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Abstract

Transient analysis of non-Markovian Stochastic Petri nets is a theoretically interesting and
practically important problem. In this paper, we first present a method to compute bounds
and an approximation on the average state sojourn times for a subclass of deterministic and
stochastic Petri nets (DSPNs) where there is a single persistent deterministic transition that
can become enabled only in a special state. Then, we extend this class by allowing the tran-
sition to become enabled in any state, as long as the time between successive enablings of the
deterministic transition is independent of this state, and develop a new approximate transient
analysis approach. In addition to renewal theory, we only make use of discrete and continuous
Markov chain concepts. As an application, we use the model of a finite-capacity queue with a
server subject to breakdowns, and assess the quality of our approximations.

Keywords: renewal processes, Markov-regenerative processes, approximate transient solution
of stochastic models.

1 Introduction

Stochastic Petri nets (SPNs) are well-suited for the model-based performance and dependability
evaluation of complex systems. In the past few years, many papers have been published dealing with
the analysis of non-Markovian SPNs where, under certain structural restrictions, the firing times of
some transitions may be generally distributed. Particular attention has been given to deterministic
transition firing times, an important tool for modeling discrete-event dynamic systems. Examples
of activities that might have a constant duration are transfer times of fixed-size data packets in
a distributed computing system with no interference or loss, timeouts in real-time systems, and
repair times of components in fault-tolerant systems.

Deterministic and stochastic Petri nets (DSPNs) have been introduced in [1] as a continuous-
time modeling tool that includes both exponentially distributed and constant time transitions. In



DSPNs, transition firing is atomic and the transition with the smallest firing delay is selected to
fire next. Under the structural restriction that at most one deterministic transition is enabled in
any marking, an analytical method to solve DSPNs in steady state exists, based on the idea of the
embedded Markov chain [6, 7, 12]. In this case, the markings of a DSPN are the same as those of
the untimed Petri net, thus standard structural analysis techniques can be employed. In particular,
minimal-support place and transition invariants can be calculated [14].

However, the exact transient study of DSPNs is much more difficult. In [3, 4], a method
based on Laplace-Stieltjes transforms is proposed, but the numerical solution is very complex.
A solution approach based on supplementary variables has also been proposed [8], and further
improved through the use of automatic stepsize control [10]. In [9], the two approaches are compared
in terms of memory requirements, efficiency, and accuracy.

In this paper, we first present a new method to obtain bounds and an approximation for the
average total sojourn time in each state up to a given time ¢, for a special class of DSPNs satisfying
the restriction that they have only one deterministic transition d that becomes enabled only upon
entering a unique state ¢*, and d is “persistent”, that is, once it becomes enabled, it can become
disabled only because of its own firing. The idea is to treat this stochastic process as a renewal
process. By computing the expected number of renewal periods up to time ¢ and the average sojourn
time in each state during a renewal period, we compute bounds on the average total sojourn time
in each state, and an approximation for it.

Then, we extend this class of DSPNs by allowing d to become enabled in any state i, as long as
the time between successive enablings of d is independent of . Our idea is to treat the stochastic
process as a subordinated Markov chain and an absorbing Markov chain alternatively, and compute
the sojourn time in each state recursively.

The paper is organized as follows. Section 2 reviews renewal theory and DSPN terminology.
Section 3 provides the theoretical results for our first class of DSPNs, and the corresponding com-
putational method. Section 4 present a second, more general class of DSPNs, and a different
computational approach applicable to this class. A complete example is illustrated in Section 5.
Finally, concluding remarks are in Section 6.

2 Background

We briefly review the essential concepts of renewal theory and DSPNs. For further information,
the reader can consult [2, 17] for the former, and [1, 3, 7] for the latter. Table 1 summarizes the
symbols used in this paper.

2.1 Renewal theory

Definition 2.1 If the sequence of nonnegative random variables {7’ ol .} is independent
and identically distributed, the counting process {N(t) = max{n € N: TW ... 47" <¢} :¢ >0}



Symbol Meaning

d, T the deterministic transition in the DSPN and its firing time

the only state where d can become enabled, for the first class of DSPNs

S, 8. S state space for the DSPN, SMC, and AMC

1, pi a generic state and its reward rate

ynl length of the n'" stay in the AMC

T 7+ Y[ length of the n'™ renewal period

St nt" renewal time

F, Fln distribution of the generic renewal period, and its n-fold convolution
N(t) number of renewals up to time ¢

A(t) t — SIN®I | age at time ¢

m(t) E[N(t)], the renewal function

P matrix to transform state probabilities from the SMC to the AMC
Ti["] amount of time spent in state ¢ during the n*" renewal period

Ti[n] (t) amount of time spent in state i during the n*® renewal period intersected with [0, #]
X(t), w(t), o(t) DSPN state, probabilities, and sojourn times at (global) time ¢
X(t), #(t), 6(t) SMC state, probabilities, and sojourn times at (local) time ¢
X(t), #(t), 5(t) AMC state, probabilities, and sojourn times at (local) time ¢
X initial state of the SMC for the n*® renewal period
Table 1: Symbols used in the paper
is said to be a renewal process. O

Thus a renewal process is a counting process such that the time T until the first event occurs
has some distribution F, the time T2 between the first and second event has, independent of the
time of the first event, the same distribution F', and so on. When an event occurs, we say that a
renewal has taken place. Then,

n
S—0, and wvn>1, M= Z Tl
k=1
are the renewal times.
The distribution of N(t) is determined by an important relationship: the number of renewals
up to time ¢ is greater than or equal to n iff the n*® renewal occurs by time ¢:

