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Abstract

The purposeof this paper is to describe a method for

simulation of recently introduced uid stochastic Petri

nets. Since suc nets result in rather complex set of
partial dierential equations, numerical solution be-
comesa formidable task. Becauseof a mixed, discrete
and cortinuous state space, simulative solution also
posessomeinteresting challenges,which are addressed
in the paper.

1 Intro duction

Stochastic Petri nets provide a conveniert and concise
method of describing discrete-exent dynamic systems
[1, 4, 6, 12, 15]. One of the diculties encourtered
while using stochastic Petri netsis that the underlying
reachability graph tends to be very large in practical
problems. Drawing a parallel with uid o w approxi-
mations in performance analysis of queueingsystems
[3, 7, 11], SPNs have been extended to include uid
(or cortinuous) placeswhere uid can be usedto ap-
proximate a large number of discrete tokens. Armed
with such Fluid Stochastic Petri nets (FSPNs), we can
also model physical systemsthat contain cortinuous
uid-lik e quartities which are controlled by discrete
logic.

FSPNswereintroducedby Trivedi and Kulkarni in
[14]. The original model was considerably enhanced
in [9]. The purposeof this paper is twofold: rst we
further extend the formalism in [9] to make it more
useful and, second,we explore the use of simulation
as a solution method for FSPNs. The extensionsto
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the FSPN formalism we proposeinclude:

Fluid impulses assaiated with both immediate
and timed transition rings.

Guards on immediate transitions, dependert on
uid levels, not just on the discrete marking.

These extensionsare quite natural given the type of
systemswe intend to address. Fluid impulsesare the
cortin uous analogueof ordinary token movemerts for
standard Petri nets, while completedependencyof any
behavior (including the guards of immediate transi-
tions) on the entire state of the system (including the
current uid levels)is certainly desirable. Indeed, one
could arguethat theseare not really \extensions", but
rather that the initial de nitions were \restrictions"

motivated by the desire of allowing a numerical solu-
tion.

Using simulation asa solution method freesus from
theseconsiderations. However, seweral innovations are
needed. In this direction, the cortributions of this
paper include:

Generation of random deviates based on a non-
homogeneoudPoissonprocess.

Interleaving of ODE solution for uid placeswith
simulation of discrete everts in the FSPN.

De nition of restrictions under which one canin-
tegrate the change of uid levels using built-in
closed-from results, such as decoupled behavior
and special classef functions for the uid rates.

After introducing the FSPN model in the next sec-
tion, we describe the method of simulation for the
most general casein Section 3. The simpler caseof
uncoupled behavior of dierent uid placesis taken
up in Section4, while two other casesare discussedn
Sections5 and 6, respectively. Examplesare provided
in Section7.



2 Fluid stochastic Petri nets

In the following, we denote sets by upper casecalli-
graphic letters. In particular, N, R, and Ry indicate
the natural, real, and nonnegative numbers, respec-
tively.

For simplicity, we only addressexponertially dis-
tributed ring times. Generally distributed ring
times are clearly useful, and, in connection with
discrete-eent simulation, might not add much com-
plexity to the solution. Howewer, the interruption poli-
cies (what happensto the remaining ring times of
transitions when one of them res) can require very
complex de nitions in full generality [5, 13]. This is
not the casewith the exponertial distribution, due to
its memorylessproperty. If we assumethat the r-
ing rate of eadh transition, if marking-dependert, is
reevaluated in each marking where it is enabled, the
time elapsedsincethe transition rst becameenabled
doesnot a ect the future ewolution of the FSPN.

A uid stochastic Petri net (FSPN) is a tuple

PPPC;TT; T a;f;0; ; w;b;m?x°% , where:

PP = fpy;ii;ppojgand PC = fau;iii;gpc;g
are two disjoint and nite sets of places. Let
P = PP [ PC¢. A (discrete) placep 2 PP is
drawn with a singlecircle and can contain a num-
ber of tokensm, 2 N. A (continuous) place
g2 PC is drawn with two conceriric circles and
can cortain a level of uid xq 2 Ro. The mark-
ing, or state, of the FSPN is given by a pair
of vectors describing the contents of ead place,
m:x) 2 $= NP°I RGP we call $ the
\p otential state space”,asopposedto the \actual
state space”"S S, the set of markings actually
reachable during the ewlution of the FSPN. The
marking (m;x) ewlvesin time, which we indi-
cate by , so, formally, we can think of it asa
stochastic processf (m( );x( ));  Og.

