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Abstract

In this paper we present ETAQA, an Efficient Technique for the Analysis of
QBD-processes by Aggregation. We concentrate on processes satisfying a particular
repetitive structure that frequently occurs in modeling of computer and communica-
tion systems. The proposed methodology exploits this special structure to evaluate
the aggregate probability distribution of the states in each of the equivalence classes
corresponding to a specific partitioning of the state space. Although the method
does not compute the probability distribution of all states in the chain, not even
in implicit recursive form, it provides the necessary information to easily compute
an extensive set of Markov reward functions such as the queue length or any of its
higher moments. The proposed technique has excellent computational and storage
complexity and results in significant savings when compared with other traditional
solution techniques such as the matrix geometric approach.

Keywords: Markov chains; quasi-birth-death processes; matrix-geometric technique;
computer system modeling.

1 Introduction

Over the last two decades, considerable effort has been put into the develop-
ment of techniques for the exact analysis of a general and frequently encoun-
tered class of queuing models. In these models, the embedded Markov chains
are two-dimensional generalizations of those arising from the embedding of
elementary M/G/1 or G/M/1 queues [7]. The intersection of these two cases
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corresponds to the so-called quasi-birth-death (QBD) processes with a repet-
itive “matrix-geometric” structure, which occur frequently in queuing models
of computer and communication systems.

In his seminal contribution, Neuts showed that any Markov chain exhibiting
such a matrix-geometric form can be solved using iterative algorithms that
exploit the repetitive structure of the infinitesimal generator to express the
stationary probabilities of the states in a recursive way [16]. If the state space
is S, it is partitioned into YW, j > 0, where S = {sgo), ..., contains
m “boundary” states and, for j > 1, each set SU) contains the same number
n of states, SU) = {sgj), ...,89)} The boundary portion of the state space
usually represent the state configurations that arise when the queue is empty or
below a certain threshold of occupancy, while the remaining states correspond
to the “repetitive” (infinite) portion of the state space [13,16]. Intuitively,
the addition of one customer “shifts” the state space from “level” SU) to
level SU*Y | by increasing the length of the waiting queue while the server(s)
occupancies remains the same [14]. Neuts observed that, if the stationary
probability vector 7 is partitioned accordingly into 7@, (1) . the recursive
relation w0+ = 7 . R holds, so that the problem is essentially reduced to
the computation of the “rate” matrix R.

MAGIC [23] and MGMtool [4] are examples of computer packages that provide
a solution framework implementing this idea. Although widely applicable, the
matrix-geometric method suffers from a major drawback: the need for com-
puting and storing the full square matrix R, required for the calculation of
both the state probabilities and the associated performance measures [14].
Explicit solutions exist that avoid the iterative calculation [1,11,21] by reduc-
ing the global balance equations of the repetitive portion of the chain from
second order difference equations to first order difference equations. Addition-
ally, if the interaction of the repetitive part of the chain is of a specific form
[14,18], the solution of the system becomes less expensive than the traditional
matrix-geometric technique because there are ways to circumvent the iterative
calculation of the matrix R.

In this paper, we introduce ETAQA (pronounced Ithaca), an Efficient Tech-
nique for the Analysis of QBD-processes by Aggregation. We restrict our at-
tention to QBD processes with matrix-geometric form for which the “return”
from level SUTD to level SU) is always directed toward a single state in S\,
which we identify as s$/), by convention. If this condition is met, ETAQA offers
a computationally efficient method for the solution of the system, i.e., for the
computation of steady-state probabilities and the computation of a rich set
of performance measures that can be expressed as state reward functions. In
some cases, our condition might not immediately hold in a model, but it can
be achieved by an appropriate state repartitionig, as illustrated in Section 6.



Our approach is derived from first principles using the classic Chapman-
Kolmogorov [7] equations that relate the flow into and out of each state in
equilibrium. We exploit the structure of the repetitive portion of the chain and
instead of evaluating the probability distribution of all states in the chain, we
calculate the aggregate probability distribution of the n equivalence classes
T, = {55]) :j > 2}, for 1 < ¢ < n, corresponding to a specific partitioning
of the repetitive portion of the chain (see Figure 1), as well as the stationary
probability distribution of all states in states in S U SW.

ETAQA has excellent computational and storage complexity, since it only re-
quires the solution of one linear system in (m+ 2n) unknowns, to compute the
stationary probabilities. Furthermore, only the original matrices specifying the
Markov chain need to be stored. These matrices are ordinarily quite sparse,
hence very large models can be solved by using sparse storage techniques [17]
and iterative numerical methods. We stress that, instead, the computational
complexity of the matrix-geometric method is much higher, even if our re-
quirement that transitions from states in level SUTD to level SU) are always
directed toward a single state s} € SU) is taken into account when computing
R. Furthermore, the explicit storage of R in the matrix-geometric method still
requires n? memory locations, as our restriction does not imply a particular
structure in R that can be exploited for storage purposes.

ETAQA differs from the matrix-geometric approach in that we do not evaluate
the probability of all states in the chain, not even in implicit recursive form.
Nevertheless, it provides the necessary information to easily compute various
Markov reward functions of interest: any linear reward function (such as the
expected queue length) requires the additional solution of one linear system
in n unknowns; in general, the computation of the expected reward rate when
the reward rates of the states in SU) is a k*-degree polynomial in j (e.g., to
compute the k™ moment of the queue length), requires the successive solution
of k linear systems in n unknowns.