N(t)>n — S <.
From this relation, we obtain

P{N(t) = n} = P{N(t) > n} — P{N(t) > n + 1} = P{S" <t} — P{SI"*1 < ¢},



Since the random variables {T[I] LT .} are independent and have a common distribution F', S ]
has distribution F[™, the n-fold convolution of F with itself. Hence,

P{N(t) = n} = FIMl(t) — FIr+l),

Definition 2.2 The mean value of N(¢) is called the renewal function m(t):

m(t) = E[N(t)] = i P{N(t) > n} = i P{sl <t} = i Frl ). O
n=1 n=1 n=1

2.2 DSPNs

We assume that the reader is familiar with the definition of Petri nets with inhibitor arcs. Then, a
DSPN is obtained by associating a firing time with exponential, zero, or positive constant distribu-
tion to each transition (which is then called an exponential, immediate, or deterministic transition,
respectively), and its underlying stochastic process is { X (¢) : ¢t > 0}, where X (¢) € S is the marking
at time ¢, and S is the set of possible markings, or states, which we assume finite. For ¢ € S, let
m;(t) and o;(t) be the probability that the DSPN is in state ¢ at time ¢, and the expected time
spent in state ¢ up to time ¢, respectively:

m(t) = Pr{X(t) =i} and  oi(t) = /Otm(u)du.

If at most one deterministic transition is enabled in any marking, {X(¢) : ¢ > 0} is a Markov
regenerative process (MRGP) and its stationary analysis can be carried on by embedding.

Let S be the set of markings where a deterministic transition is enabled, SP C S be the set of
markings where a deterministic transition becomes enabled, and S¥ be the set of markings where no
deterministic transition is enabled. Hence, the state space of the DSPN is SUSE. For each marking
i € SP enabling a deterministic transition, a continuous-time Markov chain (CTMC) is defined,
to model the evolution of the DSPN until that transition is disabled or fires. This “subordinated
Markov chain” (SMC) {X;(t) : t > 0}, with state space S; C S, is defined so that any state in
which the deterministic transition becomes disabled is considered absorbing. The SMC is studied
in the transient at time 7, the firing time of the deterministic transition (the transition itself is
not explicitly modeled in the SMC). For every state j € S;, we compute 7;1i(T), the probability of
being in j at time 7, and for every transient state j € S; we compute G;;(7), the amount of time
spent in j up to time 7, given that X;(0) = i.

Then, a discrete time Markov chain (DTMC), the so-called “embedded Markov chain” (EMC)
with state space S = SP U S¥ is defined, together with a vector of expected holding times h. For
i € S, h; is the inverse of the sum of the rates leaving 4, and the one-step probabilities are defined
as for the classical embedding of a CTMC into a DTMC: if ¢ goes to j with rate A; ; in the DSPN,
i goes to j with probability A;; - h; in the EMC. For i € S, instead, h; is the sum of k)i (T)



over all transient states k € S; and the EMC contains a transition from ¢ to j with probability
ke s ki (7) - P, j, where matrix P € RS*S | whose rows are probability vectors, translates SMC
states into the EMC states: if k is reached by disabling d, then j is the same as k, that is, Py ; =1
iff k = j; otherwise, Py, ; is the probability that the DSPN reaches j by firing d in k.

If the EMC is ergodic, we can compute the stationary probability p; of each state i € S. Oth-
erwise, we can compute the expected number of visits n; to each transient state ¢ until absorption.

The analogous quantities for the original DSPN are then obtained, respectively, as:

P if k e SF
. 2jesPihi .

lim 7 (t) = ;- Uk\z( ) . (ergodic case)

fmeo > = ifkesS
icsprkes, —ies i’
np, - i, if k e S¥

t1i>n<;lo or(t) = Z n; - opp(r) it k€ S (non-ergodic case, k transient).
i€SDAKES;

However, the transient analysis of DSPNs has proved much harder. As mentioned in the in-
troduction, the algorithms known so far require either inversion of Laplace-Stieltjes transforms, or
numerical integration and solution of differential equations, resulting in substantial computation.

3 A first class of DSPNs

We first consider a restricted class of DSPNs where (1) there is exactly one deterministic transition
d, with constant firing time 7, (2) d is persistent, that is, if it becomes enabled, it can become
disabled only by its own firing, and (3) d can become enabled only in marking i*. These conditions
can be easily checked during the generation of the state space and, in certain cases, even a priort,
through structural arguments at the net level.

Fig. 1 shows the behavior of the MRGP we consider. Each regeneration period can be described
as follows:

1. Transition d becomes enabled in state ¢* at time 0.

2. The DSPN evolves according to a SMC with infinitesimal generator Q and state space S
3. At time 7, transition d fires, let k € S be the state immediately before the firing.

4. The firing of d in k causes the DSPN to reach state [ € S with probability Py .

5. The DSPN then evolves according to an “absorbing Markov chain” (AMC) {X(t) : t > 0}
with infinitesimal generator Q and state space S (the same state space the EMC would have if
we performed the embedding required for stationary analysis) until reaching state ¢*, which is
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Figure 1: A depiction of our class of MRGPs.

considered absorbing for the AMC. Let Y be the time between d firing and becoming enabled
again.

T = 7+ Y is the length of a generic regeneration period; the state space of the DSPN is
S=38US and SNS = {i*}; 7;(t) is the probability of state i € S and &;(t) is the expected sojourn
time in state i € S\ {i*} for the AMC at time ¢, given that it starts with an initial probability
distribution 7;(0) = 32, s 7i() - Py, for j € S, at time 0.

