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Abstract

Petri nets and Markovian Petri nets are excellert tools
for logic and performability system modeling. However,
the size of the underlying reachability set is a major
limitation in practice. One approach gaining attention
among researders is the use of structured represetta-
tions, which require us to decomposea net into, or com-
posea net from, subnets. This paper surveysthe state-
of-the-art in advancedtechniquesfor storing the read-
ability set and the transition rate matrix, with particu-
lar attention to the use of decisiondiagrams, Kronecker
represenations, and their interplay. The conclusion is
that, in most practical applications, it is now possibleto
generateand store enormousreadability setsfor logical
analysis, while the size of the probability vector being
sough is the main limitation when performing the exact
solution of the underlying Markov chain.

1 Intro duction

Stochastic Petri nets (SPNs) are an increasingly popular
formalism for describing and analyzing systems. This is
dueto the ability of SPNsto capture complexsystembe-
havior in a conciseway, while still allowing for precisere-
liabilit y and performancecomputations. An SPN is usu-
ally depicted graphically, and, under appropriate timing
and probabilistic assumptions,its underlying stochastic
processis a cortin uous-time Markov chain (CTMC) and
can be the subject of various typesof analysis. The pri-
mary dicult y of using SPNsto model large systemsis
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the well-known state explosion problem: the number of
statesin the underlying stochastic processof an SPN can
be extremely large, even for simple models.

Tedniquesfor dealing with the state explosion prob-
lem can typically be classi ed along three main lines.
First, there are techniques that exploit special char-
acteristics of the SPN to allow for an ecient solu-
tion. An excellert example of this kind of technique
is that of product-form SPNs[35). Unfortunately, these
techniques apply only to a restricted subset of SPNs.
Approximation techniques form another group of ap-
proaches [3, 11, 18 28]. These can be quite e ective,
asthey typically require a small fraction of the memory
and CPU time neededby exact techniques, at a cost of
an approximation error in the results. The two above ap-
proachesare not mutually exclusive: applying a product-
form technique to a non-product-form SPN may yield a
closeapproximation to the exact results [34].

The techniques we considerin this paper fall instead
under the broad category of \state space tolerance".
These use data structures and algorithms that attempt
to tolerate the large number of states of the SPN, and
can be applied to a wide range of models to yield exact
results. The main dicult y with state spacetolerance
is that of large memory requiremerts, as exact numer-
ical analysis requires the represenation of three large
objects: S, the set of reachable states; R, the transition
rate matrix of the underlying CTMC; and , the sta-
tionary probability vector to be computed (for brevity,
we focus on steady-state behavior of ergodic models).
Each of these could easily require an amourt of storage
in excessf the total memory available (including RAM,
disk space, and distributed shared memory). Clearly,
memory is of primary concern, as it limits the size of
problem that can be studied. However, memory-e cien t
techniques with excessie CPU requiremerts are of lit-
tle use. Thus we are faced with the challenge of nding
suitable represettations for S, R, and that are both
memory and CPU e cien t.

In this paper, we provide a survey of several techniques
for represening these structures e cien tly. After de n-



ing the essetial terminology and notation for SPNsand
their underlying readability set S and transition rate
matrix R (Sect. 2), we discussseweral techniquesfor the
storage of S and R (Sect. 3 and 4). Then, we discuss
how the choicesfor the storageof S and R in uence the
choice and e ciency of the solution algorithm (Sec.5).
We concludewith someremarks about the current state-
of-the-art and directions for future researd (Sec.6).

2 Background

We consider a general de nition of SPNs, which in-
cludesinhibitor arcs[2], transition guards,and marking-
dependert arc cardinalities [14] and transition rates.
Formally, a Petri netis a nite, directed, bipartite graph
cortaining the following.

An initial marking m[® 2 INJPJ,

Functons| : P T INPII IN,O:T P
INPI1T IN,andH :P T INPI1 IN[ fig to
describe the marking-dependert cardinalities of the
input, output, and inhibitor arcs.

Function g : T INPI I f0;1g to describe the
transition guards.
Functon : T INPJi I R to describe the

marking-dependert transition rates!.

A transition t is said to be enablel in marking m, if

gittm)=1 and 8p2 P; I(p;t;m) mp< H(p;t;m)

where mj, denotesthe number of tokensin place p in
marking m. An enabledtransition may r e, leading to

a new marking n, written m 1, given by

8p2P; np=mp I(p;t;m)+ O(t; p;m):

The readhability set S is then de ned asthe smallestset
cortaining m® and suc that, if m 2 S and m !' n,
then n 2 S aswell. We alsode ne a bijection :S'!