This paper is organized as follows. Section 2 overviews the matrix-geometric
approach and other background information useful in defining our method and
is followed by a motivational example in Section 3. In Section 4 we formally
define the proposed method and the conditions under which it is applicable.
Section 5 continues with the formalization of the methodology for the compu-
tation of performance measures of interest via the use of reward functions. In
Section 6 we show how to extend the applicability of our method by reparti-
tioning the state space. Performance comparisons and the relation of ETAQA
with alternative solution methods are given in Section 7. Section 8 gives a
short survey of several published applications where ETAQA applies. Finally,
our conclusions are given in Section 9.
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Fig. 1. Partitioning of the state space (left) and its aggregation (right).

2 Background: the matrix-geometric approach

If a Markov process exhibits a matrix-geometric structure, then its state space
can be partitioned into the boundary states S = {s§°), ...,59 and the sets
of states SU) = {sgj), ...,8UY for j > 1, which correspond to the repetitive
portion of the chain. The repetitive structure allows for a recursive formulation
of the stationary probabilities of the states in the chain and facilitates their
computation. We focus on continuous-time Markov chains representing QBD
processes. Their infinitesimal generator Q is then expressed as [13]:

LOY) FOY 900 ---
B L FooO---
0 B LFoO.--|,
0 0 BLF.-.-.

where L9 describes the “local” transition rates between states in S©, F(OD
describes the “forward” transition rates from states in S to states in SW,
B9 describes the “backward” transition rates from states in S to states
in S©_ F describes transition rates from states in SU) to states in SUY, L,
describes transition rates between states in S, B describes transition rates
from states in SU) to states in SU=Y (for j > 1), and 0 is a matrix of all zeros
of the appropriate dimension.

Neuts [16] proposed an algorithm that takes advantage of the repetitive struc-
ture of the chain to compute the stationary probabilities of all states. Let ()
be the stationary probability vector for states in SU) (for j > 0). The equation
for the repetitive portion of the process in block matrix form is:

a0V . F 470 L4 al0t) . B=0, j>2

and since the values of 7w0), j > 2 have a matrix-geometric form, then



) — 7O R/, ji>2,
which implies
F+R-L+R*> B=0.

This quadratic equation in the matrix R can be solved numerically using the
following iterative procedure:

R(0)=0
R(k+1)=-F-L'—R*k)-B-L', k>0, (1)

stopping when ||[R(k + 1) — R(k)|| is sufficiently small. Other iterative pro-
cedures have been proposed by Latouche and Ramaswami [9], with improved
convergence behavior. From our point of view, however they all have more gen-
eral applicability than the method we introduce, but they also require more
computational resources: O(n?) memory and O(n?) time per iteration.

Once R has been obtained, the stationary probabilities are computed by fo-
cussing on the equations for the initial portion of the matrix, which can be
written in matrix form as

L(00) (o1
[, 7). =0 (2)
B L+R-B

and, together with the normalization condition
x® .17 4 7 Z R/ 1T =

that is
70 1T+ 7O 1-R) 1T =1,

(where 17 is a column vector of ones of the appropriate dimension) yields a
unique solution.

Once @ and 7™ have been obtained, any other 7w, for j > 2, can be
obtained numerically as 7 = (1) . R/~ Of course, only a finite number
of such vectors can be obtained in practice, but this is not a problem since
their norm decreases toward zero according to a geometric factor equal to the
spectral radius p(R) < 1. Even more importantly, though, many useful per-
formance metrics, such as expected system utilization, throughput, or queue
length, can be computed exactly from 7w, 7() and R alone.
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Fig. 2. Testing for stability in a QBD process.

2.1 Conditions for stability

For the simple birth-death process describing an M /M /1 queue, the stability
condition is simply that the arrival rate A must be less than the service rate
1. The condition for the existence of a stationary solution for a QBD process
is analogous: from some level j onward, the drift toward the left, 7#0) . B .17,
must be greater than the drift toward the right, 7w©) . F - 17

However, we need to check for stability before we solve the CTMC, so 7@ is
not yet known at this point. Fortunately, for a large enough j, the effect of
the initial portion of the CTMC is negligible, so we can say that

W
V(ZE{l,...,n}, JILI]SOW:PYCU

where ~ is the stationary probability vector for the n-state CTMC obtained

by rerouting transitions from s) to state sl(,j D or sl(,j ™ 50 that they become

transitions to state sl()j ) instead (see Fig. 2). In other words, 4 is the probability
vector satisfying

v-B+L+F)=0

and can be obtained using any method ordinarily employed to compute the
stationary probability vector of an ergodic CTMC.

After computing =, the condition for stability is then simply
~-B-1" >~ .F-17. (3)

We stress that this discussion of stability assumes that the CTMC having
infinitesimal generator (B + L + F) is ergodic. If instead this CTMC con-
tains multiple recurrent classes, we can still test for stability by checking that
condition (3) holds individually for each recurrent class.



Fig. 3. An example.

3 Motivational example

Consider the CTMC in Fig. 3, modeling an M/FE, /1 queue with arrival rate
Expo()) and service distribution Erlang(2, it). State 0 corresponds to an empty
system, while state Nx described the system with N customers, the first one
being served in phase z, for N = 1,2,... and x = a (second phase) or x = b
(first phase).