3.1 Bounding analysis

Our assumptions imply that there is only one type of regeneration point, hence we can identify
a renewal process whose renewal periods can be divided into two portions: the first one has a
constant duration 7 (the interval from when d becomes enabled to when it fires), the second one
has a continuous phase-type (PH) distribution (the interval from the time d fires until it becomes
enabled again).

Before starting our discussion, we observe that we can assume that we are interested in studying
the behavior of the DSPN up to time ¢, for ¢ greater than 7. This is because, for t < 7, we know
that the DSPN is still in the SMC at time ¢, and an exact transient analysis of the SMC will provide
all the desired information with no approximation.

Theorem 3.1  Consider a DSPN with (only) one deterministic transition d that can become
enabled only upon entering a unique state ¢* and is persistent. Then, the number of visits to state
1" up to time ¢ constitutes a renewal process.

Proof: We are assuming that the DSPN just entered state ¢* at time 0, that is, X (0) = ¢* (if this
were not the case, we would obtain a delayed renewal process). Then, if we let S 0] = 0 and S be
the time at which state i* is entered again for the n'® time, it is easy to see that the sequence of times



{Tl" = sl — §l*=1. 5 > 1} are independent and identical distributed with the same cumulative
distribution function F. Hence, process {N(t) = maz{n € N: S =7 ... 4L 7l <¢} :¢ >0}
is a renewal process. O

Definition 3.1 [18] A random variable K € N is a stopping time for the sequence of indepen-
dent random variables {A;, Ao, ...} iff the event {K = n}, for any n € N, is independent of

{An+1’An+27~-'}- u
Lemma 3.1 N(t) + 1 is a stopping time for the sequence {71, TP .},

Proof: We can simply observe that N(t) +1 = n iff 3771 T < ¢ < 3%, T and the lemma
follows from the independence of the random variables {7, 712 T} and {7+ 742 1
a

Lemma 3.2 For i € S, let TZ-["] be the sojourn time in state i during the n'* renewal period.
Then N(t) 4+ 1 is a stopping time for the sequence {Ti[l],TZ-m7 S

Proof: For any n > 0, the random variables {T-["Jrl],T-[nH}7 ...} are independent of {Tm, .. 7TW},

(2 (2
so N(t) + 1 = n is independent of {Ti[nﬂ], TZ-[HH], co ) O

Lemma 3.3 Foriin S, F [ZnN:(tl)H Ti[n]} = E[T;] - (m(t) + 1), where T; is the sojourn time in
state ¢ during a generic renewal period.

Proof: Since N(t) + 1 is a stopping time for the sequence {Ti[l],Ti[Q], ...}, we can apply Wald’s
equation [18] and obtain

N(t)+1

n=1

E — E[T)] - E[N(t) + 1|=E[T}] - (m(t) +1). O

Using the previous result, we can then obtain the following bounds for the average cumulative
sojourn time in each state.

Theorem 3.2 The average time spent in state ¢ up to time ¢ is bounded by:
E[T] - (m(t) +1) — 7 < o3(t) < BT - (m(t) + 1), if i € S
E[T] - (m(t) +1) — (BE[TWOH] — 7) < 0y(t) < E[T}] - (m(t) + 1), ifieS\{i*}.

Proof: We have

N(t) N(t)+1
EN 1M <oty <E| S T
n=1 n=1




Lemma 3.3 proves the upper bound. For the lower bound, observe that

N(t)
E|S T = BT (m(t) + 1) — ETNO)
n=1
and that Ti[N(t)+1] is at most 7 for 7 € 5’, and at most TINO+ _ r foric S \ (i) -

The lower bound of Theorem 3.2 will not be tight for most states, since, in general, the time
spent in a particular state ¢ during the last renewal period will only be a small fraction of the entire
renewal period itself. However, in practical applications, the vector of expected sojourn times is
used to obtain a high-level measure by assigning a reward p; to each state 4, and computing the
weighted sum r(t) = > ;c50:(t) - p;. Then, the following bounds on r(t) can be obtained.

Theorem 3.3 The value of r(t), the expected accumulated reward up to time ¢ corresponding
to the reward rate assignment p;, for i € S, is bounded by:

(Sies BIT] - pi) - (m(t) + 1) — 7 - max, g} — (BITNOM] = 1) max, s oy pi} < (0
< (Sies BIT] - pi) - (m(t) + 1)

Proof: For the upper bound, consider that

rt) = o) pi < SEIT) - (m(t) +1) - p;

s s
= (ZS BT} p> (m(t) + 1),
For the lower bound, we have :
r(t) = Y oilt) -
> zi (BIT]- (m(t) + 1) = BTN -,
- (ZS Em]-p; (m(t) +1) —ZSE[T,W“”%

= <Z E[Tﬂ-p; (m(t) +1) — ZEm{N(tHl}]_m _ Z E[Ti[N(t)—l—l]] - pi

icS = i€S\{i*}
And, by the same argument as in Theorem 3.2,

SETNOT g < v omax{p}  and
icS ies

Z E[Ti[N(t)H]]-pi < (BE[TWN®+1) _ 7)- max {p;}. O
ie8\{i*} ies\{ir}



Theorems 3.2 and 3.3 tell us that, if we can compute the average sojourn time during a generic re-
newal period for each state i € S, E[T;], the expected length of the last renewal interval, E[TN®+1]]
and the renewal function, m(t), then we can derive bounds on the average sojourn time for each
state ¢ € § and on the cumulative reward up to time t.

