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Abstract

In distributed or multi-processor systems, the join the
shortest queue (JSQ) scheduling policy can provide com-
petitive performance compared to other heuristic policies.
However, processing nodes can fail. In order to provide
fault tolerance, one proposed solution is using a “buddy
system”. We investigate a new scheduling system by com-
bining these two methods together to provide good perfor-
mance and high reliability. In this paper, we describe the
system in detail and evaluate its performance using an ap-
proximation based on the matrix-geometric method. Our
results show that our method provides very accurate esti-
mates for the average number of jobs in the system.

1. Introduction

We consider the following system: in a computer center,
there are N,N ≥ 2, identical servers. Each server has a
queue with infinite capacity. There is a job dispatcher re-
sponsible for assigning the incoming jobs to servers. The
job arrival process to the center is assumed to be Poisson
with rate λ. The job service time is assumed to be expo-
nentially distributed with mean 1/µ. Servers can fail and
be repaired, independently of each other. The server fail-
ure and repair times are also exponentially distributed, with
mean 1/δ and 1/γ, respectively.

When a job arrives, we use the “join the shortest queue”
(JSQ) policy, that is, the job is assigned to the serves with
the smallest number of jobs in its queue. If multiple servers
have the minimum number of jobs, ties are broken by uni-
formly choosing one of them. In our analysis, we assume
that there is no jockeying of customers among queues. This
policy has been often used as a basic load-balance or rout-
ing mechanism in distributed or multi-processor systems
[6, 7, 8].

An approximate analysis of the JSQ policy can be found
in [1], which does not consider server failures. A birth-

death Markov process is used to model the evolution of the
number of jobs in the system. The transition rates are esti-
mated using an iterative procedure. To show the accuracy
of this approximation method, estimates of the average job
response times are compared with simulation results, with
excellent agreement. More results about the analysis of the
JSQ policy can be found in [7, 8].

However, a server may fail and, when it does, the jobs in
its queue are lost. A simple scheme called “buddy system”
has been defined to provide fault-tolerance [2] in a multi-
processing environment. In a buddy system, each work-
ing server has exactly one buddy, and it is buddy to exactly
one other working server. When a server receives a “reg-
ular” job, it sends a “copy job” to its buddy. The buddy
holds this copy in a copy queue, separate from its own reg-
ular queue. If the original server fails, the buddy moves all
the jobs from its copy queue to its regular queue, and send
copies of them to its own buddy. This provides (N − 1)-
failure fault-tolerance, if we ignore the possibility of a fail-
ure while jobs are in transit to or from a server (i.e., if we
assume no near-coincident faults). Of course, every time
a server completes a regular job, it sends a message to its
buddy, so that the corresponding copy job can be deleted.
In a practical implementation, the buddy must periodically
send a message to its sending server to determine whether
it has failed. Analogously, if a server stops receiving these
messages from its buddy, it can assume its buddy has failed;
then, it must find a new buddy and send copies of all its reg-
ular jobs to this new buddy.

Algorithms to redistribute the workload of failed nodes
to the remaining working processors have been analyzed in
[9]. The authors construct a Markov chain model of the
load distribution problem and obtain bounds on the perfor-
mance of several load distribution algorithms. In [2], an
approximate model for computing the queue length of the
regular jobs in the buddy system is presented. A testbed of
the buddy system has been implemented on a network of
four AT&T 3B2 minicomputers [4].

In our study, we combine the JSQ policy and the buddy



scheme, to provide good performance and high reliability.
We assume that the N servers can communicate directly
with each other, so that the particular choice of the buddy
is statistically not important. Thus, when a server fails, its
buddy dispatches copies of the failed server’s jobs, to any
server (including itself) according to the JSQ policy. Of
course, a server receiving such a job treats it as an ordinary
regular job assigned to it, that is, it sends a copy to its own
buddy.

To analyze the proposed system, we develop an exact
Petri net simulation model of the entire system and obtain
the average number of jobs in the system. However, simu-
lation is expensive. On the other hand, a traditional exact
numerical solution of the underlying Markov chain is im-
possible, since the state space for the Petri net is infinite. A
truncation of the state space is possible in principle, by as-
suming that the population in each queue never exceeds T .
However, especially for large values of N and fairly loaded
systems, the value of T for which good approximations can
be obtained is too large, since the size of the state space
grows as T N .

