of matrix X defined in (6) is m + 2n — 1.

Proof. To show that the rank of X is m + 2n — 1, we use the (infinite) column vectors
shown in Figure 6. The blocks labeled V(@ V1) are simply the original blocks of
(2), and we know the corresponding infinite set of column vectors has a defect of one,
that is, if we discard any one column, the rest is a infinite set of linearly independent
vectors. The blocks labeled W®),| W& are obtained as WU) = Zfij v, for
j > 3. The blocks labeled Y®), Y®) . are obtained as YU = WU@G, for j > 3,
this can be seen by observing that (i) (L + F)G = LG + FG = LG + FG? = —-B,
where the second to the last step is due to the fact that G2 = G(18) = (G1)8 =
18 = G and the last step is due to the fact that B + LG + FG2? = 0, and that (ii)
(B+L+F)G=(B+L+F)18 =08 =0, since the rows of B+ L + F sum to zero.
Finally, Z() = V() — 522, Y0 and Z®) = V@ 4+ WO 4 37, Y0,

The row sums of the m+2n column vectors described by the matrix X’ = [V(O) ‘ yAD) ’ Z(Q)}

are zero, hence the rank of X’ at most equals m + 2n — 1. To show that the rank is
exactly equal to m + 2n — 1, we simply need to recall that the defect of the Q is one,
and observe that X’ can be expressed as the sum of [V(O)‘V(l)’ V(z)} with a matrix
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Figure 6: The blocks of column vectors used in our proof.

whose columns are a linear combination of vectors in VU) for j > 3, but not in V(©),
v v@,
Since all row blocks of X’ except the first two are the same, the rank of the first three

row blocks of X', that is, the rank of X, is clearly equal to the rank of X', thus the
theorem is proven. O

We observe that, even if matrix X has rows that sum to zero, we cannot conclude that it is an
infinitesimal generator, because the bottom block of its middle column, B — FG, is not guaranteed
to be non-negative in general. We also stress that, in the special case of M/PH/1 queues, we can
explicitly obtain G as 13. Indeed, we only need to store the vector 3 to fully capture G.

5.4 Measures of interest

From just the three vectors 7@, 71 and #® we can then compute any measure of interest r
that can be written as

r = 7 p0 7)) 43 )0 )

(where p(j) is a column vector expressing the reward rates for the states in SU )), provided that the
reward rate of state s( 2 ,for j >2andi=1,...,n,is a polynomial of degree k in j with arbitrary

[ [l alFl.

coefficients a; ", a; ", ..., a;

Vi>2 Vie{l,2,....n}, pP=a" +al"j+ . +alsk
This includes a very rich class of measures which includes, for example any moment of the system

queue length.

Since @ p® and 7w p(1) are trivially computable, we only need to focus on the computation of
the summation in Eq. (7):

o0

Z 00 = i (a4 alt)j 4 4 2l
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- Z w(Dalll Zjﬂ-(j)a[l] R ijﬂ-(j)a[k]
=2 =2 =2

where rl!l = P jle for 1 =0,... k.

To compute these vectors, observe that rl% is simply 7#(*) while, for & > 0, rl¥l can be computed
after having obtained rl!l for 0 < 1 < k, by solving the system of n linear equations:

rM(B+L+F)° = b° ()
rl¥l (F-B)1 = ¢
where
~ k k
b = - (zkﬁ@ S EEUNOI O Ny ( l ) CRE L)>
=1
"k