The first one of these quantities is straightforward. If i € S, E [T;] is simply &;(7), the same
quantity that needs to be computed for the stationary analysis of the DSPN. If i € S\ {i*}, E[T}]
is simply 6;(0c0) = lim; .~ (), a quantity that can be computed by solving the nonhomogeneous
linear system

where the superscript “*” indicates the restriction of Q and 7(0) to the transient states (i.e., with
the row and column corresponding to state i* removed). See [5] for a detailed discussion of efficient
methods to compute 7(c0).

We then focus on the computation of the renewal function m(t) and of the expected length of
the last renewal interval E[TIN®+1] The difficulty with using the formula

m(t) = i Fl ()
n=1

to compute the renewal function is that the determination of FIPl(t) = P{TMN + .. + Tl < #}
requires the computation of an n-dimensional integral. Ross [17] proposed an efficient algorithm
that requires only one-dimensional integrals in input.

Theorem 3.4 (Ross [17]) For a renewal process where the renewal interval has pdf f(x), define

oo T—1 -z k
my, = /0 Z(l —I—mr_k)%f(m)daj, forr=1,2,...,n and A =n/t.
k=0 '

Then, if m(t) is continuous at t, m,, converge to m(t) as n goes to infinity. O

This theorem tells us that if we know the distribution F' of the renewal interval, we can approx-
imate the renewal function arbitrarily well.

The reason for having to bound E[TN®+1] and E [TZ-[N(t)H]] instead of computing their actual
value is due to the well-known inspection paradox: the length of TIN®+1 ig in general greater than
that of a typical renewal interval. For example, consider the case of renewal intervals having an
exponential distribution with parameter )\, and assume that the renewal process has been “going
on forever” (i.e., in the limit for ¢ — oo). Then, the expected length of the renewal interval
containing a given time instant ¢ is 2/, twice as long as that of the generic interval. An intuitive
explanation for this is that both the age, t — SIN®I and the remaining lifetime, SO+ _ ¢ are
exponentially distributed with parameter A. For finite values of ¢, however, the age is bounded
by t, so, in our example, its expected value is actually that of an exponential random variable



truncated at ¢, (1 — e *)/X. The expected remaining lifetime is instead, of course, 1/, hence
E[TWOH] = (2 — e )/, less than 2/, but still larger than the average length of a typical
renewal interval, 1/A.

Unless the distribution F' is analytically known and tractable, it is computationally difficult to
take into account the fact that the age is no greater than ¢. However, we can always ignore this
restriction and compute an upper bound on E[TN®+1] by using the relation [15, p. 269]

lim B[O = E[1?)/E[T). (1)

t—oo

Since our renewal interval is described as the constant 7 plus the time to absorption in a CTMC,
and each visit to a state of the SMC or CTMC is exponentially distributed, we can tighten the
bounds in the acyclic case.

Theorem 3.5 If the SMC is acyclic, for any state i in S, o;(t) satisfies
E[T;] - (m(t) + 1) — min{7, 2E[T;]} < 04(t).
If the AMC is acyclic, for any state i in S\ {i*}, 0;(t) satisfies
B[L] - (m(t) +1) — min{ BT O] — 7. 2B[T]} < (1),

Proof: For a state i € S (the case i € S\ {i*} is analogous), exactly one of these three events must
occur:

e1: In the last renewal period (the one containing time t), the DSPN does not visit state i;
e2: The DSPN is in state i at time ¢;
e3: In the last renewal period, the DSPN visits state 4, but, at time ¢, it is not in state <.

Conditioning on these mutually exclusive events, we have

BN = BN e Prier} + BTN ea] - Pries} + BTN jes] - Pr{es)
= 0-Pr{e;} +2E[T;] - Pr{es} + E[T;] - Pr{es}
< 2E[T].
By the same argument as in Theorem 3.2, we obtain the result. O

3.2 Approximate analysis

We now consider a slightly different approach, where we seek to heuristically approximate the exact
value of o;(t). Let A(t) be the age of the current renewal interval at time ¢, A(t) =t — S, and

10



A;(t) be the time spent in state i € S up to time ¢ during the current renewal interval, so that
A(t) = Yies As(t). Then,

oi(t) = BT+ T 4+ TN 4 Ay (0)
N(t)
= S BTN -+ TN = 0] Pr{N()=n} + Z E[A =n] - Pr{N(t) = n}
n=0
We can approximate the first summation by:
. /\/[: .f . A
m(t)- Br) = "o es
m(t) - gi(c0) ifie S\ {i*}

and the second summation, after defining a =t — m(t) - E[T| =~ E[A(t)], by:

Gi(T) ifiecSanda>r

Gi(a) ifieSanda<rt
Gila—7) ifieS\{i*}anda>71
0 ifieS\{i*}anda <t

This heuristic is appealing because it attempts to capture the fact that the DSPN alternates
between SMC and AMC periods, starting in the SMC at time 0, by allocating our best guess of the
age at time t, a, to the SMC, and only the remaining part, if any, to the AMC. Moreover, it also
allows to capture the fact that, at time 0, the DSPN (hence the SMC) is in state i*, an essential
characteristic of transient analysis.

We observe that, while this approximation cannot be shown to be a lower or upper bound for
0;(t), it is nevertheless guaranteed to fall within the bounds we defined in the previous section,
since, for i € S,

Gi(r) - (m@t)+1) =7 <m(t) - 64(1) + 6i(a) <m(t) - 6;(1)+ 6i(r) = 6i(7) - (m(t) + 1),

while, for i € S\ {i*},

Gi(00) - (m(t) +1) = (B[O —7) < m(t)-64(00) < m(t)-6i(c0) +6i(a—T7) < Gi(00) - (m(t) +1).