Let A = {2a,3a,...} and B = {2b,3b,...}. Hence the state space can be writ-
ten as S = {0, la, 16}UAUB. Instead of applying the matrix geometric method
for the computation of the stationary probability vector [mw, 14, T1p, - - -],
we derive a system of linear equations in the five variables 7y, 714, 715,

TA = e T, and g = > ;cs ;.
One equation is given by the normalization condition
o+ Wia + W1y + WA+ 7 =1, (4)

so we need to find four more (linearly-independent) equations. We do this by
expressing the flow balance for various sets of states.

We can express the flow balance for {0}:

7TO>\ = T1al4, (5>
for {la}:
T1a(A + 1) = Tpt, (6)

and for each state in A as:

Vi > 2, Tia( A+ [1) = T(i—1)e X + Tt (7)
Summing by parts Eq. 7 over all i > 2 we derive:

Al = Wi\ + T/ (8)

which expresses the flow balance for A. If we try to express the flow balance
for B in a similar manner (i.e., by first expressing the flow balance of each



state in B and then summing the resulting equations by parts), we realize
that we must introduce the probability of state 2a explicitly:

Tl = T\ + (T4 — T24) L,

hence we cannot use this equation, as it force us to increase the number of
unknowns (and to look for yet another equation, and so on). We could also
express the flow balance for {16} U S,

(1 + ) = T + T AL,

but this equation is a linear combination of equations (5), (6), and (8), so it
would not add any new information either.

To derive a fifth linearly-independent equation, we then consider the flow
balance between {la, 10} and {2a, 2b},

1A + T1pA = Taafl,
the flow balance between {2a,2b} and {3a, 30},
T\ + T\ = T3,/
and so on, and sum all these equations, obtaining:
(10 + TN+ (71 + TB)A = T A (9)

Equations (4), (5), (6), (8), and (9) are linearly independent and can then be
used to compute our five unknowns, by solving the linear system

I-x 0 0 0
Lo —(A4pn) A A
[0, T1a; W15, Ta, 78] - |1 0 m 0 X |=11,0,0,00],
10 0 —pUAN—p
10 0 woooA

resulting in

=20 A(—2X) AN+ ) (i — 2X0) 202 A2(j0 + 2))
(70, T10; 1, A, 5] = ; CEEE 3 I .
1 I I I I

To compute a performance measure such as queue length we follow similar
steps. Let g4 = > i2,im;,, and g = >.;2,1m; be the contribution to the
expected queue length due to the states in A and B, respectively. To compute



g4, we multiply the equations that express the flow balance for each state in
A by the appropriate factor:

Vi > 2, iTiq (A + 1) = 1T i_1)a A + i (10)
and by summing by parts Eq. (10) over all i > 2 we derive:
qa(A + i) = 21\ + (g4 + TN + gL (11)

We continue by multiplying by the appropriate factor the set of equations that
express the flow balance between {ia,ib} and {(i + 1)a, (i + 1)b}, for i > 1:

(i 4+ D)migA + (0 + DA = (i + )7 1)alt (12)
and, after summing by parts Eq. (12) over all ¢ > 1, we obtain:

2710 A + 27 A + (qa + TA)A + (g5 + )N = qaA. (13)
Since Equations (11) and (13) are linearly independent, we can express ¢4 and

qs as a function of A, u, plus the quantities 7., 71, ™4, and 7, which are
already known. We then obtain the expected queue length as

T + T+ qa + g5

4 Formalization

We now formalize the ideas used in the previous section and show how to
apply them to a specific class of CTMCs. We consider CTMCs describing
QBD processes having an infinitesimal generator matrix with the following
structure:

1,(00) | f(01)

B(IO) L(ll) F
Q= B [L|F : (14)

Note that LMY is not required to equal L; while they are usually the same
(except possibly in the diagonal, since Q is an infinitesimal generator and
B9 . 17 could differ from B - 17), this is not required by our approach.



The stationary probability vector satisfying 7w - Q = 0 can be partitioned
accordingly into

wzh@mmm@wl

with 7(® € R™ and 7, 7 ... ¢ R™.

Then, we can write 7w - Q = 0 as:

7O . L0 L 20 . B — g

20 . FO) L 20 LD L 2@ LB =
71-(1) . F + 71-(2) . L + 71-(3) . B — 0 . (15)

Now, assume that B is a matrix of zeros except for the last column (i.e., all

backward transitions from states in SU) to SU~1) are restricted to go to sU~1),

the last state in SU=Y). Let A,,..,.c,:c, be the submatrix of A corresponding
to the rows from r; to ro and the columns from ¢; to c¢,.