TT = fty;iintrrjgand T' = fugiinurgg
are two disjoint and nite setsof transitions. Let
T=TT[ T'. A (timed) transiton t 2 TT is
drawn as a rectangle and has an exponertially
distributed ring time. An (immediate) transi-
tion u 2 T' is drawn as a thin bar and has a
constart zero ring time.

a: (P° T)[(T PP) S ! N and
a: (P T)[(T P S 1 Ry de-
scribe the marking-dependert cardinality (for dis-
crete places)or the uid impulse (for cortinuous
places) of the input and output arcs connecting
transitions and places. We use the same symbol

for both, and we draw them asthin arcswith an
arrowhead on their destination, sincethe type of
place eliminates any possibility of confusion. The
function describing a is written on the arc, the
default is the constart one.

f: (P T)[ (T PS¢ $1 Ry describes
the marking-dependert uid rate of the input and
output arcsconnectingtransitions and cortin uous
places. These uid arcs are drawn with a thick
line, and an arrowhead on their destination. Also
in this casethe function is written on the arc and
the default is the constart one.

g: T S | f0;1g describes the marking-
dependert guard of ead transition.

:TT 81 Roandw : T' $1 Ry
describe the marking-dependent ring rates (for
timed transitions) and weights (for immediate
transitions).
b:PC NP°I1 Ro[ flg describe the uid
bounds on ead cortinuous place. This bound
hasno e ect whenit is setto in nit y. Note that
b depends only on the discrete part of the state
space,N i, not on $, to avoid the possibility
of circular de nitions.

(m%x% 2 $ is the initial marking. We re-
quire that, for any continuous place q 2 PC,
Xq by(m©). Graphically, the initial marking
is represertied by writing the value of mp, or x§,
inside the corresponding place. A missing value
indicates zero. For discrete places,it is also com-
mon to draw mg tokens inside the place, if this

number is small.

The meaning of these quartities is given by the en-
abling and ring rules. We say that atransition t 2 T
has concessionin marking (m;x) i

8p2 PP; ae(m;x) mp and g(m;x)= 1
If any immediate transition has concessionn (m;x),
it is said to be enabled and the marking is said to
be vanishing. Otherwise, the marking is said to be
tangible and any timed transition with concessionis
enabledin it. In other words, a timed transition is not
enabledin a vanishing marking even if it has conces-
sion.

Some de nitions of SPNs allow one to disable a
transition t with concessionin a marking by speci-
fying a zero rate or weight for it, or by introducing



inhibitor arcs, drawn with a circle instead of an ar-
rowhead. Since we can represen these behaviors by
an appropriate de nition of the input arc cardinalities
or the guards, we assume,without loss of generality,
that rates and weights are positive for an enabledtran-
sition. Inhibitor arcs can then be consideredmerely
as a shorthand?.

Let E(m;x) denote the set of enabled transitions
in marking (m;x). Enabled transitions change the
marking in two ways. First, atransition t 2 T enabled
in marking (m;x) can re after a random amourt of
time having distribution  Expo( {(m;x)), and yield
a (possibly) new marking (m%x9. We then write

(m:;x)+ (m®x9, where

8p2 PP; mp = mp+ ag (M;x) @ (mM;X)
8q2 PC; x = minfby(m%; maxf 0; x4
+ ag(Mm;x)  ag(m;x)gg:

Second, uid ows cortinuously through the arcs f
of enabledtransitions connectedto corntinuous places.
The potential rate of changeof uid level for the con-
tinuous placeq2 P€ in marking (m;x) is
X
2ot (m;x) = fq (M;x)
t2E (m;x)

fae (m;x):

Howevwer, the uid level can never becomenegative or
exceedthe bound by(m), sothe (actual) rate of change

over time, , while in marking (m;x), is
dx
q(m;x) = d—q =
8 :
< 0 if (xq=0and 5°(m;x) 0)or

