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Abstract

Petri nets augmered with timing speci cations gaineda wide acceptancen the area of
performanceand reliability ewvaluation of complex systemsexhibiting concurrency syn-
chronization, and con icts. The state spaceof time-extendedPetri nets is mapped onto

its basic underlying stochastic process,which can be shavn to be Markovian under the
assumptionof exponertially distributed ring times. The integration of exponertially and
non-exponertially distributed timing is still one of the major problemsfor the analysis
and was rst attacked for cortinuous-time Petri nets at the cost of structural or analyt-

ical restrictions. We proposea discrete deterministic and stochastic Petri net (DDSPN)

formalism with no imposed structural or analytical restrictions where transitions can
re either in zerotime or accordingto arbitrary ring times that can be represeted as
the time to absorptionin a nite absorbing discrete-time Markov chain (DTMC). Ex-

ponertially distributed ring times are then approximated arbitrarily well by geometric
distributions. Deterministic ring times are a special caseof the geometricdistribution.

The underlying stochastic processof a DDSPN is then alsoa DTMC, from which the
transient and stationary solution can be obtained by standard techniques. A comprehen-
sive algorithm and somestate spacereduction techniquesfor the analysisof DDSPNsare
preserted, including the automatic detection of con icts and confusions,which removes
a major obstaclefor the analysisof discrete-time models.

Keyw ords: Discretetime extendedPetri nets, reward processesgon icts and confusions.

1 Intro duction

Petri nets (PNs) [12] proved to be a powerful graphical and mathematical modeling tool
that allowsto descrilke and analyzecomplexsystemsexhibiting concurrency syndironiza-
tion, and con icts.

The ability to model timed and probabilistic behavior is essetial in the eld of perfor-
mance and reliability ewvaluation. This needleadsto various di erent extensionsof the
PN formalism, wherethe classof stachastic Petri nets (SPNs) gainedthe widest accep-
tance. In SPNs, ring time delays are speci ed by probability distributions assaiated to

transitions. SPNs are often classi ed as cortinuous or discrete time, depending on the
type of ring time distributions and on the underlying stochastic process.

Deterministic and stochastic Petri nets (DSPNSs) [3] represeh the most important con-
tinuous-timeapproad wheretransitions can re eitherin zerotime or after a constart (de-
terministic) or exponertially distributed time delay. The initial de nition of DSPNsim-

posedthe structural restriction that concurrent deterministic activities cannotbe presen.

This problem was theoretically solved in [8]. Howewer, the solution is not feasiblein
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practice becauset leadsto a state spaceexplosionwhen a larger number of concurrert
deterministic activities hasto be considered.

Discrete time stachastic Petri nets [11] instead belong to the discrete approad), where
transition ring times are specied by geometric distributions which approximate the
exponertial distribution arbitrarily well in discretetime. Other approades having an
underlying discrete-timestochastic processhave beenpreserted in [15 (Timed Petri nets)
and in [10 (GeneralizedTimed Petri nets), but they do not achieve the modeling power
of DSPNSs.

The mixture of deterministic and stochastic ring times still imposesseere problems
on the quanrtitativ e analysis of a time-extended PN, since the state spaceneedsto be
generatedand mapped onto the basic underlying stochastic process. Our work attacks
this problemby adopting a pure discrete-timeapproad. Howewer, con icts and confusions
amongtransition rings are morelikely to occurin discretethan in cortinuoustime, since
transitions areallowedto re only at certain discreteinstants of time. Thus, simultaneous
ring attempts of multiple transitions, including timed ones,cantake place. The detection
of the sets of transitions involved in con icts and confusionsis a precondition for the
correct speci cation of probabilistic ring weights resolving these situations. This is an
important and often neglectedissueesyecially for discrete-time models.