1g to index ead reachable marking. The

1For brevity, we focus on the case of exponentially distributed
ring times, so that a marking of the untimed Petri net corre-
sponds to a state of the underlying process. However, immediate
transitions that re in zerotime and phase-type distributions that
approximate general timing behavior can be used in practice with
any of the approaches we describe.

transition rate matrix R 2 IRISIIS | of the underlying
CTMC of the SPN has elemerts de ned by
X

RI( m); ( n)]=

gt:m!' n

(tm)

for all reachable markings m;n 2 S, m 6 n. The in-
nitesimal genemator matrix Q is de ned by

Q=R Diag(h) '= R Diag(R 1)

whereR 1 is a vector whoseelemers are the row sums
of R and Diag(x) is a matrix with x on the diagonal
and zerces elsewhere. Thus, Q is identical to R except
on the diagonal, which is set sothat the rows of Q sum
to zero. The ertries of vector h are the inverse of the
diagonal of Q and represern the expected holding times
in eadt state; it is customary to store h instead of the
diagonal ertries of Q, sincethesewould be usedonly as
divisors in many numerical solution algorithms. Finally,
2 IRISI is the stationary probability vector satisfying

Q=0:
Given a Petri net, we can partition its set of places

into K subsetsP = Py [ [ Py, eectively de ning
K subnets. Then, a marking m can be partitioned as

\lo cal" markings for ead subnet as
Sk=fmg:9n 2 S;nk = myg:
The set of potential markings is
S= s« Sy;

which is guaranteed to include all reachable markings.

As with S, we de ne abijection * : S! f0;:::;jSi 1g
to index eadt potential marking:
0 1
X( 1
I( Mg ;:ii;my) = @ k(M) ijjA
k=1 j=1
where | indexesthe local markings Sx. This is equiv-

alent to lexicographical ordering of the markings based
on the submarking indices.

We say a transition t a ects subnetk if its ring af-
fects or is aected by placesin Py (i.e., t has input,
output or inhibitor arcs connectedto a placein Py, or
has a marking-dependert arc cardinality or guard that
dependson a placein Py). The set of transitions that
a ect subnetk is denotedTy. If atransition a ects more
than onesubnet, it is said to be synchmonizing, otherwise
we sa it is local to subnetk. The set of synchronizing
transitions is Ts = ft 2 T : 9k;I;k 6 1"t 2 T\ T,g: The

SPN de nition.



3 State space storage

In someapplications such as software or hardware veri -
cation, analysisof the reachable markings is the primary
concern. For our case,the reacable markings corre-
spond to the states of the underlying CTMC. Thus, the
rst step in the analysis of an SPN is often the con-
struction of the set of reachable markings S. Indeed,
the discussionin this section can be made assumingan
untimed Petri net.

Se\eral data structures have beenproposedfor storing
S. The algorithm usedto generateS may depend on our
choice of data structure. Once S hasbeenbuilt, we may
wish to moveit into another data structure for long-term
storage, either due to di erent accessequiremerts after
generationor to consene memory. After generation, the
requiremerts of our data structure for S will depend on
the technique we use for CTMC represenation. If we
use straightforward sparsestorage for R, we require a
data structure for S that will allow us to perform two
operations e cien tly:

1. Givena potential marking m, determine either that
it is unreachable (m 2 S) or its index ( m) in S,
if m is reachable.

2. Givenanindex i 2 f0:::jSj 19, determine the
reachable marking with index i in S,  1(i).

The rst operation is usedto build R. The secondoper-
ation is usedto enumerate the markings for computation
of rewards once has beencomputed.

In the remainder of this section, we consider data
structures and algorithms for generation and storage of
S. For ead, we discussthe types of models the tech-
nigue can handle properly, the data structure useddur-
ing generation, the generation algorithm, and the nal
data structure usedoncethe set S is known.

3.1 Traditional

The most general algorithm we consider for generating
the set S is a straightforward breadth- rst seard. This
technique can be applied to any Petri net with a nite

reachability set. Algorithm 1 canbe usedto generateS.
If the set U is implemented as a queue (i.e., in line 4,
we pick the marking that has remained unexplored for
the longest amount of time), then Algorithm 1 follows
a breadth- rst seard. If the set U is implemerted as
a stack, then it follows a depth-rst seartr. The setR
holds the markings discovered so far, and will be equiv-
alert to S when the algorithm terminates. Sincewe add
a nite number of markings to R during ead iteration,

the algorithm will not terminate if S is in nite.

approac h

Generate(Rtri net M, Marking m©°)

1: U fm% Unexplaed markings
2R fmPOg Reachablemarkings
3: while U6 ; do
Pick an unexploed markingm 2 U
U Unfmg
for each transitiont 2 T do
if t is enabledin m then

Computen suchthat m ' n

if n 2R then
10: R RJ fng
11: U UJ[ fng
12: return R

© 0o NGO R

Algorithm 1: Traditional readability set generation.

To use Algorithm 1, we needan e cien t data struc-
ture for represening sets of markings, and also a com-
pact represeniation for a single marking. Conceptually,
we can store a single marking as an array of integers,
represeniing a marking of the Petri net. If the Petri net
corntains many places,it may be bene cial to store the
markings in sparseformat, where only the placesthat
contain tokens are represerted. The storage require-
merts of a single marking can be further reduced by
exploiting placeinvariants [12]. From now on, we ignore
the speci cs of storing a singlemarking, and assumethat
it simply requires somenumber of bits.