3.3 Computational algorithm

Our approach hinges on the ability to obtain the distribution F' of the renewal interval T'. Since the
length of this interval is T'= 7 + Y, where 7 is a constant, we know that F(u) = 0 for u < 7. For
u > 7, instead, F'(u) is the probability that the AMC is absorbed in state ¢* by time u — 7, given
that it is started with the initial probability distribution 7(0) previously defined. Thus, computing
F numerically only requires us to perform a transient analysis on the AMC to obtain the probability

11



of being in state ¢* at times 0, y1, ¥, ..., Ypmax, appropriately chosen so that this discretization of
F is a good approximation of its continuous behavior (in particular F(7 + yaax) should be very
close to one). The detailed steps required for our bounding approach are then the following (these
should be performed only if the conditions of Theorem 3.1 hold):

1. Derive the SMC and the AMC defined by the model, and compute their state spaces S and
S and infinitesimal generators Q and Q. Also, derive, for each state i € S , the probability
P; ; that state j € S is reached when d fires in 1,

2. Perform an instantaneous and cumulative transient analysis of the SMC: starting from the
initial state ¢*, and for each state ¢ € S of the SMC, compute the probability of being in ¢ at
time 7, 7;(7), and the cumulative sojourn time in ¢ during the interval [0, 7], &;(T).

3. For each state i € S of the SMC, obtain (from the model) the probability P;; that state
j e S of the AMC is reached when d fires in 7, and use these quantities to compute the initial
probability distribution of the AMC, 7;(0) = 3=, s 7i(7) - P ;.

4. Compute the probability Pr{Y < y} that the AMC is in state i* at times y = 0,91, Y2, - - ., YMAX,
then define a discretization of F' using the values

0 ifu<r,
F(u) = .
Pr{Y <y} ifu=7+y, forye{0,y1,...,ymax}-
5. Compute the expected sojourn time &;(c0) in each transient state i € S\ {i*} of the AMC
until absorption, starting from the initial distribution 7(0), by solving the linear system

5(c0) - Q* = —7(0)*.

6. For each time t of interest, compute an approximation of the average number of renewal
periods m(t) using Ross’s method.

7. Estimate E[TIN®+1] For finite values of ¢, E[TNO+] < E[T?]/E[T), hence E[T?]/E[T]
is a safe upper bound. E[T?] can be obtained from the discretization of F, but E[T] is even
simpler: E[T] =71+, S\(i*) 7;(00). In cases where the function F' is analytically known,
as in our example of Sect. 5, we might be able to estimate a tighter upper bound that takes
into account the actual value of t.

8. For each time ¢ of interest, compute the bounds for the average total sojourn time in each
state or the total accumulated reward using Theorems 3.2 and 3.3.

For our heuristic approximation approach, the steps are similar, except that we also need to
perform a transient analysis solution, for the SMC at time a, if a < 7, or for the AMC at time
a— T, if a > 7, for each time ¢ of interest, where a =t — m(t) - E[T.

12



We conclude this section with a few observation about the complexity of the approach we
propose. The transient analysis of the SMC can be performed using the uniformization algorithm,
which has a complexity O(n(Q) - - 7), where 7(-) is an operator indicating the number of nonzero
entries in the argument matrix and ¢ is the uniformization rate for the SMC, i.e., § = maxi{—Qi,i}
[16].

The study of the AMC at times y1,¥o, ..., ymax can also be performed using uniformization.
The same AMC is studied at those different times. It is then possible to compute all these MAX
probabilities essentially at the cost of the last one, Pr{Y < yjax}, since the number of iterations
required by the uniformization algorithm is dictated by the largest transient time at which solution
is required. Hence, for this portion of the analysis, the complexity is O(n(Q) -G - ymax ), where
G is now the uniformization rate for the AMC. In this case, yyrax can be of course quite large,
since we need to discretize F' along its entire range of values. However, steady-state detection
[13] can be employed to reduce the computational cost when the value chosen for yj4x happens
to be needlessly large (when ¢ - yyax is so large that the uniformized DTMC reaches numerical
steady-state in far fewer than G- ypax iterations).

Finally, the third computational component is spent to obtain an approximation to m(t) using
Ross’s method. This requires O(n? +n - MAX) operations, where n is a value chosen beforehand.
Since, essentially, the idea uses an n-stage Erlang to approximate a constant, small values of n
(e.g., 10 or 20) are usually adequate, and the cost of computing m(t) is comparatively negligible.

4 A more general class of DSPNs

We now study a more general class of DSPN than the one we considered so far. We still assume
that there is exactly one deterministic transition d, with constant firing time 7, and that d is
persistent. However, instead of requiring that there exists only one state i* where d can become
enabled, we allow d to become enabled in any state ¢ € S, as long as the length of the renewal
period is independent of . While this condition can be hard to check in general, it can be easily
verified by inspection for many models; this is the case in the example we present in Sect. 5.

Given the independence of the time to absorption in the AMC and the initial state of the SMC,
we can still identify a renewal process {N(t) : t > 0} as for the simpler case previously considered.
N (t) counts the number of times d becomes enabled in (0, ¢]. Now, however, we also need to consider
the processes { X[ : n € N} and {X[ : n € N}, where X[ and X[ are the initial states of the
SMC and of the AMC, respectively, for the n'" renewal period. Given our assumptions, it is easy
to see that these two processes are DTMCs, and that they are independent of {N(¢) : t > 0}.