In [13], Discrete time Deterministic and Stachastic Petri nets (dtDSPNs) wereintroduced
wheretransitions re either in zerotime or after a constart or geometrically distributed
time delay without any structural restriction. The deterministic time delay is then mod-
eledasa special caseof the geometricdistribution. In dtDSPNSs, the problem of con icts
and confusionsis relaxedto a certain degreeby an uncorventional approad. The sequen-
tialization of simultaneously rable timed transitions is not enforced,which leadsto the
elimination of confusionsituations for timed transitions. The drawbad of this approad
is that a dtDSPN model can generatestateswhich are not coveredby the classicalPetri
net theory.

A moregeneralapproad wasproposedin [4] with Discrete Time Markovian SPNs(DTM-
SPNs),where ring time distributions are speci ed by arbitrary nite absorbingDTMCs.
It hasbeenprovenin [4] that the underlying stochastic processof a DTMSPN isa DTMC,
provided that the modeler detectsand resohesall con icts and confusionsmanually, pos-
sibly a very di cult task. This drawbad leadin [6] to the dewelopmer of a new method
for the automatic detection of con icts and confusionsapplicableto all typesof stochastic
Petri nets. This approad is independert of structural PN properties and is solely based
on the state spacegenerationof a given model, sothat only actually occurring con icts
and confusionsare detected. This is is not the casefor the structural tests employed
in cortinuous-time approadtes, which are basedon necessarynot su cien t, conditions.
Thus, structural testscanleadto an overspeci cation of a givenmodel resulting in a more
di cult correctinterpretation of obtained results measures.

The work preserted in this paper conmbinesthe resultsof [13, [4], and [6], while removing
the menioned drawbadks of [13] and [4]. We de ne discrete deterministic and stochastic
Petri nets (DDSPNSs). In DDSPNSs, transitions can re either in zerotime or after a time
delay speci ed by arbitrary nite absorbingDTMCs without any structural restriction.
Firing time distributions of a DDSPN include the geometricand the deterministic dis-
tribution as a special case. Any other discrete distribution that can be expressedoy a
nite absorbingDTMC can be freely de ned, sud as the discrete uniform distribution.
We adapt the generalapproad for the automatic detection of con icts and confusions
from [6] and integrate it into the solution method for the analysisof DDSPNs. This is a



major improvemert of the usability of DDSPNSs, sincethe usual structural tests for the
conict and confusiondetection cannot be applied on a discrete-time scalewhere timed
transitions areinvolvedwhose ring time distributions are independen of structural Petri
net properties. Togetherwith the solution method, a new algorithm for the complexand
non-trivial state-spacegenerationis preserted, mapping a DDSPN onto a DTMC, from
which again the transient and stationary solution can be obtained using standard tech-
niques. In addition, somestate spacereduction techniquesfor DDSPNs are proposedto
relax the inherert problem of state spaceexplosion. The DDSPN solution technique has
beenimplemerted and integrated into the software tool TimeNET [9].

Section 2 de nes untimed PNs. Section 3 preseits the complete DDSPN formalism. A
correspnding state spacereduction method is discussedn Section4. Numerical results
for two examples,obtained from the implemertation, are shavn in Section5, followed by
concludingremarksin Section6.

2 The PN formalism

We recall the (extended) PN formalism (see[6]). A PN is a tuple
P;T;:D ;:D*:D; :g © where:

P is a nite setof places which can cortain tokens. A marking 2 IN'?I de nes the

number of tokensin ead placep 2 P, indicated by |, (when relevant, a marking

shouldbe considereda columnvector). D , D", D , and g are\marking-dependen",

that is, they are speci ed asfunctions of the marking.

T isa nite setof transitions, sothat P\ T = ;.

8p2 P;8t2T;8 2 INP/, Dy()2IN, Dj()2IN, and D, () 2 IN are the

multiplicities of the input arc from p to t, the output arc from t to p, and the inhibitor

arc from p to t, whenthe marking is , respectively.

T T is an acyclic (pre-seletion) priority relation.
8t2 T;8 2 INPl:g( )2 f0;1gis the guar for t in marking
97 2 IN'PI js the initial marking.