(Xq = by(m) and B*(m;x) 0)
2o(m;x) otherwise

1)
The stochastic ewolution of the FSPN in a tangible
marking is governed by a race [2]: the timed transi-
tion t with the shortest ring time is the onechosento
re next, unlessit becomeddisabledby some uid lev-
els reaching particular valuesthat causet to become
disabled prior to its ring. In a vanishing marking,
instead, the weights are usedto decide which transi-
tion should re: animmediate transition u enabledin

marking (m;x) res with probability

xwu(m;x)

(2)

Wyo(m; X) '
uO%2E (m;x)

1if, in (m;x), an inhibitor arc from p 2 PP (q 2 P°) to
t 2 T has cardinality ¢2 N (c2 RP?), t is disabled if ¢ mp
(¢ Xgq). The same behavior can be modeled by ensuring that
the guard gt evaluates to 0 in (m;Xx).

3 General case
The FSPN de nition we just gave is very powerful,
but it allows one to describe models whose solution
can be quite dicult, even with discrete-eent simu-
lation. Indeed, it can be usedto de ne FSPNs whose
behavior is \unstable", asin the FSPNs of Fig. 1. In
the model on the left, immediate transitions u; and u,
alternativ ely put and remove a unit impulse instanta-
neously With few exceptions[8], such a behavior has
been considereda modeling error in the literature on
discrete-statemodels. The instabilit y of the model on
the middle is instead exclusive to modelswith a states
having a continuous componert, such as our FSPNs.
When xg = 0, timed transition t; is enabledand timed
transition t, is disabled. Howewer, as soon asthe uid
arc starts adding uid to g, the situation is reversed,t;
becomedisabled, while t, becomesnabledand starts
emptying g. It could be arguedthat, in sud a situa-
tion, g will always be empty, but any model where an
in nite  number of events occursin a nite time (e.g.,
transitions t; and t, becomeenabledand disabled an
in nite  number of times) cannot be managedby con-
vertional discrete-eent simulation techniques. Hence,
we will considersuc behaviors illegal.

The model on the right could be also considered
unstable if F, > F;. Both t; and t, are always en-
abled, hencethere is a cortinuous ow into q at rate
F1 due to t;. Howewer, the outgoing ow due to t,
cannot be F,. Our de nition simply states that |
is 0 in this case,implying that the outgoing ow is
e ectiv ely reducedto be F1, instead of F,. In other
words, the arc from q to t, can be thought to have
e ect only a fraction F1=F, of the time. This type of
behavior, howewver, can be easily managedby examin-
ing all the owsincident to a cortinuous place, sowe
do not regard it asa true instabilit y.

It should be noted that these unstable behaviors
were already possible in the original de nitions of
FSPNs and that they preseried the samedi culties
and could be managedin the samemanner.

We now describe how a model with no unstable
behaviors can be studied. Assumethat we have just
entered tangible marking (m;x). If there is any en-
abled transition, ead cortinuos componert xq might
vary in a very generalway over time. Applying Eq.
1to ead q 2 PC, we obtain a system of ordinary
di erential equations subject to the initial condition
x(0) = x. We can then considertwo cases:

In the simpler case, the cardinality of the arcs
connectedto discreteplacesand the guardsdo not
dependon x. Evenso,the ring timesbehaseasa
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Figure 1: FSPNs exhibiting unstable behaviors.

nonhomogeneousoissonprocess(NHPP) whose
rate dependson the continuous marking, and so
some care is required in sampling the ring in-
stants. We assumethat the ring rate of eadh
transition t canbeboundedfrom aboveby ,(m),
givenour knowledgeof its dependenceon the uid

marking. That is, when the discrete marking
is m, the rate of t satises (m;x) ¢ (M),
for any value of x that might be reached in con-
junction with m. We can therefore sample from
the NHPP using the technique of \thinning" [10],
wherewe sample\p otential ring instants" in ac-
cordancewith a homogeneoug$oissonarrival pro-
cesswith rate