Hence, we propose an approximation that uses a G/M/1-
type Markov process to model the evolution of the total
number of jobs in the system and the total number of work-
ing servers. The matrix-geometric approach is used to solve
our G/M/1-type Markov process, and a fix-point iteration
scheme is employed to estimate the service rates in our
macro-states. Upon convergence, we can obtain the aver-
age number of jobs in the system. Comparison with the
results from our Petri net simulations show that our method
provides very accurate estimates.

2. Petri net model

The stochastic Petri net (SPN) in Fig. 1 models our sys-
tem. Jobs arrive by firing transition A and enter place jsq.
Then, jobs are distributed to one of the working servers by
firing one of the immediate transitions t1, t2, . . . , tN , say ti,
and enter into the corresponding waiting place Wi. There
are N servers, which can fail and be repaired, by firing tran-
sition Fi and Ri, respectively. If transition Fi fires, all jobs
in place Wi are moved to place jsq and redistributed onto
the other working servers (the arcs from Wi to Fi and from
Fi to jsq are bold to denote this “flushing” effect). If all
servers are down, the “guard” g of transition L is true, and
L can fire and remove all jobs in place jsq. Each transition
ti has a guard as well: for ti to be enabled, the number of
jobs in place Wi must be (one of) the smallest among all
waiting places with a working server. The firing rates of A,
Si, Fi, and Ri are λ, µ, δ, and γ, respectively.

In Fig. 1, we assume that servers are connected by a very
fast network, so that job migration and message passing re-
quire essentially no time, and we can model these actions
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Figure 1. Petri net model.

with the immediate transitions t1, t2, . . . , tn. In reality, job
migration (especially for a running job migration) is a very
complex problem, and the possibility of a failure occurring
during migration would require additional safeguards.

3. Approximate model

We can represent the complete state of the system with
a vector of size N , where the kth entry is set to the number
of jobs in queue k, if server k is working, or to -1, if it is
failed. For a given total number of jobs j in the system and
a number of working servers i, 1 ≤ i ≤ N , the j jobs may
be distributed over the i working server queues in any way,
each of which represents a different state of the system.

To reduce the size of the state space, we combine states
with the same number of working servers and the same to-
tal number of jobs in the system into a single state in our
approximate model. Then, the system evolution can be ap-
proximated by a Markov process of the G/M/1-type [3],
whose two-dimensional state space is shown in Fig. 2. In
state (i, j), the job arrival rate is λ, the total server failure
rate is iδ, the total server repair rate is (N − i)γ, and the av-
erage service rate is µ(i, j). The first three parameters are
easy to compute, but we need to estimate the fourth param-
eter µ(i, j), representing the average service rate of the sys-
tem in state (i, j), that is, when there are i working servers
and a total of j jobs.

The procedure for estimating the values µ(i, j) is iter-
ative. At each iteration, the service rate for state (i, j) is
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Figure 2. The G/M/1-type Markov process.

obtained by conditioning on the state of the system before
entering (i, j). Hence, we use the probability of its neigh-
boring states at the previous iteration, as weights. If state
(i, j) was entered from state (i, j +1), the most recent state
transition must have been a job departure, which could have
left an empty or nonempty queue behind; in the former case
the service rate was reduced by µ, in the latter it remained
unchanged. If (i, j) was entered from state (i, j − 1), the
most recent state transition must have been a job arrival, and
there may or may not have been an idle working server; in
the former case the service rate was increased by µ, in the
latter it remained unchanged. If (i, j) was entered from state
(i− 1, j), the most recent transition must have been the re-
pair of a failed server, and the average service rate remained
unchanged. If (i, j) was entered from state (i + 1, j), the
most recent transition must have been caused by a server
failure, the failed server may or may not have had jobs, and
the other working servers may or may not have had idle
servers; if the failed server or one of the other servers was
idle, the service rate remains unchanged, otherwise it is de-
creased by µ.