We are going to show how to derive m + 2n equations in 7, #(), and a new
vector of n unknowns, 7 = doics 7, where Wg*) represents the stationary

probability of being in the macro-state 7; = {sgi) 1> 2}
— The normalization constraints offers one equation:

a0 17 47O T g T =1, (16)
— The first row in (15) provides m equations:

a0 ) L 1) gl — g (17)

Due to the structure of B, we can observe that the first n — 1 entries of
72 . B are null, hence the second row in (15) provides n — 1 equations:

ﬂ-(O) : F(Ol) + 7.‘.(1) : ngb?l:n—l = U (18)

1:m,1in—1

— If we sum all the remaining equations in (15) we obtain
i=1 =2 i—3

which, again by using the structure of B, results in another n — 1 equations:

7‘-(1) : Fl:n,l:n—l + 77(*) : (F + L)l:n,l:n—l =0. (19)

10



— Finally, we can consider the equations describing the balance of flow between
successive sets of states, S and SUHD | for j > 1:

D L F 1T 4@ . B . 1T =
2 . F 1T #70 . B . 1T =

. (20)

B L F 1T 7@ . B . 1T =

By summing all these equations we obtain:
7. F. 17+ 7 (F-B)-17 = 0. (21)

The following theorem states that these equations are sufficient to compute
7@ 7MW and 7™,

Theorem 4.1 Given an ergodic CTMC with infinitesimal generator Q having
the structure shown in (14) and such that the first n — 1 columns of B are
null, By, 1.,—1 = 0, the system of linear equations

(@, 7 7] X = 1,0], (22)

with X defined as

1T L(OO) Fg(:):n),l:n—l 0 0
X = 1T B(lO) Lgi}b?lzn—l Fl:n,l:n—l F- ]-T ’ (23>
17 0 0 (F + L)l:n,l:n—l (F - B) 17

admits a unique solution satisfying 7 = S, w0 where [#(® 7)) 7@ ]
is the stationary probability vector of the CTMC.

Proof It is easy to show that (22) admits at least one solution. This is because,
if the original CTMC is ergodic, the equation - Q = 0 subject to w-17 =1
admits a unique solution 7r, which we can partition as [7%(0),7%(1),7%(2), )
Clearly, the vector [#© #W), 25, #9)] satisfies (16), (17), (18), (19), and
(21), hence it is a solution of (22).

To show that the solution of (22) is unique, however, we must also show that
the rank of X is m+2n. We do this by showing that its rows are m+2n linearly
independent vectors. It is well-known that, since Q is ergodic, the vector 17
plus and set of vectors corresponding to all the columns of Q except one (any
one of them) are linearly independent. In particular, we choose to remove from
Q the n'" column of the second block of columns in (14), corresponding to
transitions into state s.. In our case, the result is the countably infinite set of
vectors v, v .. in RN shown in Fig. 4.

11



We now define n new vectors z!!! through z™ in RV, also shown in Fig. 4, as
follows:

~ Fori=1,....,n—1, let 2l = 3%, vImHntl that is, we sum the i col-
umn from each block of columns starting from the block corresponding to
transitions into S®. Note that B does not appear in the expression of these
vectors, because B, 1.,—1 = 0.

— For the last vector, zI" = 20, | S7p¢  vImHEntl To justify the expres-

sion for zl™*?" it is convenient to consider its derivation in steps: zl" =
ﬁlym, where yll = Yo xlU-Dn+il - and x[U-Deti] — >R ylmtknti

Note that (B + L + F) - 17 = 0, because Q is an infinitesimal generator,

and this also implies that (L +F)-17 = -B - 17.

It is then easy to see that the m + 2n vectors {vlll ... v+l gl gzl
are linearly independent since (a) the original set {v[! vP .} is linearly
independent, (b) {zl!), ... z["} are obtained as linear combinations of different
subsets of vectors from {vIm+n+ll ylm+n+2 " 1 " (c) disjoint subsets of vectors
are used to build {z!, ..., z[""1}, and, finally (d) 2" is built using vectors
already used for {zl!l, ... z"~1} but also vectors of the form vI™*7" which
are not used to build any of the vectors in {zl!l, ... zl"=1},

Thus, the rank of the matrix [vlY ... vzl -zl is m + 2n, which
implies we must be able to find m 4+ 2n linearly independent rows in it. Since
row m —+ jn 4+t is the same as row m+n+1, fori =1,...,n and j > 2, it is
clear that the first m + 2n rows are linearly independent. These are the rows
of our matrix X, hence the proof is complete. ]

It is worth noting that, even if Eq. 22 resembles the classical equation obtained
removing one equation from 7 -Q = 0 and adding the normalization condition
> m; = 1 for a finite CTMC, the nature of the matrix X defined by our theorem
is very different. For example, simply consider the matrix X in Section 3,
where, since 1 > A, there are two negative entries in the row corresponding to

A.

5 Computing the measures of interest

The goal of a modeling study is to compute measures of interest. In general, a
measure 1 is expressed as a weighted sum of the stationary state probabilities.
For example, if we want to compute the expected queue length in steady state
for a model where SU) contains the system states with j customers in the
queue,
o0 .
r=>Y 7>, .

=1 ;e80)

12



vi2 vim+2l  ylmtnt1] Imt2n+1] | [m+3n+1] 7l1]
vl through through through through through --- through
yimtl ylmtn] o gima2n] o Imt3n] ( maan] zn—1]
17| L [FO 0 0 0 0
17| B LYY ] F 0 0 Flnin-1
17 o 0 L F 0 (F 4+ L)1m,1m1
17 0 0 B L F (F+L)1mina
17 0 0 0 B L (F+ L)1
x1 x[n+1]
through  through yll yl2 zl"
xIl x[2n]
0 0 0 0 0
F 0 F-17 0 F-17
L+F F (L+F)-17| F.-17 (F-B)-17
B+L+F L+F 0 (L+F)- 17} (F-B)-17
B+L+FB+L+F| - 0 0

Fig. 4. The column vectors used in our proof.