X
(m) = ¢(m):

t2E (m;x)

From this process,we can de ne a sequenceof in-
creasingtime instants ( 1; 2;:::). Starting from

i = 1, we \accept" i, that is, we declare that
a ring occurred at time ;, with probability
(m;x(i)= (m), where
(m;x(i)) = e(m;x(i)):
t2E (m;x)

In other words, we usethe actual ring rates at

time ; as a weight, to determine whether the
evert correspondsto atrue ring or not. This re-
quiresto solve for the value of x( ), by integrat-

ing the system of ordinary di erential equations.
If 1 isaccepted,westop. Otherwise, we integrate
until ,, computex( ), and decidewhetherto ac-
cept , or not, and soon. Eventually, this process
stopsat somestepi, giving usasampling f = ;

of the actual ring time.

For example, Fig. 2 illustrates the casewherefour

transitions are enabledin (m;x): t, to, t3, and
t4. The sequenceof numbered arrows shows the

random deviates that must be generated,in or-

der. First, we generate ; (1) according to the

distribution Expo( (m)). Then we generatea
random deviate (2) Unif (0; (m)). In the

gure, this happensto fall in the interval corre-
sponding to the \do not accept" case. Thus, we
needto generateanother potential ring time (3)
by sampling the distribution Expo( (m)) again
and summing the sampled value to ;, obtain-
ing 2. We also need another random deviate
(4) Unif(0; (m)), which also, in the gure,
happensto causea rejection. Finally, we gener-
ate a third potential ring time and we add it
to ,, resulting in 3 (5). When we sample (6)

Unif (O; (m)) again, we nally obtain avalue
falling in the interval corresponding to t,, hence
we schedulethe ring of t, at time 3. It is then
apparert that the expected number or random
deviatesthat needto be generatedis larger when
the bounds :(m;x) for the enabled transitions
are lesstight. On the other hand, if the rates of
}pe enabled transitions are a function of x, but

126 (mx) t(M;X) is aknown constart indepen-
dent of x, only two deviatesare needed:the rst
one to decide ; and the secondone to decide
which transition to re.

If, instead, the set of enabled transitions can
changeas x ewlves, we also needto consideran
\enabling event" at the time € when the rst
changein E(m;x) occurs. The method to com-
pute € dependson the nature of the dependen-
cies. In principle, we should know the value of
x( ) over the entire horizon 2 [0; f]. This
canstill beaccomplishedthrough integration. Af-
ter (during) integration we needto nd the value
of € that rst satis es the given condition on
the uid levels. If there is no minimum value
€ 2 [0; ] for which the set of enabled transi-
tions changes,the next evernt to schedule is the
ring at time . Otherwise, we must schedule
an \enabling event" at time °.

In either case,if the ring rates of timed transi-
tions are not dependert on uid levels,the generation
of next ring times is considerably simpli ed because
the machinery of NHPP-based generation of random
deviatesis avoided.
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Figure 2: Sampling the NHPP processunderlying a FSPN.

The processing of the sceduled evert causesa
change of marking, from (m;x) to (m%x9, where
m®= m if the evert wasof the enablingtype. Then, in
marking (m%x9, a nite sequenceof immediate rings
might take place, just asin ordinary, non- uid, SPNSs,
until the next tangible marking (m%x% is reached.
Thanks to the memorylessproperty of the exponen-
tial distribution, the ewolution of the FSPN from this
point on is analogousto the ewlution from the ini-
tial marking, that is, we do not needto be concerned
about the \remaining ring times" of transitions that
were already enabled prior to reaching this marking.