Looking at Algorithm 1, we seethat our data structure
for R must be able to e cien tly perform insertions (line
10) and seartes (line 9), and our data structure for U
must be able to e cien tly perform insertions (line 11)
and deletions (line 5). Since U is always a subset of
R, we can usea linked list or other simple structure to
designate the portion of R that corresppndsto U. A
thorough discussionof techniquesfor represening U can
be found in [15]. For the rest of the paper, we only
considerdata structures to represen R.

A possibledata structure for R is a hashingtable [22].
With it, we apply a hashingfunction h: S! f0::: M
1g to eadh marking to determine its location in an M -
elemen table. To use a hash table, we must choose h
carefully. If the hashtable has xed size,the size of M
is critical. In practice, dynamic hashingtables should be
usedto allow the table to grow over time.

Other commonly used structures for R are binary
seard trees[15]. Unlike hashtables, binary trees always
require memory proportional to the number of mark-
ings. To use a binary tree, the markings must be or-
dered accordingto sometotal order; lexicographic order
is normally used. To avoid the linear worst-casebehavior
of ordinary binary seard trees, somekind of balancing



strategy must be used. Examplesare AVL [1] and splay
[36] trees, which achieve balancethrough rotations.

After S has beengeneratedusing either a hash table
or a binary tree, we can copy the markings into an array
sorted according to the total order. Then, to determine
whether a given marking is reacable, we can simply
perform a binary seard. The position of the marking
in the array, if found, givesus the index of the marking.
Once the sorted array has been built, we can destroy
the hash table or binary tree. This represertation of S
requiresjSj bs memory, where b is the averagenumber
of bits required to encade eadr marking.

3.2 BDDs

A binary decision diagram (BDD) [26] is a directed,
acyclic graph usedto represen a boolean function f :
f0;1g" ! f0;1g. The graph consistsof terminal nodes
and non-terminal nodes. The terminal nodes represert
the constart functions 0 and 1, and are labeled accord-
ingly. Each non-terminal node represens some logic
function f, is labeled with a variable x, and contains
exactly two outgoing arcs, labeled 0 and 1, that point to
the cofactorsfy-o and fy-1 , respectively?.

An ordered BDD (OBDD) hasa total ordering on the
variables such that any path of the graph visits vari-
ables according to the total order. A reduced OBDD
(ROBDD) is of minimal size(i.e., it doesnot contain two
distinct nodes represerting the same function). ROB-
DDs are a canonical represertation: given a variable or-
dering, two logic functions f and g are equivalert i f
and g arerepresentied by the sameROBDD. Bryant [5, 6]
shaoved how ROBDDs canbe e cien tly manipulated. In
the following we use\BDD" to mean\R OBDD".

Pastor et al. [29, 30, 31] use BDDs for the generation
and storage of the readability set of a safe Petri net,
where eat place can cortain at most onetoken. In [31],
ead placeis consideredto be a boolean variable, and so
a set of markings S is equivalent to a logic function f,
m 2 S. Encodings more
sophisticated than one place per variable are discussed
in [29, 30]. The main result in [31] is that, givena BDD
encaling a set of markings X, we can compute the BDD
encading the set of markings ( X) reachable from X in
onetransition ring, wherethe operator s easily built
basedon the Petri net de nition. Algorithm 2 illustrates
the idea (the algorithm we shaow is a simpli ed version of
the onein [31]), wherethe setsO, R, and ( R) areall
encaded as BDDs. The number of iterations performed
by Algorithm 2 is boundedby the segquential depth of the

2A cofactor of a function f with respect to a variable x; is
fxize = T (Xn 0 X+ sCXi 151005 X).

Petri net (i.e., the maximum number of transition rings
required to reach a marking from the initial marking).
Thus, while ead iteration usually implies a substartial
computation, few iterations are usually required.

Generate(Saféetri net M, Marking m®)

1: 0 O : old reachabiliy set
22 R fml0g R : reachablemarkings so far
3. while R 6 O do

4. O R

5. R (R)[R

6: return R

Algorithm 2: A BDD-based procedureto generateS.

To seart for a marking m in our BDD encaling of S,
we traversethe BDD starting at the node represeiting
S. When we encourter a node labeled with variable
Xk, we follow the 1 arc if place px cortains a token in
marking m, otherwisewe follow the 0 arc. This cortinues
until we reach terminal node 1 (m 2 S) or 0 (m 62S).
We discussthe technique for determining the index of a
marking stored in a BDD in Sect. 3.6.

If the Petri net is not safe, that is, if place px can
contain up to ¢ > 1 tokens, two encadings have been
proposedin [31]: we either use a \one-hot" encaling
requiring ¢ boolean variables, at most one of which can
besetto 1 (they areall zeroif py is empty), or a standard
binary encading using log(c+ 1) variables. It should be
noted that the binary encading is not necessarilythe best
choice, even if it usesfewer variables.

3.3 Bit vectors

Another way to represert the setS for structured netsis
to specify which markingsin S arereachable. That is, we
usea bit vector [25] of sizejSj, wherethe bit in position
T m)is1li m 2 S. This approac is applicable only
if we can build the local reachability sets(or reasonable
supersets of them) a priori. To generate S, we use an
algorithm similar to Algorithm 1, with the unexplored
markings stored in a linked list. This requires exactly
i$j bits to store S, plus O(U logjSj) memory during
exploration, where U is the maximum size of the set of
unexplored markings U.