¢ = —2bx(WF1 - Z < I ) AU O |

=1

This was shown in [9] for the case where B contains a single nonzero column, but the derivation is
valid also in the more general case we are considering, so we only outline the idea here. We obtain
equation rkl (B + L + F) = b by multiplying the second row block in Eq. 4 by 2¥, the third row
block by 3%, and so on, and then summing them. We obtain equation r!*! (F—B)1 = ¢ by summing
the equations #U"VF1 = 7#()B1, which express the flow balance between SU~1 and S, for
j > 2, after having multiplied them by j*. The only difference from [9] is that, to ensure that the
linear system of Eq. 8 has a unique solution, we now need to show that [(B +L + F)°| (F — B)1]
has full rank. This is true because (B + L + F) is an infinitesimal generator with rank n — 1, thus
has a unique stationary probability vector ~ satisfying v(B + L + F) = 0. However, this same
vector must satisfy yB1 > 4F1 to ensure that the QBD process has a positive drift toward S,
thus is ergodic, hence y(F — B)1 < 0, which shows that (F — B)1 cannot be possibly obtained
as a linear combinations of columns of (B + L + F). In other words, if we discard any column of
(B + L+ F) and replace it with (F — B)1, the rank of the resulting matrix must be n.

To conclude this section, we stress that, to compute the k" moment of the queue length we must
then solve k linear systems in n unknowns each and, in particular, the expected queue length is
obtained by solving just one linear system in n unknowns.

6 Results

We consider the following model of a distributed server environment. We assume a fixed number
N of servers with the same processing power, each serving tasks in first-come-first-serve order. We
further assume that each server has an unbounded queue. Tasks arrive to the dispatcher from the
outside world according to a Poisson process. To evaluate the behavior of the EQUILOAD policy,
we first compare its performance with a Random policy where the dispatcher has no knowledge
about the load of the back-end server and assigns each incoming job to a randomly selected server
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with probability 1/N. We also compare EQUILOAD with the Shortest Remaining Processing Time
(SRPT) policy, which has been shown to handle well both highly variable workload and heavy
overall system load, and the Join Shortest Queue (JSQ) policy, which handles the load of the
system reasonably well [29, 30]. We demonstrate that EQUILOAD is, by its nature, a good choice
to maximize cache hits at the back-end servers and compare its performance with LARD [23],
a “locality-aware” load balancing policy in clustered web-servers. We conclude this section by
commenting on the sensitivity of EQUILOAD to the dynamic workload behavior.

6.1 Workload variability

As our purpose is to analyze load balancing policies according to workload variability, we use a
synthetic workload that resembles significantly the one observed in the World Cup workload traces.
We note that in previous works [2, 26] it has been demonstrated that each day of the trace data
can be fit into a lognormal distribution using the method of maximum likelihood estimators. Here
we selected a random day of the workload, namely day 57, and first fitted the data into a lognormal
distribution. Then, the workload’s probability distribution function (p.d.f) is given by:

1 —(Inz —a)?
T = fa/an P <2b>

We compute b > 0 (i.e., the shape parameter), and a € (—o0,00) (i.e., the scale parameter) using
the maximum likelihood estimators [19]:

1
2?21 ln Xz lA) . ?:1(lnXi — &)2 2
n ’ N n

a =

where X, for 1 < i < n, are the sample data.

By changing simultaneously both the a and b parameters of a lognormal distribution, we change
both the scale and shape of the distribution so as to change the variance of the distribution while at
the same type keeping its mean constant (and equal to the mean of day 57, i.e., 3,629 bytes. This
way, we can change the impact of the workload variability to the performance of load balancing
policies. Figure 7 illustrates how the CDF of the distribution changes when we change the workload
variability.

6.2 Comparison of EQUILOAD and the Random policy

We first consider the performance of the Random policy, under the synthetic workload described
in the previous subsection, recalling that one of the curves in Figure 7 corresponds to the actual
fitted data from day 57 from the World Cup 98 trace data. In all cases, we assume that the overall
arrival rate to the dispatcher is A, and that there are four back-end servers. Thus, the arrival rate
to each individual server with the random policy is A/4. All graphs presented here are obtained
analytically. We note that whenever possible, i.e., for the case of day 57, the analytic performance
measures were also validated with trace driven simulation and shown to be in excellent agreement.