We now discuss an approximation for a type of Markov regenerative process having iid renewal
periods (TM, TR, .. ) that are independent of the Markovian states (ill,i?,...) in which the
periods are started. Then, we will specialize the computational procedure to the case where the
renewal periods are given by a constant time 7 spent in the SMC plus the time to absorption in
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Figure 2: The evolution in time of our MRGP.

the AMC.
Let Ti[n] (t) be the amount of time spent in state i during [S*~1), SIM]N0,#], that is, during the
intersection of the n'" period with the interval of interest for our study. Clearly,

o T(t) =T if n < N(1),
o T"(t) = Ai(t), if n = N(t) + 1, and
o TM(#) =0, if n>N(t)+ 1,

and the total amount of time spent in state ¢ during [0, ¢] is
Tl-m-k--'-i- [V t>]+A ZT[H] (2)

The renewal periods can start in any state of S , hence we consider the computation of o;(t)
conditioned on the initial state:

oi(t| XV = k) = ZE[ T ()| XM = k|

= B[t xM = k] +ZE[T[" (B|x1 = k]
) T n=2

= BT @)xM = & +ZZE[ 1) XY =k A X = 1] - Pr{x® =i xl = gk}
_ 1e§ =2

= B[ x = k] +/ ZZE @) XY = kA XE =1 AT (1) = u]
) ) 1e§ n=2

Pr{x? = xM =k} aPr{TM(t) < u|X = kA X =
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= B [T x1 =] + /ZZE 10X = 1A T (1) = u]

lesn=2
Pr{xP? = xM = g} dPr{TM(t) < u}

= BTN 0IXM = k| + (/ oi(t —u| XV = 1) apPr{Tl(1) < u}) Pr{x P = x10 =k}
es
E [Ti[u( ) x1W = } +Z‘7 t— BT @) xM =1y pr{x? = x1 = 1}
1e$

Note that the only approximation is introduced in the last step of the derivation, where the
complex integral in parentheses is substituted with the expected value o;(t — E[TM(¢)]| X1 = 1).
Also, observe that, in principle, the computation of Pr{X[P = 1| X[ = k} would require us to
compute limiting probabilities (i.e., the solution of a linear system for the absorption probabilities
in the states S NS of the AMC in our case). However, we can use instead the results from the
transient cumulative analysis of the first renewal period, which must be performed anyway to obtain
E[Tim ()| X" = k]. This is because, given the independence of the length of the renewal period
from the state at the beginning of the period, we can write, for any k,[ € S such that entrance in
k and [ are renewal points, and any time u,

Pr{XM(u) = 1| x1(0) = k} Pr{XM(u) =1 A XM(0) =k}

Pr{Tl <u} Pr{Tl < u} - Pr{X0I(0) = k}
Pr{XWw) =1 A XMN0) =k ATH <4}
Pr{TM < u A X1(0) = k}
= Pr{xW@) =1x10) =k ATM < u}

= Pr{XB =y xW =g}

(since X (u) =1 implies TN < u) =

In other words, the relative values of the absorption probabilities in the various states of the AMC
are time invariant. While the absorption probabilities sum to one only in the limit, for ¢ — oo,
a simple normalization of the absorption probabilities at any finite time ¢ yields the same values.
Furthermore, again because of our independence assumption, the absorption probabilities are pro-
portional to the transient cumulative sojourn times in the absorbing states, so only a transient
cumulative analysis is needed.

4.1 Computational algorithm

We can now specialize the above idea to our particular application. The detailed steps to obtain

an approximation o®? to the vector o(t) are:

1. Derive the SMC and the AMC defined by the model, their state spaces S and S, their
infinitesimal generators Q and Q, and for each state i € S, the probability P;; that state
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j € S is reached when d fires in 4. Derive the initial probability distribution #(0) and choose
the time horizon ¢. For each i € S U S, initialize o to zero.

2. If t < 7, perform a cumulative transient analysis of the SMC: starting from the initial prob-
ability 7(0), compute the expected cumulative sojourn time in each state i € S, during the
interval [0, ], 6;(t), and add it to o;". Stop.

3. Otherwise, perform an instantaneous and a cumulative transient analysis of the SMC: starting
from the initial probability vector 7(0), compute the probability of being in each state i € S
at time 7, 7;(7), and the expected cumulative sojourn time in ¢ during the interval [0, 7],

6i(7). Add 6;(7) to o*?.

(2
4. Compute the initial probability of each state j € S of the AMC as 7;(0) = dies TilT) - Py

5. Perform a cumulative transient analysis of the AMC: starting from the initial probability
distribution 7(0), for each state i € S, compute the cumulative sojourn time in i during
the interval [0,¢ — 7], &;(t — 7). For each transient state i € S\ S, add &;(t — 7) to o™,
Compute the total amount of time spent in the absorbing states of the AMC up to time t — 7
as o = ZiGSOS 5i(t — 7').