Oncethe setS is known, we generatean array of mark-
ings, where eath marking is represerted as an integer in
the rangef0:::jSj 1g, which is the potential index of
the marking; then, we can destroy the bit vector. This
potential index may exceedthe machine integer capa-
bilities. For instance, this happens on a machine with
32-bit integers, if jSj > 232. The array of potential in-
dices requires O(jSj logj$j) bits of storage. This nal



represertation of S is essetially the same as that de-
scribed at the end of Sect. 3.1.

3.4 Folded bit vector

The bit vector approac can be improved basedon the
following obsenation [7]. Considerarranging the bit vec-
tor of sizejSj represening S into a bit matrix with S j
rows, where row i corresponds to the reacable mark-
ings when subnet K is in local marking i (i.e., i is the
marking of the placesin Py ). If row i is identical to row
i, the \environment" of local marking i in subnetK is
identical to the ervironment of local marking j. That
is, the local markings that the other subnets can react
when subnetK is in local marking i is the sameaswhen
it is known to be in local marking j. In [7], Buchholz
usesthis property to mergelocal markings into \macro-
markings", where (conceptually) we only needto store
row i, not both rows. This technique is repeated for
ead subnet, not just subnet K. The result is a hier-
archical structuring of S, which has macro-markings at
the top level and actual markings at the bottom level.
The storage of the probability vector and the indexing
of reachable markings follow the sameidea.
Furthermore, [7] describes a technique to determine
some of the macro-markingsin a preprocessingstep to
reducethe memory requiremerts of S during generation.

3.5 Multi-lev el search structures

Another approac for represerting the reacability set
of a structured Petri net is to usea multi-lev el structure
[12, 15). At the top level of a K -level structure, we store
ead of the readhable local markings mg of subnet K,
along with a downward pointer to a (K 1)-level struc-
ture that represens the possiblelocal markings reach-
able in the other K 1 subnets when subnet K is in
local marking my . If the local reachability setscan be
generateda priori , we can usedownward pointer arrays
of sizejSkj at level k > 1, and bit arrays of size|S;j at
level 1. For an unreachable local marking we store either
a null pointer or a 0 bit at the appropriate position, oth-
erwisewe store a pointer to the next level or a 1 bit. An
example of this data structure is showvn in Fig. 1, where
we have a Petri net composedof three subnetswith lo-
cal reachability sets S; = fB;C;Dg, S; = fAE;lg,
and S; = fL; Ng. For clarity, null pointers and zerobits
are omitted from the gure (the meaningof the integers
immediately below the local markings will be explained
later).

If instead the local reachability setscannot be gener-
ated a priori , we can usetreesinstead of arrays to store
the reachable local markings, resulting in a multi-lev el

Level 3
Level 2
‘ Level 1
Level 3
Level 2
TENE .
IN[LINILINJLIN[LINILINILIN]  Level 1
o —

Figure 2: A compacted multi-lev el structure.

tree structure. Each node in the tree stores the local
marking, pointers to the left and right children, and, for
levels above 1, a downward pointer. Once S has been
generated,the treesin a multi-lev el structure can be re-
placedwith arrays (Fig. 2), thus eliminating the left and
right pointers. Dynamic arrays could be usedinstead of
trees during generation. This requiresto store size in-
formation alongwith the array; an attempt to read past
the end of an array returns a null pointer or 0 bit, while
an attempt to write past the end of an array requiresus
to enlargethe array.

level structure, we rst seart for mg in level K array
or tree. If found (and the downward pointer is not null),
we follow the downward pointer to alevel K 1 array or
tree. This cortinuesuntil either we fail to nd anon-null
pointer for my in the appropriate level k array or tree, in
which casethe marking is not reachable, or we nd m1
(with its bit set) in the appropriate level 1 array or tree,
in which casethe marking is reachable. For example,
the highlighted path in Fig. 1 or 2 corresponds to the
reachable marking (D;E;N). Inserting a new marking
is similar to seardiing, exceptthat we must createa new
array or tree whenewer we encourter a null pointer.



An important result from [15 is the concept of the
locality of a transition: it is possibleto determine from
the Petri net de nition which local markings are a ected
by a transition. In particular, the ring of transition t
does not change submarking my if t 2 Ty. Using this
information, we can start our searhesand insertions at
levels other than K in our multi-level structure. This
can save substartial computation, especially if trees are
usedand K is large. In our example, a seart for mark-
ing (D;E;L), immediately after having found marking
(D;E;N), can begin at level 1 instead of level 3.

Once S has been explored, there are two ways to
compute the index of a marking, depending on whether
sparseor full arrays are usedto store S. In the case
of sparsearrays, only the non-null pointers are stored
in the intermediate levels (along with indexing informa-
tion), and the indicesof the setbits are stored at level 1.
Sincethe number of set bits at level 1 is exactly equalto
the number of reachable markings, the level 1 indicesare
stored in an array of size|Sj, whoseelemerts are indices
of local markings for level 1 (i.e., they require dogjS;je
bits ead1). When we seard for a given marking m, the
position of my in the level 1 array givesus the index of
m in S, seeFig. 2.