The expected system queue length for the Random policy as a function of the workload arrival in-
tensity is illustrated in Figure 8(a). Although the system saturates at the same value of \ regardless
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Figure 7: Shape of the CDF when changing the variability of the lognormal portion of the workload.

of the workload choice (recall that all workloads have the same mean task size), the expected queue
length differs dramatically from workload to workload, especially in the range of medium-to-high
system utilization. Figure 8(b) reports the same results as a function of the workload variability
for various arrival rates*. The figure further confirms that the higher the workload variability, the
more dramatic the expected queue build-up is. The expected task slowdown (not shown) closely
follows the observed behavior for system queue length.

We continue by comparing the expected queue build-up of the Random and EQUILOAD policies as
a function of the workload variability. We concentrate on performance figures for medium arrival
intensity into the system (Figure 9). In contrast to the Random policy, the expected queue length
with EQUILOAD does not increase as a function of the workload variability. EQUILOAD exhibits
a remarkable ability to select the size range boundaries for each server so as to keep the expected
queue build-up to a minimum, thus offers a simple and inexpensive solution that is significantly
better than the Random policy.

6.3 Comparison of EQuiLoAD, SRPT, and JSQ policies

To assess the performance of EQUILOAD with respect to workload variability and system load, we
compare it with the Shortest Remaining Processing Time (SRPT) and Join the Shortest Queue
(JSQ) load balancing policies. SRPT assigns each incoming request to the server that is expected
to finish first the requests already assigned to it. The dispatcher makes this assignment decision
based on detailed information about the completion time for each request in all servers of the
cluster. JSQ assigns each incoming request to the server with the shortest queue. In this policy,
the front-end dispatcher must know only the size of the waiting queue for each server in the cluster.
In a distributed environment, this policy handles system load well [29, 30].

4For presentation clarity, the z-axis of Figure 8(b) shows only the value of the b parameter of the lognormal
distribution for the workload but we remind the reader that a different value of b implies also a different value of a,
to keep the same mean task size across all workloads.

16



140 T T T T T T T T 140 T T T T T T T

120 highest variability 120

100 100 highest arrival rate
= =3 I R=0.0006)
$ 80 $ 8o \
- S — lowest arrival rate
% 60 lowest variability % 60 (A =0.0001)
= =
O 4 O 40

20 20

| 1

0\
0.0001 0.0002 0.0003 0.0004 0.0005 0.0006

(@)

Figure 8: Average queue length of the Random policy as a function of the overall task arrival rate
A for workloads with high-to-low variance in their task service time (a), and expected queue length

Arrival Rate (\)

(b)

0
13 14 15 16 17 18 19 2 21

Workload Variability(b)

as a function of the workload variability b for various arrival rates of the workload (b).

(A=0.0004) (A=0.0006)
20 T T T T T T 90 T T T T T T
18 Random o 80 Random |
16 F EquiLoad --+-- EquiLoad --+--
70 N
% 14 - N % 60 - |
12 - N
6 5 50 |~ b
1 10+ — —
(O] O 40+ -
3 8f | §30* 7
O 6 7 04
al ] 20 - 1
2 = 10 _
0 frddor g 0 R e ahk SEREEE T NPT

08 1 12 14 16 18 2 22
@)

Workload Variability(b)

0.8 1 12 14 16 18 2 2.2
(b)

Workload Variability(b)

Figure 9: Average queue length of Random and EQUILOAD policies as a function of the workload
variability for medium arrival rate (A = 0.0004) and high arrival rate (A = 0.0006).

We compare EQUILOAD with SRPT and JSQ using simulation. Figure 10 illustrates the expected
queue length in each server of the cluster as function of workload variability, for a medium (A =
0.0004) or heavy (A = 0.0006) system load. The expected task slowdown (not shown) closely
follows the observed behavior for system queue length. SRPT handles well both the variability
of the workload and the load of the cluster. JSQ performs slightly worse than SRPT but it does
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Figure 10: Average queue length of SRPT, JSQ and EQUILOAD policies as a function of the
workload variability for medium arrival rate (A = 0.0004) and high arrival rate (A = 0.0006).

not require as much information to be available to the front-end dispatcher. When the workload
variability or the system load are not very high, both SRPT and JSQ perform slightly better than
EQUILOAD (the “jagged” EQUILOAD curve is an artifact of the workload fitting). In more critical
cases for the operation of the cluster, such as higher workload variability or higher system load,
EQUILOAD performs better than SRPT and JSQ (note the scale difference of the y-axis between
Figures 10(a) and 10(b)).