First, µ(i, 1) = µ(1, j) = µ,∀i > 0, j > 0, because
there is one and only one working server busy. If there are
more than one jobs and more than one working servers, we
need to know the distribution of the number of jobs to the
working servers. Note that at least one of the servers must
be busy if i > 0 and j > 0. As in [1], we approximate
the distribution of the number of busy servers minus one
using a binomial distribution with mean equal to the av-
erage number of busy servers minus one. Specifically, in
state (i, j), the binomial has two parameters B(n, p). We
let n = i− 1, and the mean np = µ(i, j)− 1. When the to-
tal number of jobs is larger than the number of busy servers,
we assume the waiting jobs to be distributed evenly over the
largest possible number of nonempty queues since the na-

ture of the JSQ is to try to balance the queue length.
When the number of jobs in the system becomes rela-

tively large, say S, we expect the number of busy servers
to be very close to the number of working servers since
the number of jobs in each of their queues is most likely
nonzero. Therefore, for state (i, j) with j ≥ S, we approx-
imate the service rate with iµ. The value of S is chosen
such that the difference between µ(N,S) and Nµ is small
enough, (less than 10−6). In fact, µ(i, j), i > 1 will always
be less than iµ, no matter what j is, because there is always
a nonzero probability that a server was just repaired and its
queue is empty. Since the server failure rate is much smaller
than the job arrival rate, the difference between µ(i, j) and
iµ will be very small for large values of j. However, this
shows that our estimations are likely to be optimistic.

Given the service rates at the kth iteration and the corre-
sponding stationary probabilities, we can compute the ser-
vice rates at the (k +1)th iteration using the above approxi-
mation. We then iterate this process in a fixed-point fashion,
until our estimates for the service rates remain stable within
a certain tolerance. All that remains to be discussed are
the estimation of S and the computation of the stationary
probabilities for our G/M/1-type Markovian process, for a a
given choice of service rates. We do these in the next two
sections.

4 Estimation of S

Recall that, when the number of jobs in the system be-
comes relatively large, say S, we expect the number of busy
servers to be very close to the number of working servers
since the number of jobs in each of their queues is most
likely nonzero. The question is how to estimate S. Note
that, if the probability that all servers are busy is very close
to one when there are S jobs and N servers, this is even
more so when there are S jobs and fewer than N servers.
Hence, in a sense, N is a safe worst-case assumption when
deciding a value for S. So, we choose N servers without
failure and construct a birth-death Markovian chain: state i
stands for i jobs in the system and N servers.

First, we guess S = 2N . Based on the same binomial
assumption of i jobs distributed among N servers and using
an iterative approach, the average service rate µ(i) is up-
dated using the probabilities of the possible previous states.
If the previous state was i− 1, the last transition must have
been an arrival, and there may or may not have been an idle
server; in the former case, the service rate was increased by
µ, in the latter it remained unchanged. If the previous state
was i+1, the last transition must have been a job departure,
which may or may not have left an empty server; the former
case leads to an average service rate decreased by µ, while
the latter leaves it unchanged. From these conditional prob-
abilities and the closed-form steady-state probability distri-
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bution of the birth-death Markov chain, we can compute the
average service rate µ(i) in this system with no failures. If
|µ(S) − Nµ| is small enough (less than 10−6), we have
an estimation of S, otherwise we double S and repeat the
above procedure. In our experiments, this estimation pro-
cess requires only few iterations.

5. Stationary analysis

We assume that readers are familiar with the matrix-
geometric approach. For more information, see [3].

To order the states of our Markov process sequentially,
we assign index i + j · N to state (i, j). Then the state
space S can be partitioned into two categories: the bound-
ary states B0 = {0, 1, . . . , S · N} and the set of states
B1 = {S · N + 1, . . . , (S + 1) · N},B2 = {(S + 1) ·
N +1, . . . , (S +2) ·N}, . . . corresponding to the repetitive
portion of the chain. The infinitesimal generator Q of our
G/M/1-type Markov process can be expressed as:

Q =















L(00) F (01) 0 0 0 · · ·
B(10) L F 0 0 · · ·

A B L F 0 · · ·
A 0 B L F · · ·
...

...
...

...
...

. . .