In the caseof full arrays, we must instead assaiate an
integerindex to ead ertry of the level 1 booleanvectors:
if the bit is set, the assaiate integer will give us the in-
dex of the marking. Howewer, this requiresjSj dlogjSje
bits in the best case,when all bits at level 1 are set, and
even more if the many of those bits are not set. We can
somewhat improve the memory requiremerts by stor-
ing partial index information with ead reacable local
marking in ead node of the multilev el structure. The in-
tegersimmediately below the local markingsin Fig. 1 are
usedfor this purpose. For example,the path for marking
(D;E;N) contains the integers(8; 1;1), indicating that
8+ 1+ 1= 10reachable markings precede(D;E;N) in
lexicographicorder, i.e., (D;E;N) is the eleverth reac-
able marking. This reducesthe memory for the last level
from diogjSje to dogjS;je bits per state.

The main di erence betweenthe approacesin Figs.
1 and 2 is a memory-time tradeo. With full arrays,
ead local marking at ead level can be found immedi-
ately, so the index computation requires O(K) opera-
tions. With sparsearrays, a seard is required at ead
level, so the index computation requires O(logjSj) op-
erations, or O(log jSj) in the best case,when the seart
structure is perfectly balanced. Howewer, the sparsear-
ray useslessmemory, possibly much less,if many point-
ersare null and many bits are unset at level 1.

Level 3
Level 2
:LN
0 Level 1
1

Figure 3: A merged multi-lev el structure.

3.6 MDDs

In the multi-lev el example of Fig. 1, many of the level
1 arrays are identical. Instead of storing duplicates, we
can mergethem into a single copy. This processcan be
repeated in a bottom-up fashion to give us the merged
multi-lev el structure of Fig. 3.

As for the folded bit vector technique, we can perform
this merging after generating S. If we instead perform
the merging as often as possible, during generation of
S, then our approad is similar to the BDD method,
but is basedon multi-valued decisiondiagrams (MDDSs)
[37]. This is the idea behind the approac presered
in [27]. Maintaining a reduced MDD is both memory-
and time-e cien t, becausearge setsof markings can be
represerted and manipulated in a compact way.

In [27], a technique is preseried for generating S by
manipulating MDDs for Petri nets that have been par-
titioned sothat the following properties hold:

Local dependency for the arc cardinalities. The
cardinality of any input, output, or inhibitor arc
connectedto a placep 2 Py candepend only on the
local marking of Py.

Pro duct form for the transition guards. It must
be possibleto expressthe guard of a transition t
as the product of K local guards: g(t;m) = 1
&k (tmk)= =agq(tmg) =1

Theseproperties are required sothat the manipulations
to determine the enabling of a transition and the new
markings reached by ring a transition can be done by
chedking ead level of the MDD independertly.

In particular, the enabling of a transition local to
subnet k can be determined by cheding a single level
only. [27] exploits this property to devise an e cien t
technique for generating markings reached when local
transitions re, wherethe enabling, ring, and setunion



computations can be combined into a single operation.
Syndhronizing transitions instead require manipulating
MDD nodes at more than one level, and distinct op-
erations are neededto determine the set of markings
that enabletransition t, to compute the set of markings
readhed after t res, and to add those markings to S.
However, even in the caseof syndronizing transitions,
the idea of locality can be usedto improve performance.
For example, [27] usesthe knowledge that a transition
doesnot a ect levelsK through k + 1 to speedup com-
putation when visiting the nodesin those levels.

After S has beengenerated,we can seart for mark-
ings and determine their indicesin the sameway asthe
multi-lev el structure when full arrays are used[16] (as
shawvn in Fig. 3, exactly the samepatrtial index informa-
tion asin Fig. 1 is used).

BDDs are special casesof MDDs where the number
of possiblevaluesat every level is exactly two. Indeed,
the MDD technique of [27], when applied to a safePetri
net partitioned sud that ead subnet contains a single
place, computesthe sameBDD asthe BDD technique
described in [31]. Thus, the indexing technique used for
MDDs shown in Fig. 3 can also be usedfor BDDs.

The MDD just de ned can be implemented using, for
ead node, a full array (assuming we know the sizesof
the local reachability set Sy beforehand) or a dynamic
array or seart tree, with exactly the samememory-time
tradeo s discussedin the previous section. As MDDs
save much memory by not having duplicate nodes, how-
ever, it is often the casethat using full arrays is the best
option: the overall memory requiremerts are still small
anyway, and the time savings can be substartial.

4 Transition matrix storage

In this sectionwe discusstechniquesfor represerting the
transition rate matrix R of the underlying CTMC.