Placesand transitions are drawn as circles and rectangles,respectively. The number of
tokensin a place is written inside the place itself (default is zero). Input and output
arcs have an arrowhead on their destination, inhibitor arcs have a small circle. The
multiplicit y is written on the arc (default is the constart 1); a missingarc indicates that
the multiplicit y is the constart 0. The default value for guardsis the constart 1.
Let E( ) be the set of transitions enable in marking . A transition t 2 T is enabledin
marking if, and only if, its guard evaluatesto 1, its input and inhibitor arc conditions
are satis ed, and no other transition with pre-selectionpriority over t is enabled(this is
well de ned because is acyclic):

a()=178p2P;Dy() p” Dp()> p_Dp()=0 "~ Bu2E( );ubt:
If atransition t 2 E( ) res, a newmarking M (t; ) is generatedfrom by subtracting
the input bagD ( ) and adding the output bagD*.(( ):
M(t )= D;t()+D+;t(): +D ()

whereD = D* D isthe incidencematrix. M can be extendedto its re exive and
transitive closureby consideringthe marking readed from  after ring a sequenceof
transitions. The reachability setis then givenby S=f :9 2T ~ = M( ; g;
whereT indicatesthe set of transition sequences.



3 The DDSPN formalism

Basicde nitions of the DDSPN formalism are explainedin Section3.1. Sections3.2 and
3.3 examinethe DDSPN state spaceand introducethe conceptof well-de ned DDSPNSs,
which is neededor the correctgenerationof the underlying stochastic processof a DDSPN
model. Finally, Section 3.4 proposesan algorithm for the reduced readability graph
generationof a well-de ned DDSPN from which the underlying stochastic processcan be
derived and numerically analyzed.

3.1 Basic De nitions

Informally, a DDSPN is obtained by ass&iating a discrete-time phasedistribution (DTP)

to ead PN transition for the modeling of discrete ring times. A DTP is represeted by
a nite absorbingdiscrete-time Markov chain (DTMC) fX; ji 2 INg with an underlying
constart time-step > 0O; the statesof the DTMC are referredto as phasesto make a
clear distinction betweenDTP statesand the overall state spaceof a DDSPN.

Eadh phaseof a DTP correspndsto a possibledistribution of the remaining ring time
(RFT) of atransition. Fig. 1 shows, for instance,the DTP represemations of a geometric
and a discreteuniform distribution, respectively. Phase0 is absorbingand represets the
casethat a RFT readed zeroand the correspnding transition is allowed to re.

e e T

Figure 1 DTP represemations of a geometricand a discrete uniform distribution.

The geometricdistribution appraximatesthe exponertial distribution in discretetime ar-
bitrarily well as decreases.The constart ring time can be seenas a special caseof
the geometricdistribution, whenthe ring probability is setto 1 (e.g., Const(4) =
Geom(% 4 ) in Fig. 1). An immediate transition (ring in zerotime) can be modeled by
a DTP containing a singleabsorbingphase0. A more detailed presenation of DTPs and
of correspnding discrete ring time distributions can be found in [4, 14].

Consequetly, a state s of a DDSPN consistsof two discrete componerts, the marking
and the vector cortaining the phasefor ead transition:

s=(; )2INPIINT:
Each ertry  of represets the current phaseof the DTP assaiated to transition t.
De nition 3.1 Formally, a DDSPN is a tuple
P:T;D :D*:D: ;g @ :G;F; @ :C:w where:

P;T;D ;D*;D ; ;g; @ denesanextendedPN asintroducedin Section?2.

8t2T; { INisthe nite setof phasesofthe DTP assaiated to transition t.

8 2 S5;8t 2 T;8i;) 2 ;G(; i;]) is the probability that the phaseof transi-

gon t changesfrom i to j in marking at the end of one time-step . Hence,

i2 (Ge(;i;)) = 1. G, species the one-steptransition probability matrix of the

DTP of an enabledtransition t in isolation. The phaseof a disabledtransition does
not changein isolation: G(; i;i) = 1if t 62E( ).