We conclude by observing that the performance of EQUILOAD is comparable to that of SRPT and
JSQ in non-critical cases, but substantially better in critical ones. Furthermore, EQUILOAD does
not require the front-end dispatcher to have any additional knowledge about the processing and
the load of each server in the cluster, while both SRPT and JSQ require the front-end dispatcher
to know in detail (SRPT even in more detail than JSQ) the status of operation for each server in
the cluster.

We conclude that EQUILOAD does not perform as well as SRPT or JSQ for lightly loaded system,
or low workload variability, because in these situations the servers assigned to “short” jobs are more
loaded than those assigned to “long” jobs: with low workload variability or system load, “long”
requests are infrequent.

6.4 EQUILOAD and its locality awareness
A fundamental property of EQUILOAD is that files within a specific size range are sent to the same

server. This increases the chances that a given request can be satisfied from the local cache, resulting
in a service time that is considerably less than when the requested file is not currently in the cache
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but only in the disk. In the previous sections, we assumed that files are always fetched from the
disk, i.e., that the service time of each request is linearly related to the actual file size. However, the
effect of local caching in load balancing of clustered web servers significantly affects performance.
LARD is a “locality-aware” scheduling policy that takes into consideration the cache contents of
the back-end servers [23] and offers significant performance advantages versus non locality-aware
policies.

By its nature, we expect the cache behavior of the back-end servers with EQUILOAD to be close to
optimal, since requests for the same file are assigned to the same server. To examine EQUILOAD’s
performance with respect to caching we adjust our simulation implementation and ensure that the
service time for each request is computed according to the storage location (cache or disk) from
where the requested file is fetched. We assume that the service time is two orders of magnitude
smaller if the file is fetched from cache instead of local disk. We stress that even in this version
of EQUILOAD the dispatcher does not require any information about the status of the back-end
servers.

For comparison, we simulate a LARD-like load balancing policy where the dispatcher knows the
cache contents of each server in the cluster and assigns each incoming request to the least-loaded
server that has already the requested file in its local cache, if there is one, otherwise to the least-
loaded server. To avoid the possibility of extreme load unbalances, if all servers that have the
requested file in their local cache are heavily loaded compared to those that don’t have it, the
dispatcher assigns the request to the server with the lightest load (more precisely, this happens
if the difference between the loads of the least-loaded server among those with the request in the
cache and the least-loaded server among those without the request in the cache exceeds a given
threshold T'). In our experiments, we use different values of the threshold T, to investigate the
values yielding the best performance.

The simulations run on a real trace, the day 57 of the World Soccer Cup. Figures 11(a), and
Figure 11(b), illustrate the average system queue length and the average system cache hit ratio
respectively, as function of arrival rate. > We note that EQUILOAD handles the increasing load in
the system very well and has the highest and constant cache hit ratio. EQUILOAD outperforms the
LARD-like policy for all threshold values T', and all system loads. The LARD-like policy, although
not as good as EQUILOAD, also performs well. The higher the values of threshold 7', the better
the performance of the system for high system loads, while for low system loads the smaller the
threshold values the better the performance. However, the LARD policy does not sustain a high
cache-hit ratio as the system load increases.

6.5 Behavior of EQUILOAD policy in a dynamic environment

We have established the fact that EQUILOAD is an effective policy for clustered web servers. It is
important to note that the effectiveness of EQUILOAD is related to the selection of the intervals
[si—1,8i), i.e., the range of request sizes allocated to server i. Our policy determines these intervals
so that the requests routed to each of the N servers contribute a fraction 1/N of the mean S of
the distribution size. The policy effectiveness is ultimately tied to determining appropriately these

®Note that the system can sustain higher arrival intensities comparing to the previous subsections. This is a direct
outcome of the fact that the service rates are much higher (by two orders of magnitude) if the file resides in cache
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Figure 11: Average queue length and cache hit-ratio of LARD-like and EQUILOAD policies as a
function of the arrival rate.

intervals. Given that there is clear evidence that the workload changes not just from day to day but
could also change from hour to hour, it becomes increasingly important to be able to dynamically
adjust the size intervals accepted by each server.