4.1 Traditional

The most straightforward approad is to store the ma-
trix R explicitly, in full or sparsestorage. Full storage
requires O(jSj%) memory; hence, it is rarely used, espe-
cially becauseR is usually extremely sparse,i.e., most
of its ertries are zero. Sparsetechniques [32] store eat
row or column of R as a linked list of nonzero ertries.
If we store R by columns, then we have jSj linked lists,
where eat elemer of list j storesa row index i and the
value of the nonzeroertry in position (i; j). If the num-
ber of nonzeroelemens (R) is known a priori, we can
instead usean array for the nonzeroertries, and store for
ead column the index of the rst nonzeroertry. Both

metho d

approades require only O( (R)) memory to represen
R. Another important reasonto usesparsestorageis to
reduce CPU time: vector-matrix multiplication requires
O(jSj?) oating point multiplications if R is stored in
full, but only O( (R)) with sparsestorage.

Chiola [13] usesa technique to reduce memory con-
sumption by storing an index into a oating point array,
instead of the oating point value itself, for eat nonzero
entry of R. If R contains d di erent valuesin its ertries,
this allows us to use dogde bits in ead ertry, instead
of the usual 32 or 64 bits required to store a oating
point number, at the expenseof an additional oating
point array of sized. Of course, this approad intro-
ducesoverheaddue to the additional indirection, and it
is bene cial memory-wiseonly whend (R).

If we usefull storagefor R, we could store the holding
time vector h on the diagonal, since the diagonal of R
is zero and is not used. If we use sparsestoragefor R,
the holding time vector h is best stored separately as a
full vector, sincenone of its ertries are zero.

4.2 Kronec ker plus state space

First, we recall the de nition of the Kronecker product
A = AK Al of K squarematrices AX 2 IR« Nk,
In the following, we use a xed mixed-base sequence

its mixed-basevalue:
0 1
X Ry 1
)N+ ip = @, nA:
k=1 j=1

( ((ik)nk

1+ ik 1)

Then, we can de ne the Kronecker product A as[19]

Al e niol = Al ikl Al
and the Kronecker sum as
M X

Ak: InK Ink+1 Ak lnk 1 Inl
k=1 k=1

wherel, isthe n n identity matrix.

The idea behind Kronecker approachesto SPN solu-
tion [9, 17, 21, 24 is to represen the transition rate ma-
trix R asthe submatrix corresponding to the reachable
portion of the matrix R 2 IRISii Si de ned by

X o N
R = wk+  RX (1)
t2T s k=1 k=1
where W K describes the e ect of synchronizing transi-

tion t on subnetk (WK = Ijs,; if t 2 T¢), while R¥ de-
scribesthe e ect of transitions local to subnet k. Thus,



we needto store only the matrices W ¥ and R, which
require a negligible amount of storagecomparedto R.
This approach is possible provided that, in addition
to the \lo cal dependencyfor the arc cardinalities" and
the \pro duct form form the transition guards" of Sect.
3.6, a third structural decomposition property holds:

Pro duct form for the rates. It must be possibleto
expressthe rate of atransition t asthe product of K
local functions: (t; m) = ¢ (t; mg) 1(t; myq).

We extend the concept of transition locality to include
the rate function: if (t; ) is not identically equalone,
thent 2 Ty.

Then, we can de ne the entries of WK and RK.
W K[i;j1= gt i) «(t; i) if t is locally enabledby local
marking i andits ring brings the placesin Py to the lo-
cal marking j ; otherwiseW £[i; j] = 0. This implies that,
under our assumption of no immediate transitions, W
has at most one nonzero entry per row. Analogously,
RTi; j] is the sumof ge(t;i)  «(t; i) over all transitions
local to subnetk which are enabledin i and whose ring
changesthe local marking to j.

As with traditional storage techniques, we must also
store either h or the diagonal elemens of Q. We can
still chooseto use a full vector of size jSj and store h
explicitly, for the best performance. Alternativ ely, we
can compute its ertries as needed[39] using a second
Kronecker expression,since the diagonal of Q is given
by the diagonal ertries corresponding to S in

X
Diag(W K 1) +
t2T s k=1 k=1

Diag(R* 1)

(i.e., we store vectors cortaining the row sumsfor eath
W K and Rk matrix instead of storing h).

Using a Kronecker represenation introduces two
sourcesof overhead. First, simply applying the de ni-
tion of Kronecker product has the potential of increas-
ing computational costs by a factor O(K), since eat
ertry of a matrix expressedas a Kronecker product is
obtained as the product of K real numbers. Second,
Eq. 1 describes R, not R; the indexing di erence be-
tweenthe two needsto be managedsomehav (more on
this in Sect. 5).

4.3 MTBDDs

An alternativ e technique for represerting R is to use
multi-terminal BDDs (MTBDDs), anextensionto BDDs
where the terminal nodes are not labeled with 0 and
1, but with real numbers. Thus, MTBDDs can encade
functions of the form f : f0;1g" ! IR. In particular,

R can be stored by the MTBDD encaling the function

tice, various encalings are usedfor i and j, and the func-
tion variables are usually \in terleaved"; [23] discusses
such issuesin detail.

Not unlike Chiola's approadh mertioned in Sect. 4.1,
the e ciency of this approac dependsvery much on the
number of unique valuesof the nonzeroentries in R. In
the worst case,the nonzerovaluesof R are all distinct
and the MTBDD is a binary tree with (R) terminal
nodes, henceat least (R) 1 non-terminal nodes. In
this case,an MTBDD represetation requiresan amount
of memory comparable to the traditional sparse stor-
age. In the best case,all the nonzerovalues are equal,
and the MTBDD simply encales the incidence matrix
of the readhability graph. In this case,the MTBDD rep-
reseriation can be much more compact than traditional
sparsestorage, although pathological casesexist, where
the MTBDD still requires O( (R)) memory, for patho-
logical incidence matrix structures.