All combinations of possiblenew phasedor all enabledtransitions must be considered
when is changedat the end of a step of length . This leadsto the construction of

the setG(; ), sucdthat 8 °2 G(; ), Cisa possiblecombination of phasesfor all

transitions:

G(; )= 7 ¢ Where = [ f %o
9Gi(; 1 9>0

8 2S;8t2E( );8u2T;8i;j 2 ;Fuu(; i;)) isthe probability that the phaseof
transition u changesfrom i to j whentransition t res in marking . F is usedfor the
speci cation of race policies [1] for transitions. See[14] for a more detailed discussion
of race policiesin DDSPNSs.
Again, all combinations of possiblenew phasedor all transitions needto be considered
when ischangedby the ring oftin leadingto the constructionofthe setF (t; ; ),
sud that 8 °2 F(t; ; ), Cisa possiblecombination ofi phasesfor all transitions:

F(t, ; )= wr [ where [ = f 2g:

0F (G ous >0
8t2T; 2 istheinitial phaseof transition t at time O.
T T is an acyclic post-selectionpriority relation.
C 2T isapartition of T into locally de ned weight classesgud“l that:
8C;Cy2C; Ck68Cy, ) C\Cy=,; and ,cCi=T.

Let C; be the local weight classcortaining transition t 2 T. By setting C, = T, we
can model a global weight de nition asin [4].

8 2S;8t2E();w( )2IR" isthe ring weigh for t in marking
2

In a DDSPN, a transition may only re in a state whereit is a candidate For this reason,
the enablingrule of Section2 needsto be extendedby the following de nition.

De nition 3.2 A transition t 2 T is a candidate (to re) in state si it is enabled,
its phaseis zero, and no other candidate has post-selectionpriority over it (this is well
de ned because is acyclic). Let C(s) be the set of candidatesin states= (; ), sud
that: 8t2Cks); t2E() »~ (=0 " (Bu2T;u6t_ub2(s) 2

Consequetly, the ring rule of Section2 is extendedfrom markingsto statesfor DDSPNs.
Transitions involved in conicts or confusions(see Sec.3.3) are grouped into the same
weight classwherethe correspnding marking-dependent ring weights are usedfor the
probabilistic resolutionof sud situations. Namely, the probability that transition t 2 C(s)
is chosento re in states= (; ), giventhat oneor more transitions of its weight class
C; are alsocandidatesin s, is

W, X
X () ,  Sud that WtjC(s)\ Ct( ): 1:
wy( ) t2C(s)\ Ct
u2C(s)\ Ct

Candidate transitions belongingto di erent weight classeshave no in uence on the cal-
culation of the ring probability, sothat, in DDSPNSs, ring probabilities are de ned only
amongtransitions belongingto the same(locally de ned) weigh class.If con icts or con-
fusionsdo not exist or have not yet beenrecognized,ead transition t 2 T of a DDSPN
model belongsby default to its own weight classC;, sud that for any state s:

8t2 T, jCj=1 and 8t 2 C(s); Wijcspe ()= 1:
Consider,for example,the DDSPN of Fig. 2(a) which cortains only immediate transitions

Wicesn e () =



(ring in zerotime) represered by thin bars. Sharingthe sameinput placep,, transitions
t; andt, areconicting in state(; ) = (100, 00) and belongthereforeto the sameweight
classCi, = Ci, = fty;1t,0.

L

Figure 2 Computation of ring probabilities.

]

-
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Fig. 2(b) shaws the underlying readability graph and the state transition probabilities

computed by the correspnding ring probabilities. If t, res, a token is placedon pq,

enablingt; againin state s= (1010 ), and a token is placedon ps, disablingt, because
of the correspnding inhibitor arc. Note that the ring probability of t; evaluatesto 1 in

state s (no con ict), sinceC(s) = ft;g and subsequetlty C(s)\ C;, = ft,g.