To assess the importance of selecting the appropriate endpoints for each of the s; intervals, we
selected six traces from the World Cup 1998 web site, each trace representing a distinct day. The
means of the distribution of each trace are equal to 2,995, 3,989, 5,145, 5,960, 7,027, and 8,126
bytes for days a, b, ¢, d, e, and f, respectively. Figure 12 illustrates the values of the s1, so, and s3
size boundaries of the four servers for the six days.

Figure 13 shows the system expected queue length as a function of the workload arrival intensity
for days b, ¢, d, and f. The solid curve in each graph (labeled “optimal”) corresponds to the queue
length curve when the optimal partitioning for the particular trace data is used as defined by the
EQUILOAD algorithm. Figures 13(a) and (b) show that if the computed intervals correspond to a
past portion of the trace that is close enough to the current portion then the expected behavior
is close to the optimal. If instead the computed intervals correspond to a trace portion with very
different behavior than the current portion (e.g., day f in comparison to days b and c), then the
system reaches saturation much faster. Since day f has a much higher mean than both days b and
c, its intervals are shifted towards the right and favor load unbalancing in each host’s queue.

Figures 13(c) concentrates on the queue build-up when the workload is day d and the policy
parameters are computed using the portion of the trace that corresponds to days a, c, e, f, the
trace that results when merging the trace portions of days a, b, and c, as well as the trace the that
results when merging the trace portions of days b and c. Under the assumption that day a strictly
precedes days b, that day b strictly precedes day c, and that day c strictly precedes day d, we see
that computing the policy parameters from the very immediate past (i.e., only day’s ¢ portion)
may be more beneficial than using a more extended past history. The same behavior is further
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confirmed in Figure 13(d). Overall, Figure 13 highlights the need for a dynamic on-line algorithm
that can intelligently adjust its parameters as a function of the current workload.

7 Conclusions

One of the main challenges in clustered web servers is devising an effective policy to allocate
requests to the back-end servers. Size-based policies have been proposed for this purpose, and the
one we presented, EQUILOAD, falls into this category. In its off-line version, our policy ensures
that the expected load experienced by each server, measured in “bytes to be transferred”, is the
same for each server, while, at the same time, it achieves the desirable goal of maintaining a high-
degree of homogeneity in the requests allocated to each distinct server. The performance gains
of EQUILOAD are clear especially when the cluster operates under high load or high variability
(two characteristics common to clustered web server). Furthermore, the front-end dispatcher of
the cluster is not required to maintain any information about the load, the operation, or the cache
status of the back-end servers. EQUILOAD performs equally to or better than some of the scheduling
policies shown to handle well the characteristics of web-related workloads.

However, web loads normally vary over time. Using actual traces, we show how, if the parameters
of our policy are computed based on a (past) portion of the trace, they might result in inferior
performance for another (future) portion of the same trace. This suggests the need to develop
an on-line version of our policy, which dynamically monitors the size distribution of the incoming
request load and adjusts itself to achieve optimal performance. We plan to work on this idea in the
near future.
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Figure 13: Average queue lengths for various size boundaries for days b, ¢, d, and e .

Our paper makes also a more theoretical contribution. Since the actual trace is partitioned into
disjoint size intervals by our policy, the data in each interval can be fitted to a phase-type dis-
tribution using the method of moments so that the resulting model for each back-end server is
an M/PH/1 queue. While such queues have well-known solution algorithms such as the matrix-
geometric method, we presented a new solution approach that is both simpler and more efficient,
where the computation of measures such as the expected queue length requires only the solution

of two linear systems.
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