,

where L(00) ∈ IR
(NS+1)×(NS+1) represents the transition

rates between states in B0 (failures, repairs, arrivals, and
departures), F (01) ∈ IR

(NS+1)×N represents the transition
rates from states in B0 to states in B1 (arrivals when there
are S jobs already), B(10) ∈ IR

N×(NS+1) represents the
transition rates from states B1 to states in B0 (departures
when there are S + 1 jobs, or failure of the last work-
ing server), F ∈ IR

N×N represents transition rates from
states in Bj to states in Bj+1 (arrivals), L ∈ IR

N×N rep-
resents transition rates between states in Bj (failures that
leave some working server and repairs), B ∈ IR

N×N repre-
sents transition rates from states in Bj to states in Bj−1 for
(j > 0) (departures), and A ∈ IR

N×(NS+1) represents the
transition rates from states in Bj to states in B0 (failures of
the last working server).

Let π(j) be the stationary probability vector for states in
Bj , for j ≥ 0. Then, the stationary probability vector π can
be partitioned as π = [π(0), π(1), . . .].

According to [3], we can hypothesize the existence of a
relation of the form π(j) = π(j−1) · G, for j ≥ 2 where G
is the solution of the quadratic matrix equation

F + G · L + G2 ·B = 0.

Using the equality π(j) = π(1) ·Gj−1, we can then obtain
a linear system in π(0) and π(1):

[π(0), π(1)] ·Q′ = 0,

where

Q′ =

[

L(00) F (01)

B(10) + G · (I −G)−1 ·A L + G ·B

]

.

It is easy to prove that Q′ is an infinitesimal genera-
tor matrix. So, considering the normalization condition
∑

∞

i=0 π(j) · 1T = 1, we can compute a unique solution.
Once π(0) and π(1) have been computed, any other π(j),
j ≥ 2, can be obtained numerically. In fact, the aver-
age number L of jobs in the system can be calculated ex-
actly without having to compute π(j) explicitly for any other
value of j, as follows:

L =
S−1
∑

k=1

k

(

N
∑

i=1

π
(0)
(kN+i)

)

+ S · π(1) · (I −G)−1 · 1T + π(1) ·G · (1−G)−2 · 1T .

6. Algorithm

Our step-by-step computational procedure is:

1. Use a birth-death Markov process, assuming N work-
ing servers, to estimate the value of S.

2. Initialization: µ(i, k) = min(i, k)µ, π
(0)
old = 0.

3. Compute new values for the stationary probabilities,
π

(0)
new and π

(1)
new using the matrix-geometric approach.

4. If ||π(0)
old − π

(0)
new||∞ ≤ 10−6, go to step 6, else set

π
(0)
old ← π

(0)
new.

5. Update the service rates with our heuristic. Go to step
3.

6. Compute the average number of jobs in the system.

7. Comparison with simulation

To study the accuracy of the analytical results, we use
the SPNP simulator [5] to study our system with different
parameters and measure the average number of jobs in the
system. Figure 3 compares our approximation with the sim-
ulation results assuming the following parameters: N = 3,
µ = 1.0, δ = 0.001, γ = 0.1, and λ = 0.2, 0.4, . . . , 2.0.
The x-axis represents the job arrival rate, while the y-axis
stands for average number of jobs in the system. The plot
labeled “jsq.appr” shows our the approximation result while
“sim.upper” and “sim.lower” enclose the 95% confidence
interval for the simulation.

Observe that the method we developed provides very ac-
curate estimates of the average jobs in the system. In gen-
eral, we tend to (very slightly) underestimate the average
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Figure 3. Our approximation vs. simulation.

number of jobs in the system, because of two optimistic as-
sumptions: waiting jobs are distributed evenly among the
queues with all busy servers and, when there are more than
S jobs in the system, all working servers are busy.

8. Conclusion

In this paper, we developed an approximation to analyze
the performance of the Join the Shortest Queue (JSQ) pol-
icy when the “buddy system” is used to provide resilience
against failures of the N servers. Both the job arrival and
the server failure processes are assumed to be Poisson. Ser-
vice time and server repair time are assumed to be exponen-
tially distributed. We use a G/M/1-type Markovian process
to model the evolution of the number of working servers
and the number of jobs in the system. The transition rates
are estimated in a fixed-point iterative fashion by assuming
that the jobs are distributed over the working servers ac-
cording to a binomial distribution. Each iteration requires a
matrix-geometric solution of system with N · (S + 1) + 1
states, where S is large enough so that (almost) all working
servers are busy when there are S jobs in the system. An
exact Stochastic Petri net model of the system is simulated
to study the accuracy of the method. The results show that
our approach can estimate the average jobs in the system
very accurately.
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