However, our solution approach computes 7w, 7™ and 7™, hence we do not
explicitly know the individual values for {w® 7@ .} Tt is then essential
to determine under what circumstances the desired measures can nevertheless
be obtained. By writing r as

r = 7O pOT LD 0T LS ) p0)T
=2

(where p = [p@, p(V), - -] are the reward rates for the states in S@ SM ...),
it is clear that the definition of p is only restricted by our need to compute
the above summation. We now show how to do this when the reward rate of
state ng), for y > 2 and i = 1,...,n, is a polynomial of degree k in j with

13




arbitrary coeflicients aE Vall o &l

vi>2 Vie{l,2,....n}, p¥ =a%+allj+...+allsk

In this case, then,

S w0 p0T Z 3 ). (alf a1 - 2l )"

j=2
_S w0 a0 LS )l 3 ) T
J=2 j=2 j=2
=l QO 4 [ QT oy plb] L g HIT
where rll = >0 gl for 1 = 0,. .., k, and its computation can be illustrated

by strong induction. For the base case, rl is simply 7w*). Now, assuming that
we know how to compute rll for0<1<k-— 1, we show how to compute rlkl,
Multiplying the equations in (15) from the second block on by the appropriate
factor j* results in

2k7T(0) . F(Ol) + 2k7l-(1) . L(ll) + 2]{371-(2) . B — 0

Frx® . F  4+37x® . L +37x0 . B=0

dkp@) L F 4 4kx®) L £ 4k L B =

and summing them we obtain

ok (0) O 4 ok (D) 1,01 4 3kp() o
S +2fD P+ (j+ 1) L+ jx) . B| =0,
j=2

which, observing that

00 k [e's) k
SRR ol [ EEED SIRSIEEED ol i P
j=2 1=0 j=2 =0

and -
Z]’kﬂ-(j) — l¥l
=2

can be expressed as rl*l . (F + L + B) = b where the constant right-hand side
vector is

k
b= 26 @ FO _gkn ). [0 _ghr) p 3 K (2" F 4 o0 L)

14



Since the rank of F+L+B is n—1, we can remove the equation corresponding
to the last column, resulting in the n — 1 equations

rlf (L+F)imim1 =bin 1. (24)

One additional equation is then required. We obtain it from the equations in
(20), again by multiplying them by j*,

k(M. FAT — 2kx(2.B.1T = 0
3@ .F17 — 3kx0).B-17 = 0

9

4krB)F17 — 4kx®.B1T = 0

and summing them, resulting in

26 F 1T =N a0 B 1T + 3+ DD F 1T =0,
j=2

=2
which can be written as
" (F-B) 1T =¢ (25)

where

k
c=—-2kgW.F. 1T -} " rlF=l 1T
=1 \ [

We can then observe that Eq. (24) and (25) together are sufficient to uniquely
determine the value of rl¥l, since they define the linear system

I‘[k} ) [(L + F)l:n,l:n—1|(F - B) ' ]'T} - [blzn_1|c] ’

and the matrix [(L +F)ipim1|(F—B)- 1T} has been shown to have full
rank already, in the proof of Theorem 4.1. Thus, in conclusion, if the (maxi-
mum) degree of the polynomials involved in the specification of the rewards
is k, we need to solve k times the non-homogeneous linear system with coef-
ficient matrix {(L +F)inim1|(F—B)- 1T}, for k different right-hand sides.
In particular, the most common and important case of linear reward rates
(as required to compute the expected queue lengths) requires the solution
of only one linear system of size n x n in addition to the solution of the
(m+2n) X (m+ 2n) system required to compute the stationary probabilities.

15



Fig. 5. Changing the state partition.

6 Extending the applicability by state repartitioning

Theorem 4.1 might seem restrictive, since it requires that any backward tran-
sition from SU) must be directed to “the last state” of SU™Y, state sU~Y.
Clearly, given that no restriction on L and F exist, an appropriate ordering
of the states in SU) can always be found to satisfy this condition, as long
as all backward transitions go a a single state, which can then be numbered
last. But the applicability of this theorem is much wider than this, because in
many cases we can change the state partitioning, so that a matrix that does
not satisfy the condition of our theorem can be rearranged into one that does.

Consider for example a system with Poisson arrivals with rate A and a server
that needs rest to perform well (Fig. 5 on the top). After an idle period, the
server is well rested and starts processing the first arrival at a rate u,. However,
the server tires easily, so the second arrival is processed at a rate p, < pq, the
third one at a rate p. < up, and all the subsequent arrivals are processed at a
rate pg < pie, until the idle state is reached again.

The natural partition into states shown in the grey blocks, corresponding
to the population in the system, S = {0}, S® = {la,1b,1c, 1d}, S® =

16



{2a,2b,2c,2d}, and so on, does not satisfy the theorem assumptions:

0 tta 0 0 A—pe 00 0 (X000]
Lo oo w0 A 00 w000
00 0 u 0 0 —A=pe O 000
00 0 pa 0 0 0 A 000X

However, for the alternative partition shown in the same figure at the bottom,
S© =10, 1a,1b,2a}, SM = {3a,2b,1c, 1d}, S@ = {4a, 3b, 2c, 2d}, and so on,

(000 0 | N~y e 00 (X000]