6. Update the time horizon by setting ¢ to « and the initial probability vector of the SMC:
7:(0) — 0ifie S\S; #;(0) «— it —7)/aifie SNS. Go to step 2

With any approximation, it is important to assess both its complexity and its quality. The
following theorem bounds the number of iterations I(t) required by our second approximation
approach, thus allowing us to estimate its complexity in terms of the number of transient solutions
of the SMC and AMC we must perform

Theorem 4.1  For any ¢ > 0, the number of iterations I(¢) required by our computational

em| <10 = 5

Proof: At each iteration, the time horizon is decreased by at least 7, hence when we stop, we have
(I(t) — 1) -7 < t, which implies I(t) < t/7 + 1. We know I(t) is an integer, so I(t) < [t/7]. On
the other hand, at each iteration we decrease the time horizon by 7+ E[Y|Y < ¢ — 7], which is no
greater than 7 + E[Y]. Hence, (7 + E[Y]) - I(t) > t, which implies the lower bound. 0

The second theorem addresses instead the quality of the approximation, in a limiting sense, by

procedure satisfies

showing that, as the time horizon ¢ increase, we obtain asymptotically exact results. This, paired
with the fact that we also obtain exact results for ¢ < 7, and likely excellent approximations for
t < E[T], should increase our confidence in this approximation.

16



Arrive Queue Serve

Down Up

Figure 3: An example of our class of DSPNs.

Theorem 4.2 If the renewal periods have finite expectation and the DSPN is ergodic, in the

sense that limg o 0;(t| X1 = k)/t exists and equals 7; > 0, independent of k, then the value o*”

computed by our procedure satisfies

;" (t)

=1.
t—oo  0;(t)

Proof: We have

app ( — (1] (1 =
Jim % W) t(t) = Y lim oi(t = EIT t(t”X D pext = xt = gy
= s
(f — (1] (1] — — (1] (1] —
_ lim oi(t — E[TH ()| X 1) ot E[TH(t)|X ] -Pr{Xm _ l]Xm k)
<t—oo  t— E[TH(t)| X1 =] t
1e$
= m-y Pr{x® =1 xM =k}
1es
= ;.
Hence,
app app
lim i (t):hmai (t)-lim t :m-izl. O
t—o0 Ui(t) t—o0 t t—oo g; t) T
5 Example

We now present an application of our techniques. Consider the DSPN shown in Fig. 3, modeling
a finite-capacity queue where the server is subject to breakdowns. We use the notation #(place, i)
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to indicate the number of tokens in place when the marking is i and A(transition, i) to indicate
the firing rate for transition when the marking is ¢ (the marking is omitted if the “current state”
is intended).

Transitions Arrive and Serve model the arrival and service processes, respectively. Tokens
in place Queue represent customers in the queue, including the one(s) in service. The maximum
number of customers that can fit in the queue is M (the inhibitor arc from Queue to Arrive enforces
this limit). The server is working when there is a token in place Up, and it is being repaired when
there is instead a token in Down. The failure of the server is represented by transition Fail. We
consider two cases. In the first model, the firing of Fail removes all the tokens from Queue (the
“flushing arc” with cardinality #(Queue) from Queue to Fail achieves this effect); this model
satisfies the stricter assumptions of our first approximation. In the second model, the flushing
arc is not present, so customers in the queue are not lost because of a failure; this second model
satisfies the assumptions for our second approximation, but not for the the first one. We stress that
arrivals can restart again immediately after a failure, without having to wait for the completion of
the repair. If this were not the case, we could of course add an inhibitor arc from place Down to
transition Arrive, and the process would be even simpler (e.g., in the first model, the SMC would
consist of the single absorbing marking { Down}).

The repair of the server is the only activity with a deterministic duration. The conditions for
applying our approximations are satisfied as long as the timing of the other transitions in our model
is as follows:

e Transition Arrive has an exponential distribution. A PH distribution can also be used, but it
must be reset by the firing of transition F'ail if we want to use the first approximation. This
is essential because, when a failure occurs and the deterministic transition Repair becomes
enabled, no memory of the past, including the phase in which the arrival process was, can be
maintained in this case.

e Transition Serve can have an arbitrary PH distribution, again reset by the firing of transition
Fail if we want to use the first approximation. This is equivalent to assuming that the failure
of the server destroys any work in progress. Note that the rate of the service can be marking-
dependent, allowing us to model a multiple or infinite server behavior, as long as the failures
and repairs affect the entire service station as a whole, and not individual servers.

e Transition Fail can have an arbitrary PH distribution. No restrictions need to be placed on
the reset behavior of this transition, since, like Repair, it is persistent.

We consider the following transient measures, time averaged over the interval [0, ¢]:

e The expected customer throughput:
1

7 Zai(t) - M Serve, ).
€S
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Figure 4: The process underlying our DSPN (exponential failure process).

e The expected number of customers waiting to be serviced or in service:

1 .
+ Y oilt) - #(Queue, i)
i€S
(including customers lost due to a server failure; there does not seem to be a simple way to
restrict this measure to customers who complete service).

Fig. 4 shows the stochastic process corresponding to the first model when the nondeterministic
transitions have exponential distributions with rate A (Arrive), p (Serve), and ¢ (Fail). Markings
are represented using bag notation: for example, marking {Up, Queue?} means that there is one
token in place Up, two tokens in place Queue, and no tokens elsewhere. The heavy arcs indicate
the firing of the deterministic transition. If the failure process has instead an Erlang distribution
with K phases, each exponentially distributed with rate ¢, the underlying process is shown in
Fig. 5, where the component “P” of the state indicates the phase of the Erlang distribution. The
analogous stochastic processes for the second model are exactly the same, except that the arc with
failure rate ¢ leaving from {Up, Queue™} (in the exponential case) or from {Up, Queue™, PX} (in
the Erlang case) goes to {Down, Queue™}, not to {Down}, and the AMC now includes all the
down states, not just { Down}.