4.4 Matrix diagrams

Another way to represen R is to use matrix diagrams
[16], which combine Kronecker- and BDD-based ap-
proaches. A K -level matrix diagram is analogousto an
MDD, exceptthat the nodesat ead level are matrices,
not vectors. An entry of a level k matrix is alist of pairs
of the form (ry; «) wherery is a real number and
is a pointer to a level k 1 matrix (for k = 1,  is
\unde ned" and the list cortains only one elemen, that
is, a level 1 matrix is an ordinary real matrix). An ele-
mert of R is accessedn a manner similar to that of the

mert of the list in position [ik;]jk] of the matrix pointed
by «+1. For instance, looking at the matrix diagram
shown in Fig. 4, we can compute the value of elemert
R[(B;E;N);(C;A;N)] as3:1 2.0 0:0+ 7:0 1:0 1.0 = 7:0.

This approach can be applied provided the same
three structural decomgposition conditions required for
the Kronecker approac are satis ed.

First webuild the matrix diagram represetation for R
accordingto Eq. 1 (it isimmediate to seehow Kronecker
products and sums apply to matrix diagrams as well).
Then, using an appropriate MDD represertation for S,
the unreachable rows and columns of R are eliminated,
leaving the matrix diagram encading R.
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Figure 4: A matrix diagram.

5 Solution algorithms

Once we have a represenation for the transition rate
matrix R or the in nitesimal generatormatrix Q, wecan
compute by solvingthe linear system Q = 0, subject
to the constraint that the elemens of sum to one.
Iterativ e approachesare normally used. These compute
(N) of approximations to

stopping when (N) satis es somecriterion suc as

Residual: jj (V) Qjj; <

Absolute incremen ts: jj V) (N Djj, <

™ gy

. . i (N
Relativ e incremen ts: max; ! [I](N)[i]

This is doneby vector-matrix multiplications of the form

M= ™ 1 M 2)
where the de nition of M depends on our iterative
method. These techniques require us to use someini-
tial \guess" probability vector (@ often this is chosen
to be the uniform vector © = 2. 1.

Commonly usediterativ e methods include Power and
Jacobi, which useM = R h, with h  max; h[i] and
M = R Diag(h), respectively. M is not computed ex-
plicitly in practice. For example, (M = (D R
Diag(h), is computed by rst performing the multiplica-
tion (™ Y R and then scalingthe elemeris by h.

The method of Jacobi does not use the most re-
cent values of elemens of  during the iteration: in
our computation of elemert  (M[i] we usethe elemens
of (™ D ewen though some elemens of (" might
be available already. The Gauss-Seideliteration, in-
stead, usesthe most recert knowledge of  during the
computation. Formally, the iteration matrix used is
M =L (Diag(R 1) U) !, whereL and U are the

lower- and upper-triangular portions of R. In practice,
Gauss-Seidels implemented using a single vector for

and over-writing the valuesof (" 1) with thoseof (M
as they are computed. This technique requires us to
compute the elemers of oneat atime, sinceelemen

(M[i 1] is usedin the computation of (M]i]; hence,
we must be able to accessndividual columnsof R.

The advantage of Gauss-Seidelover Jacobi, and even
more over Power, is that the rate of corvergenceis usu-
ally better, thus fewer iterations are required. Projec-
tion methods have also been proposedfor the solution
of CTMCs. These compute increasingly accurate ap-
proximations of aslinear combinations of the vectors
1g, for an
appropriate choice of y and A [38]. While these meth-
ods often have excellert corvergencerate, they require
to store m vectors of size jSj, thus their memory re-
quirements can be very high. We do not considerthese
further, especially since they have been mainly applied
in conjunction with traditional storage of R, although
there have been some successfulapplication using the
Kronecker approad [8, 38].

5.1 Traditional

With this simple approadc, we use a traditional sparse
represertation of R and a full vector represenation of

If we usethe Jacobi method, we can useany sparserep-

reseriation for R. Instead, Gauss-Seidelrequires us to

use a sparserepresertation with e cien t column access
for R. The set S is not usedat all during the compu-

tation of , but only at the end, to computed expected
reward measuresof the form .o ( m) (m), where
(m) is the reward rate when the model is in state m.

5.2 Kronec ker using S

This is the rst approach proposed for the use of a
Kronecker structure [20, 33]. Using a full vector for
A 2 IRISI, we solve the system” & = 0, where® is rep-
reserted in Kronecker form. Since @ cortains spurious
ertries not corresponding to ertries in Q, we must nd
a way to ignore them, for both correctnessand e ciency
reasons.