4 Uncoupled behavior

The general behavior just described requires us to
solve a system of ordinary dierential equations at
ead step of the simulation. This computation can be
quite costly. A restriction on the type of dependency
allows us to uncouple the system, resulting in a set
of ordinary dierential equationsthat can be solved
independertly. This requires that the uid rates in-
cidert on g, hence 4(m;x), depend only on (m;Xxg),
not on the uid levelsin the other continuous places:

8(m;x);(m;x)2S; xq=x3)

As in the general case, we can still distinguish
whether the set of enabledtransitions can be a ected
by x or not, and the NHPP random variate generation
must be usedonly if their ring rates depend on x.

q(m;x) = q(m;XO):

5 Predened classes of behav-

iors

For particular casef uncoupleddependencieswe can
even have a built-in closedform solution, which will
avoid the need for numerical integration altogether.
One such caseis when, in a given marking (m;x),

dxg( ) _
d

that is, the uid changerate for a corntinuous placeis
a linear function of the uid level in the place itself.
In this case,the solution is

B(m) .
A(m)

A(M) Xq( )+ B(m); A(m) 6 0

B(m
xq( ) = K0+ ot} A
assumingthat x4 remainsbetween0 and by(m) during
[0; ]. This answersthe questionof how much the uid
level in a placewill changeduring the ring time of
a timed transition. Inversely the time ¢ when place
g reachesa certain uid level threshold L 4 is given by

0 B(m) L

Lq+ Alm)
(m)
In %—B(m)§
Xq(0) + m

9" A(m) !

if this quartity is positive (if it is negative, we can
simply de ne 4= 1, that is, the threshold L 4 cannot
be readhed in this marking).



If the set of enabled transitions can only change
when someplace g reaches a threshold level L4, then
we can simply de ne the time ¢ of the next enabling
event as

€= minf 40
q2pP © ad

When A(m) = O, that is, when the uid change
rate is a constart, the solution is much simpler,

dxq( ) _
a4 - B(m) )

again assumingthat x4 remains between0 and by(m)
during [0; ]. The time 4 when place g readesthe
threshold L4 is then

Xq( ) = Xq(0)+B(m) ;

_ Lq xq00).
! B(m)

if this quantity is positive, in nit y otherwise.

6 Piecewise constant behavior

Complete dependency on the marking (m;x) is de-
sirable in principle, but the complication it entails is
often excessie and its full power unneeded. A sim-
pler type of dependency is obtained by enforcing a
discretization on the behavior of the FSPN with re-
spect to the continuous componert x. This can be
accomplishedby de ning a set of boolean threshold-
type conditions L = f(ry 1 li);::0 (g 5 lig)o
wherery 2 PC is a continuous place, 2 f<; ;=
© :>: 8¢ is acomparisonoperator, and I : NP °i 1
Ro[ flg is athreshold value that depends(at most)
on the discrete marking. Hence, given a marking
(m;x), we cande ne the \discretized" marking (m;i)
obtained from (m;x) through L, wherei 2 f0;1gY ,
andig = 1i Xry klk(m).

If we force a (for discrete placesonly), f, g, and
to be de ned on the discretized marking (m;i), rather
than on the original mixed marking (m;x), then the
behavior of the FSPN is constart until the rst thresh-
old is encourtered, or until a ring occurs.

Hence,we can carry on a traditional discrete-eent
simulation, where the typesof everts that needto be
scheduledin the evert queueare either transition r-
ings or the hitting of a threshold.

Fortunately, there is no needto place the samere-
striction onthe uid impulses(a for cortinuousplaces)
or the weights w, sincethe impulses and the weights
are always evaluated only at a speci ¢ instant in time.
Applying the restriction to these quartities as well
would prevent usfrom modeling usefulbehaviors, suc

as emptying a cortinuous place, or choosing between
two immediate transitions with probability propor-
tional to the level in two cortin uous places,but would
not simplify the simulation algorithms.

7 Examples

We illustrate the power of the formalism with a few
examples.

7.1 A queue with impatien t customers
and breakdo wns

Considera queuewith a sener subject to breakdowvns
and repairs. The customers arrive with a constart
rate, and queuein an unboundedwaiting room. They
are sened in rst-come- rst-serv e order, but, once
their service starts, they can becomeimpatient and
leave before completion, seeFig. 3. Unlike other sys-
tem with impatient customers,the amount of time a
customer has beenin the queuebefore his servicebe-
gins does not aect his decisionto leave. The arcs
from Serving to Busy and from Waiting to I dle are
used to count time into the two places, hence they
have uid rate one. The arcs from Busy and | dle
to Serving have impulse xgysy and x;qe de ned on
them, respectively. Hence, they are \ushing" arcs,
they have the e ect of emptying the two placesimme-
diately after the ring of Serving.