5.1 Bounds and first approximation

In our example, the distribution F' of the renewal periods T is actually known in closed form, since
T =74Y and Y is either Fzpo(¢) or Erlang(K, ¢), depending on the type of failure process.
This is because the arrival and service processes do not affect the duration of the renewal intervals.
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Figure 5: The process underlying our DSPN (Erlang failure process).

Hence, we can compute the value of E[T (v (t)“]] analytically. If we ignore that the age of the
renewal interval is bounded by ¢, we can use the relation (1) and obtain:

E[T? 72+ 27E[Y]+ E[Y?] _ ( 1) 1

ET ~ s+ E[Y] ) T et

lim E[TWVO+] =
t—o0

if the failure process is exponential (hence E[Y?] = 2/¢?) and

2 249, 9
tlirgoE[T[N(t)H}] _ fgé]] _ +2Ti?_[};][;-]E[y ] _ <

if it is Erlang (hence E[Y?] = (K? + K)/$?).
We can also attempt to use the fact that the time spent in the AMC up to time ¢ (which we

) e
o) " Pr/K +0

can assume greater than 7) cannot exceed t — 7. For a worst-case scenario with the exponential
failure process, we assume that the DSPN is in the AMC at time ¢, so its expected “age” in the
AMC is 1 — e ?(=7) /¢ and
1 1 — e 90t=7)

)+

[N()+1] -
B0 < (74 5
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Figure 6: Numerical results for an exponential or Erlang failure process (first model).

In the Erlang case, we also assume that the the failure process is in the first phase of the Erlang
distribution at time ¢, not just in any state of the AMC, resulting in

E[rIVOH] < <T + %) + 1_67;”7)'

These alternative bounds explicitly state that the age is at most 7, spent in the SMC, plus an
exponentially distributed amount bounded by ¢ — 7, spent in the AMC, and the remaining lifetime
has the entire expectation E[Y].

We can then combine the two approaches and obtain the upper bound on E[TIN®+1],

1 , 1 1 — e 907 q K , 1 1 — =007
(T+$>+mln{¢2r+¢’ 5 }a“ (T+E>+mln{¢QT/K+¢’ 5 }

for the exponential and Erlang case, respectively. These are used to compute the results for our

model, reported in Fig. 6. Each set of plots shows the lower and upper bounds using our bounding
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technique, the lower and upper value of the 95% confidence intervals computed using simulation in
the tool SPNP [11], and the value obtained using our first approximation (our second approximation
can also be applied to this model, of course, but it is computationally more expensive and achieves
analogous results in this case). The numerical values of the parameters are M = 10 (this limit is
used also in the simulation for comparison purposes, even if the simulation does not require to limit
the number of tokens in place Queue, as long as the system is stable), A =10, p =12, 7 = 1, and
¢ = 0.1 (exponential case) or K =5 and ¢ = 0.5 (Erlang case).

For an exponential failure process, we studied the system at time 11, 55, 110, 550, and 1100
(i.e., 1, 5, 10, 50, and 100 times the average renewal period). It is apparent that steady state is
reached quite fast, and that our bounding technique is correct, but results in bounds that might
be too wide in practice. Hence, for an Erlang failure process, we focus on the earlier portion of
the system evolution, from time 2 to time 30, before steady state is reached. Especially for the
throughput, the upper bound is meaningful.

Even more interesting, however, is the performance of our heuristic approximation, which follows
very closely the results obtained from simulation. We believe this to be a very encouraging result.

One of the reasons for the loose lower bounds when ¢ is small is that Theorem 3.3 maximizes
the reward accumulated during the last renewal period, TW®+1 by assuming that the reward is
always max{p;}. In our case, this corresponds to assuming that the server is always busy during
the period in AMC (for throughput bounds), or that the queue is always full (for queue length
bounds).

5.2 Second approximation

We now consider the second model, with no customer loss due to failure. Our second approximation
can be applied to this case, since the renewal periods are identically distributed and independent
of the state (number of customers) at the time of a failure.

The results are shown in Fig. 7, for both the exponential and Erlang case, and for values of ¢
up to 55 (five times the expected renewal period). It is apparent how our second approximation
tracks very closely the simulation results.

6 Conclusion

The stationary analysis of DSPNs has been studied in the past and, if at most one deterministic
transition is enabled in any marking, efficient solution algorithms are known. However, the transient
analysis of the same class of DSPNs is computationally intensive. We then opted to study the
transient analysis of subclasses of DSPNs using bounding and approximation techniques instead.
By not seeking “exact” results, we are able to study very large models, since, essentially, only
stationary and transient analysis of CTMCs is required. More specifically, for the class of DSPNs
having a single persistent deterministic transition that can become enabled only in a given state ¢*:
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Figure 7: Numerical results for an exponential or Erlang failure process (second model).

e We proved that the model defines an underlying renewal process.

e We defined upper and lower bounds for the average sojourn time in each state and for the
accumulated reward up to time ¢; while our lower bound can be overly pessimistic for short
transient times, one can use the bound information to gauge how close the DSPN is to steady
state, since our bounds coincide in the limit.

e We defined a heuristic approximation guaranteed to fall within our bounds, which appears to
be quite accurate in practice.

Then, for a more general class of DSPNs having a single persistent deterministic transition and iid
renewal times:

e We defined an iterative heuristic approximation which requires multiple transient analyses of
CTMCs, and appears to be quite accurate in practice as well.
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In conclusion, it is our belief that the use of CTMC techniques to compute approximate or
exact transient measures on a DSPN is very promising, and our contribution is a first step in this
direction.
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