With Jacobi (or Power), we can compute the product
A(m D A where R is represerted as in Eq. 1, while
accessingR by rows. This requiresto store the matri-
cesW ¥ and R¥ by rows, and the initial guess”® must
corntain zeroprobabilities for the unreadhable states(this
ensuresthat we ignore spuriousertries and that the nal
probability vector ~(") will also have this property). In
practice, provided we can derive the sets Sk ;:::;S; in



isolation, we do not even needto generateS. Instead
of initializing ~©@[i] = 15Sj if * (i) 2 S and 0 oth-
erwise, we simply set all its entries to zero except for
~O [ ( m9)], which is setto 1.

With Gauss-Seidelwe must instead access column of
R at atime, soW ¥ and R¥ are stored by columns. How-
ever, it is possiblefor a reachable column of R to contain
spurious ertries (i.e., have nonzero entries on unreac-
able rows). To skip over these entries when performing
the multiplications we must use somerepresenation for
S and chedk ead entry of the column to make sure its
row correspondsto a reachable state. Algorithms to per-
form thesemultiplications are discussedn detail in [10].

5.3 Kronec ker using S

An alternativ e to the above is to usea full vector for
but still maintain a Kronecker represetation for Q. Of
course,this approac requiresto generateS rst.

With the Jacobi method and accesdy rows, if we ac-
cesghe readhable rows only, westill do not needto worry
about spurious entries. However, the indexing change
from R to R requiresus to compute ( m) for ead en-
try of R corresponding to a transition from a reachable
marking to marking m. If a multi-lev el structure is used
for S, an interleaving algorithm can be used and the
computation of ( m) is done by levels. This allows us
to amortize the cost of seartes, but it still implies an
overheadof logjS;j with sparsearrays.

With Gauss-Seidel,we require column accessof R
and we must worry about both spurious ertries and
the indexing change. To make matters worse, the col-
umn equivalent of the interleaved multiplication algo-
rithm cannot be used. This meansthat the overhead
factor for the seartiescan be as high aslogjSj. These
algorithms are also analyzedin [10].

5.4 MTBDDs

The technique for MTBDD-based solution in [23] usesan
MTBDD represenation for the matrix M of Eq. 2. Vec-
tors (") are also stored using MTBDDs, and computed
using vector-matrix multiplication algorithms that work
on MTBDDs [4]. A disadvantage of the technique is that
it usesJacobi, as Gauss-Seidelvould require to store its
iteration matrix M explicitly, but this would require a
nontrivial matrix inversion.

Again, in the worst case,
uesand the MTBDD for requires more memory than
a simple full vector. When cortains instead many du-
plicates, signi cant memory and even time savings can
be adchieved with this approach. However, when this oc-
curs, it might very well be an indication that the SPN

for R and

cortains no duplicate val-

cortains unrecognizedsymmetries which were not ade-
quately exploited in the model.

5.5 Matrix diagrams

With this approad, weusean MDD represenation for S

and a full vector for . Using Jacobi, we can simply per-

form the vector-matrix multiplication (™) R accessing
onerow at atime, asin the caseof the Kronecker rep-

reseration. Using Gauss-Seidelwe must instead access
R by columns. This is done recursively in a bottom-up

fashion. Sincethe unreadable rows are not preser in

the matrix diagram represenation, we do not need to

worry about spurious ertries as in the Kronecker rep-

reseration. Just asimportantly, eady matrix can have
multiple incoming pointers (just like a nodein a BDD or

MDD), and we can reduce computation signi cantly by

maintaining a cace for recertly computed subcolumns.
This way, duplication of work is avoided and a greater
degreeof amortization is possible. Nevertheless,in [16],

the solution times are still a factor or three or so slower
than with traditional sparsestorage solution, when R

ts in memory.

6 Conclusion

We explored seeral approadces for the storage of the
reachability set S and the transition rate matrix R.

If only a logical analysisis sough, recert approactes
using BDDs and MDDs are clear winners: S with as
many as 10°° markings can be generated and stored
in reasonabletime and memory; for particularly \nice"
nets, even 10°%° markings are possible[27]. There ap-
pearsto belittle reasonto usetraditional methods based
on hashing or seart trees, exceptperhapsin the caseof
extremely unstructured models.

If a Markov solution is instead sought, the situation is
more complex. For SPNswith up to a few million mark-
ings, the transition rate matrix will likely t in memory.
In this case,traditional sparsetechnology usually pro-
vides the fastest answers, and hasthe additional advan-
tages of being easyto implement and allowing experi-
mentation with di erent numerical techniques.

Structured approades based on a Kronecker repre-
sertation are likely to be a better choice only when R
cannot t in memory; then, the sizeof the problem that
can be solved is only limited by the storage of the so-
lution vector and any other vector used by the numer-
ical algorithm, perhapsa few tens of million markings.
Howewer, the solution has additional overhead due to
the structured represenation; matrix diagrams reduce
this overhead considerably but not completely. Using



MTBDD techniques for both R and  might further

reduce the memory requiremerts, but only in special

caseswvherethe probability vector contains many ertries

with the samevalue. With few exceptions, structured

approades have beenintroduced using simple iterativ e

methods such as Power, Jacobi, or, at best Gauss-Seidel
or SOR. A recen line of inquiry is then the adoption of

more sophisticated techniques that reduce the number

of iterations required for numerical convergence.
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