000 0 0 —A— 0 0A00
B = L = Ho He F—

000 p 0 0 —A=p. 0 000

1000 4. 0 0 0 A 1000\

hence our theorem can now be applied. The price paid for this is an increase
in the size of the linear system, since, in the second case S = {0, 1a, 1b, 2a},
instead of simply {0}. For this application, if the server has n levels of service,
ISU| = n and 07720 = (n? — 3n + 2)/2 states must be moved into S©.
Note that the repartitioning effectively moves selected entries from B to L,
that is, some backward transitions become local transitions. It is also possible
for entries to move from L to F, that is local transitions become forward
transitions. It is also possible that such a transformation results in a M/G/1-
type matrix (with finite-size forward jumps) even if we start from a QBD-
type matrix. See for example Fig. 6, where the transitions from ja to (j + 1)b
correspond to a single forward step with the partition SY) = {ja, jb, jc}, but
to a double forward step with the partition S = {(j + 1)a, jb, jc}, which is
required in order to obtain a B matrix with a single nonzero column.

The presence of multiple forward jumps can be managed in two ways. One way
would be to extend our main theorem, deriving a similar result for M/G/1-
type matrices, as long as the backward transitions from SU) are still to a single
state of SU=Y_ If we think of multiple forward jumps as bulk arrivals in the
queue, and if the size b of the bulk is bounded, another way of dealing with
this type of matrix is simply to redefine the partitioning of the state space, so
that the sets SU) are grouped b at a time. For example, in Fig. 6, this would
require us to define SV = {1b, 1c, 2a, 2b, 2¢, 3a}, S@ = {3b, 3¢, 4a, 4b, 4c, 5a},
and so on. Then, any forward transition would again be single-step, and our
theorem could be directly applied.
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Fig. 6. A multiple forward jump cause by repartitioning the states.

ETAQA

Solution of (22) O(Ieraga - (X))

Computation of £ moment  O(k - Ieasure - n(L + F))

Matrix-geometric approach

Computation of R O(n3 + IR - n2) or O(n-Iapr -n(L))

Solution of (2) O(n? + Ing - (n(LO) + n(B19) 4 5(FOV) 4 (L))

Computation of k£ moment O(k - n3)

Table 1
Computational complexity of the MG approach and ETAQA.

7 Computational complexity

To apply ETAQA, we must solve a linear system in m-2n unknowns described
by the matrix X defined in Eq. (23). Then, if the rewards include a polynomial
of degree k (e.g., we want to obtain the k'™ moment of the queue length),
we must solve k linear systems in n unknowns. The resulting complexity is
recalled in Table 1. In it, quantities of the form I, indicate the number of
iterations required for convergence to a given tolerance in a fixed-point-type
numerical method, and 7(A) indicates the number of nonzero entries a in
matrix A. In particular, Igraga and Ipeqsure are the number of iterations
required for convergence in the first linear system and in each of the k£ smaller
linear systems (on average), respectively. We stress that the original matrices
describing the QBD process are usually very sparse, but we assume they have
at least one entry per row on average, hence we drop terms like (R - B) from
any complexity expression already containing the number of nonzero in other
matrices, since n(R - B) < n.
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Fig. 7. A CTMC not solvable by our approach.

7.1 The standard matrix-geometric approach

ETAQA can be applied to only a subset of the QBD processes that can be
solved by the matrix-geometric approach. For example, the CTMC in Fig. 7
has a QBD structure, but it does not satisfy the requirement of a single nonzero
column in B, no matter how we partition its state space. This is easily verified
by observing that the main diagonal of B contains two nonzero entries: clearly,
repartitioning can never reduce the number of nonzero columns in B below
two in this case.

When both ETAQA and the matrix-geometric approach are applicable, how-
ever, it makes sense to compare their efficiency in terms of memory and execu-
tion time requirements. First of all, one should wonder whether our restriction
of a single nonzero column in B (which we numbered the n'" just for conve-
nience) allows for a more efficient computation or storage of the matrix R. We
now show that this is only partially the case, thus concluding that ETAQA is
much preferable, when applicable.

The interpretation of matrix R in the standard matrix-geometric approach is
as follows [16, p. 35]:

Vk,l € {1, c. ,77,}, Rkl = izl : (_Lk,k)a

(3+1)

where Rkl represents the expected number of visits to s, starting from

state s,g ), and before entering any state in SU). In other words, R, represents

the expected time spent in state sl(j U after a transition out of state 5(3 and

before entering a state in SU), measured using (—Lyx) ™!, the holding time in
state 3,(3), as the time unit, for 7 > 1.

It is then immediate to see that, given this interpretation of R, the special
structure of B alone does not enforce any special structure in R itself (i.e.,
R can be completely full, and there is no simple relation between its entries,
since L and F are completely general).

The structure of B, if properly exploited in the iterative method to obtain R,
does however reduce the computational requirements. Consider for example
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equation (1). When performing the product R*(k) - B - L™}, we can compute
it as (R- (R -B)) - L™, where the three products to be performed require
only O(n?) operations, since B, (R -B), and (R - (R - B)) are all matrices
where only the last column is nonzero. However, the product (R- (R - B)) -
L~! is in general a full matrix, since L can be completely arbitrary in our
approach. Analogously, the product F - L~! does not enjoy any particular
property, since F can be completely arbitrary as well, hence it requires O(n?)
operations. This last product does not change between iterations, so it can
be performed once, before starting the iterations. The overall complexity of
using the iteration specified by Eq. (1) when B satisfies our condition is then
O(n® + Iy - n?) operations, where Iy is the number of iterations needed to
achieve convergence to a given tolerance for R. Since the complexity of using
Eq. (1) for a general QBD process results in O(Ig - n®) operations (see the
excellent treatment in [8] for the detailed complexity of several approaches to
compute R), our simple observation to exploit the structure of B leads to a
substantial improvement. However, for large values of n, its complexity is still
unacceptable. Even more importantly, the need for storing the square matrices
L~! (or its LU-factorization) and R in full storage remains.