The guard of immediate transition Leave speci es
when the customer at the head of the queue decides
to leave. Various policies can be easily modeled:

The total amourt of time from the momernt ser-
vice begun exceedsa certain threshold MAX.
Then, we could de ne the guard g eay ¢ t0 be the
boolean expression(Xgusy + Xidie = MAX).

This policy is represenativ e of situations where,
oncethe sener beginsoperating on a customers,
the operation must complete within a certain
time, for exampleto avoid spoilage.

The total amount of time a customer has not re-
ceived any service from the moment service be-
gun exceedsa certain threshold MAX. Then,
Oeave = (X1die = MAX).

This could represen a similar situation, where,
howewer, spoilage occurs only when the customer
is not being sered.

A customer has waited for an uninterrupted pe-
riod of time MAX without receiving any service.
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Figure 3: The FSPN of a queuewith impatient customersand breakdowns.

Then, gleave = (X1dale = MAX), after adding an
impulse arc ag usy ;repair (M;X) = Xpusy, SO that
place Busy becomesempty after ead repair.
This could represen a situation, where, in ad-
dition to occurring only when the customer is
not being sered, any spoilage immediately dis-
appearsas soon as serviceresumes.

A customer has spent more time waiting for the
sener to be operational than receiving service,
from the momen servicebegun. Then, gieav e =
(Xidie > XBusy )

A measureof interest is the fraction of jobs that
decidesto leave,

number of rings of Leave up to time
number of rings of Arrive up to time

computed over a nite horizon, or in the limit for !
1.

7.2 A dual-tank pro cessing facilit y

Consider a processingplant where, during normal op-
eration, a liquid enters a main tank, One, from an
external sourcewith rate i,, and is usedby a pro-
cessingstation, with a (potential) rate o, > i, See
Fig. 4.

Howevwer, the processingstation is subject to break-
downs, during which it cannot processthe liquid. In-
terrupting the ow from the external sourceof liquid
into the main tank is an expensive operation, hence,

a secondadditional tank, Two, is preseri. When the
processingstation is down, the liquid is automatically
routed to tank Two, which has a maximum capacity
brwo. Only whenthe secondtank is full, the ow from
the external sourceis shut down. After a repair, the
processingcan resumeand the liquid is routed again
from the external source,which is restarted if it had
beenshut down, into tank One. In addition, any lig-
uid in tank Two is pumped into tank One, with rate
1. If in+ 12> ou,thelevelin tank One will in-
creasewhile the processingstation is working to catch
up after a repair. Since tank One has a maximum
capacity, bone, the ow from tank Two to tank One,
rather than the ow from the external source,is slowed
down when this limit is reached. The guard (in the
FSPN of Fig. 5) Oxter = (Xone < bone) accomplishes
this.
The main reasonfor having two tanks, instead of
a single large one, is e ciency . As the liquid needs
to be maintained at a given temperature, tank One
is constartly heated, while tank Two is heated only
when it contains liquid, during a breakdown. Indeed,
the two measureswe are interested in computing are:

number of ring of Start up to time

the frequencyat which the external sourceneedsto go
through a start-stop cycle, and

probability that tank Two is not empty at time ;

again, either for a nite  orin the limit for ! 1.
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Figure 4: A dual-tank processingfacility.
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Figure 5: The FSPN of the dual-tank processingfacility.

8 Conclusion

In this paper we extendedthe power of recently intro-
duced uid stochastic Petri nets. Sinceequationschar-
acterizing the ewolution of sudh FSPNs are a coupled
systemof partial di erential equations,the generation
and solution of these equation can becomeintractable
but for small or very well structured FSPNs. Hence,
discrete-eent simulation becomesan important av-
enue for the solution of FSPNs. Becauseof the mixed
nature of the state space,with discrete and cortinu-
ouscomponerts and heavy interactions betweenthem,
simulation also posessome challenges.

Someof the challengesare addressedin the paper.
Actual implementation (currently in progress)of an
FSPN simulator will undoubtedly reveal further areas
of investigation.
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