Once R has been computed, the linear system (2) must be solved to obtain
7 and w1, This requires us to compute the product R - B, which can be
done in O(n?) operations, again by exploiting the structure of B, and then
to use a linear system solver, with complexity O(Ipq - (n(LY) + n(B1Y) +
n(FOY) + n(L + R - B))), where I/ is the number of iterations required by
the solver for convergence.

Finally, measures such as the k&*® moment can be computed, but expressions
of the form 77 . R* . (I — R)~%**+Y must be evaluated [16, p. 36], resulting at
a cost of O(k - n?) operations.

To summarize, the overall computational and storage requirements of the
matrix-geometric approach are not simply proportional to the sparsity of the
matrices describing Q, as it would be ideally desirable.

7.2 An alternative method to compute R

We now present an alternative method for the computation of R that explicitly
exploits the structure of B required by our approach. Consider the absorbing
CTMC with state space {0,1,2,...,n} and infinitesimal generator

0 0
B-1TL+F- 17 -e(n)

)
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(where e(n) is a vector having all entries equal zero except for a one in the
b position)

We can think of these states as {s&), Y™ Y0 sG+D} in the order.
State 0 is absorbing, since it Corresponds to the taboo states SU) at the lower
level: given our structure, state s\/) is always the first such state to be reached.
The transitions out of states {1,2,...,n} are as for the states in SU+1, j >
1, except that all transitions to states in SU+?) in the original CTMC are
redirected to state n, that is sU*V since this is the state that will be reached
when transitioning from SU+?) back into SUTV. Of course, transitions from
s to sU*2) in the original CTMC simply cancel their contribution to the
diagonal element L, , in the absorbing CTMC just defined. This is not a
problem, since it simply corresponds to ignoring transitions from a state to
itself in a CTMC.

Then, define ©,; to be the expected time spent in state [ € {1,...,n}, if the
absorbing CTMC is initially in state h € {1,...,n}, until absorption. Since €2
is the solution of

Q- (L+F-1"-e(n) = -1,

we can compute each row €,,, for h € {1,...,n}, one at a time using any
iterative solution algorithm for linear systems:

Qo (L+F-1"-e(n)) = —e(h). (26)

Finally, we can express R as:

Ry, = Z — Q- (—Lgg) = Z Fipn-Qpy.

he{l,..n} 'k he{l,...n}

The first equahty is obtained by conditioning on the first state reached upon

leaving s,(C and recalling the definition of £2; ;. Note that only states in SU+1)

need be considered when conditioning, and that the probability of reaching

state S(JH) is —Fy /L. Then, starting from this state, an average of €,
G

time units will be spent in slﬁl) before returning to states in S, that is, to

§0).

The approach just presented is useful to gain more insight into the implications
of our structural restriction: if B had multiple nonzero columns, we would not
be able to easily reroute the transitions in F toward a single state. However, the
complexity of this method is still plagued by the “n?” problem. Indeed, a linear
system in n unknowns must be solved n times, for n different right-hand-sides
e(h), h =1,...,n. The resulting overall complexity is O (n - Lapr - n(L)) where
I 47 is the number of iterations required for convergence in the numerical
method used to solve the n linear systems (26), and n(L) is certainly a number
no less than n, but hopefully of the order O(n) for many problems of interest.
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7.3 Relations to stochastic complementation

Readers familiar with the concept of stochastic complementation [12] will have
realized that it is related to the idea we used in the previous section. Indeed,
stochastic complementation has also been used to solve infinite CTMCs of the
type we consider [2,10].

Our requirement of single-point return, from S¥ to SU~Y only through sU=1,
when applied to the case 7 = 2, implies that, every time the CTMC makes
a forward transition from SU| it will reenter S through state s with
probability one. Hence, the stationary probability vector 7 = [fr(o),ﬁ'(l)] of
the CTMC having infinitesimal generator

L(OO) F(Ol)
B9 LY + F.17 . e(n)

gives the correct conditional stationary probabilities of the states in S©US™
for the original QBD process, that is,

VieSOuSW, Fi=— T

2lesOusm) T

If we move one block forward, for j = 3, we can instead define

L(OO) F(Ol) 0
Q= | B 1,01 F ,
0 B L+F-17.e(n)
from which we can obtain the correct conditional stationary probabilities of

the states in SOUSMHUS®? for the original QBD process, that is, its stationary
probability vector 7 satisfies

™5

VieSOusWus?®, = ,
21eSOUSMHUSE) T

and so on.

Thus, this suggests a brute-force truncation approach where we simply solve
the (finite) truncated QBD process obtained by rerouting the forward tran-
sitions from SU™) back to state sU), for a sufficiently large j*. We are then
guaranteed that every state probability @; we compute is an upper bound
on the exact value 7r; (hence the expected measures we compute using these
probabilities are also upper bounds, assuming all reward rates are nonnega-
tive). This is unlike the general case (no restriction on B), where truncation
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Fig. 8. A selection of CTMCs from the published literature where ETAQA applies.

results in an approximation, but not necessarily in a bound. Of course, the
applicability of this method is limited by the need to solve a linear system in
m+ 7% -n unknowns. Informally, if the system being modeled is heavily loaded,
state probabilities will decrease slowly as j grows, and this would force us to
use a very large j* in order to obtain results we can trust.

8 Applications

In this section we present a brief survey of applications in the published liter-
ature that can be solved by ETAQA. These span from the modeling of multi-
processor systems and databases to operating systems design. In all cases, we
only sketch the structure of the CTMC, omitting the actual rates used by the
authors and highlighting the unique “return” state in S corresponding to
the nonzero column in B (of course, these rates satisfy the conditions required
for the application of the matrix-geometric method).

— Modeling the behavior of different scheduling policies in parallel systems of-
ten results in Markov chains with matrix-geometric form [22]. The repeating
portion in the resulting chain corresponds to states where all processors are
assigned to parallel jobs and further jobs must wait for service in the queue.
The forward, local, and backward transitions in each of the repeating por-
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tions of the chain are governed by the scheduling strategy. Policies that
reduce the number of processors assigned to each job as the number of jobs
waiting for service reaches a threshold value [20] result in a CTMC that
meets the necessary conditions for ETAQA. Fig. 8(a) illustrates the CTMC
of a threshold policy that uses a single threshold only [20].

— In [19], non-work-conserving scheduling policies, which deliberately leave
idle processors in the presence of jobs waiting in the queue, are considered.
Since [19] focuses on bursty arrival conditions, the behavior of these policies
with bulk arrivals is modeled. As illustrated in Fig. 8(b), the backward
transitions in the resulting CTMC allow the application of ETAQA.

— [5] considers parallel applications that exhibit a two-stage behavior, so that
their execution can be modeled by two portions with different scalability
characteristics that are processed in sequence. Dynamic scheduling strate-
gies are evaluated for jobs that exhibit low (high) concurrency at the first
stage and high (low) concurrency at the second stage. Fig. 8(c) illustrates
the CTMC for a scheduling policy that gives priority to jobs that are in
their second stage of execution with the additional restriction that at most
K = 2 jobs in this stage can execute concurrently. The solution given in [5]
is obtained using z-transforms and the authors note that they were unable
to provide a solution when K > 2. It is interesting to note that, for K > 2,
the resulting CTMC cannot be solved by ETAQA either.

— Multiserver threshold queuing systems with hysteresis [6,10] can be used to
model systems where the addition and removal of servers is governed by the
number of customers in the system. In [6], closed form solutions are derived
using the Green’s function method and in [10] an alternative solution using
stochastic complementation is proposed. Fig. 8(d) illustrates the CTMC of
a system with bulk arrivals of limited size where ETAQA applies (the size
of the bulk is limited to two in the figure, but any finite size n can be
accommodated).

— [24] discusses scheduling strategies for scheduling readers and writers in
a database system. Fig. 8(e) shows the CTMC for the Threshold Fastest
Emptying (TFE) policy in a reader-saturated system under an open stream
of writer arrivals. The system completes the service for the n readers in
service but stops admitting additional readers in service when the number
of writers waiting reaches a threshold k. For the solution of this system the
authors provide a technique that has similarities to the one presented in our
paper. However, instead of deriving a relation analogous to our Eq. (21),
they use ad-hoc stochastic arguments to obtain one additional equation. It
is obvious that our method readily applies to this model.

— Another model from the area of databases appears in [14, Example 9.6], a
simplified version of a system discussed in [15]. In a database where data is
replicated in two different locations, writes must gain access to both copies,
while reads can be satisfied by either copy. The CTMC is in Fig. 8(f); since
all returns between levels are to a single state, ETAQA can be applied.

— [3] discusses the scheduling of kernel calls in an operating system. Different
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scheduling strategies that use a master/slave approach are considered. The
CTMC modeling the master processor under the sampler scheduling scheme
is depicted in Fig. 8(g), and it satisfies the requirements for ETAQA. In [3],
this policy was analyzed with the matrix-geometric technique.

We conclude this section, by observing that a classic case where ETAQA ap-
plies is that of a single server queue with Poisson arrivals and service rates
having a phase-type distribution that can be expressed as the time to absorp-
tion of a CTMC with n transient states and a single initial state. When this
is the case, any service completion moves the state from SU) always to the
same state sU~Y of SU~Y | corresponding to a new job starting its first phase
of service, as required by our approach.

9 Conclusion

We have introduced ETAQA, a new solution technique for a class of QBD
processes. The approach is derived from first principles and is not based on
the recursive expression of the stationary probability of all individual states
(unlike the matrix-geometric method, commonly employed for the solution
of such models). Nevertheless, a rich set of measures can be obtained, and
its computational and storage requirements are vastly better than that of
the matrix-geometric method. This is particularly relevant when the matrices
describing the model are large but very sparse, a common situation practice.

The only restriction required to apply ETAQA is that all the transitions from
states in level j to states in level j — 1 (i.e., “deaths”) are directed toward the
same state. While this is a strict subset of the processes that can be solved
using the matrix-geometric method, we presented a rich set of applications
from the published literature where this condition is satisfied.

Our future efforts will focus on extending the applicability of ETAQA, includ-
ing the exploration of its use to obtain approximate results.
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