3.2 The DDSPN State Space
The underlying stochastic processof a DDSPN is a DTMC
f( M, K)jk2 INg

with state spaceS IN'PI  INITI: The time-step of the DTMC is given by , sudc that
( K, k)2 S isa DDSPN state at stepk at time k .
Note that this Sectionsenesalsoasan introduction to the algorithm of Sec.3.4.
We adopt the terminology of [2] and call a state s tangibleif its sgourn time is greater
zero(i.e., C(s) = ;), vanishingotherwise. Thus, S consistsonly of tangible states.
Consider a tangible state si¢l = ( [kl: [l) at step k. At the next step k + 1, the time
must rst be advancedby advancing the phasesof all enabledtransitions in . Then,
transitions whosephaseswere advancedto zero and which becamecandidatesmust be
red sequetially in any possibleorder and in zerotime. This generatessequence®f
vanishing states which must be traverseduntil one or more tangible states are readed,
represeming the completion of the transitional stagefrom stepk to k+ 1. A more formal
and detailed investigation of the intermediate vanishing statesyields the following:

glk+llo = ( [k+10. [k+10) s the rst state readed from sl where

{ only the time is advanced: K+ 2 G( K ) and consequetly

{ no ring and no changeof marking occurred: &*0 = [k,

slkrdli = (¢ k+dli. Ik+211y 1 2 f1: 2; 122 ng denotesthe i-th state ertered after the ring

of a transition t' 2 Q(s*1" 1), sud that

{ ti res: [k+1]i = M (ti; [k+1]i 1) and

{ racepoliciesare appliedto RFTs of transitions: K+ 2 F(ti; K+ 1. [k+1]i 1y

After n possible rings in n vanishingstatess**l' i = 0;::;;n 1, we denotethe rst

reatable tangible state as

glk+1] def glk+1in -

Note that slk*10 = glk+ll jf (sk*10) = - "that is, if no ring occurs.
We just described a single state sequences = (s*¥ji 2 f0;1;:::;ng) leading from sl
to s*1 . For better readability, let sl = s and si*1 = s



Following from theseconsiderations,the set Sq. of all state sequencesroms= (; ) to
all possibles= 'g~; 7) is given by
Ses= s = =970 &=, i ="
802G(; ); &=(; 9 and
8i2f1,2:;ng 8'2Q9 Y); 87 2F(th~ LT 1Y),
$=(M(;~ 1 )
The probability of a single state sequences 2 Sg is then computed as

Y . .
Prfsjs 2 Sss"s2sg = ¢ f' F' ; where:
i=1
Q

9= "G 77
is the probability for a single combination of phases™2 G(; ).

for a ring transition t' 2 (s 1), sudhthat ~ = M (t';~ 1):
f'=Wijce e, (~ ') isthe ring probability.
Fi= u2T I:ti;u("i L ~L L ~iu

is the probability for a single combination of = 2 F(t';~ 1;~ 1) .
Fig. 3shavsapossiblesequencef statesleadingfrom s to sand the involved probabilities.
Instead of consideringan example,we prefer a symbolical description becausecompared
to cortinuous-time approadies, the state spaceof DDSPNSs is in generalmore complex
and, hence,more di cult to exemplify.

Figure 3 A sequencef statess leadingfrom s = sl to s= slk*1,

3.3 Well-dened DDSPNs

The underlying stochastic processof a DDSPN introducedin Section 3.2 takesonly the
tangible state spaceandthe sgourn time in a particular state into consideration. Howewer,
for the analysisof a DDSPN, a more detailed processis needed,extending the de nition
of Section 3.2, to take into accourt the ring of transition sequencedeading from one
tangible state to another.

De nition 3.3 The underlying stochastic processfor a DDSPN, or basic process is

f( ®:skhjk 2 INg, where ® = (Lt 2T k>0
is the k-th sequenceof n 2 IN transitions, to re, at time k , beginningfrom state sI°
and readning state s = s, such that s t4s K for j = 1::;n. ( @ = NULL and
sI° is obtained from sk Y by advancingthe time from (k1) tok ). 2
In practice, we are normally interestedin stochastic reward processeslerived from the

basic process. Without goinginto too much detail (see[5] for a discussionof the use of
reward rates and impulsesto de ne measuresof interest), we give the following:



De nition 3.4 A stochastic processf YK 2 IR j k 2 IN* g is a rewad processderived
from the basic processthrough theorevvard structure (; r) if it is cfe ned as:

AW X @ (U 1y + X ra( DN HA
0<j k ti2 [l
wherethe reward rates : IN'?/ I IR descrite the rate at which reward is accunulated
in a particular marking and the reward impulsesr : (T INP)) I IR descrite the impulse
accunulated when a particular transition is red in a particular marking. 2
De nition 3.5 A DDSPN is wel-de ned with respct to a reward structure (; r) if
PriYX = yg

is completely determinedby the elemers of the DDSPN, wheref YK 2 IR jk 2 IN* g is
the reward processde ned by applying the reward structure (; r) to the basic process

of the DDSPN. Consequetly, a DDSPN is well-de ned if it is well-de ned with respect
to all reward structures. 2

A DDSPN is freeof (stochastic) con icts and confusiondf it is well-de ned, a precondition
for the feasibility of its analysis. From a stochastic point of view, there is no di erence
betweencon ict and confusion. Both expressthe fact that the choice of sequetialization
for contemporary ring attempts of transitions leadsto di erent readable statesor dis-
ablesformerly simultaneously enabledtransitions. As a consequencedi erent valuesfor
certain reward measuresof interest may be computed;if the DDSPN doesnot provide a
way to chooseamongthem, the DDSPN cannot be analyzed,i.e., Def. 3.5is not ful lled
and the DDSPN is not well-de ned.

To demonstratethe needfor Def. 3.5in discrete-time,we will shav that a DDSPN might
not be well-de ned, ewen if the underlying untimed PN does not cortain conicts or
confusions. Fig. 4 shavs a DDSPN and and its underlying basic process. Transitions t
and t,, ring after a constart time c, are in di erent weigh classesso that the ring
probability is not de ned initially. According to the classical(untimed) PN theory,
both transitions are concurrent becausethe ring of t; doesnot disablet, and vice versa

(no conict or confusion).
-

=i
2% -

Figure 4 Concurrert but not well-de ned.

Newertheless,the DDSPN is not well-de ned with respect to the reward processY Kl =
\the number of rings of t; occurring while #( p,) = 1, during the interval (0;k ]". This
reward processcalculatestwo di erent results, eat with probability one, depending on
the ring sequencenft; and t, in the vanishing state (110, 00) after the advanceof time
c. A probabilistic resolution of this non-deterministic situation is achieved by grouping
both transitions into the sameweight class,sothat = W, jt,.1,4(110).

The generalconceptof well-de ned SPNsand its implications have beenextensiely dis-
cussedin [6] where more details and examplescan be found.



3.4 Reduced Reachabilit y Graph Generation

In this section,we will proposean algorithm for the construction of the ( nite) reduced
readhability graph (RRG) and for the calculation of the impulse rewards of a well-de ned
DDSPN. The algorithm also tests whether the DDSPN is well-de ned. The cost for
this test is small, becauseit is basedon the state spaceof the RRG and on the impulse
reward measures.Rate rewardsare not a ected by con icts and confusions sincethey are
calculatedbeforeany transition ring occurs. Therefore,the calculation of rate rewardsis
omitted, for the sake of better readability, but it canbe easilyincludedinto the algorithm.
Formally, the algorithm is given:

aDDSPN P;T;D ;D*;D; ;g, @ ;G;F; @ :.C;w ,and
a set of impulse reward functions M = frt;:::;;riMig,

wherer"( ) 2 IR is the impulse reward obtained when ring transition t in marking
accordingto the m-th reward structure,1 m jMj.

If the DDSPN is well-de ned with respectto all reward structures,theglgorithm computes
the underlying tangible state spaceS and all state transitions Ps = .5 Ps, sud that a
single path set Ps cortains all state transitions starting from state s. Hence,giventhat a
tangible state s is readable from a state s, thereis a tuple ( s; s) 2 Ps cortaining

the correspnding state transition probability <2 (0;1], and

avector ¢= ( L ™My 2 IRMI| which storesthe accunulated reward value ™, for

ewvery impulse reward function r™ 2 M.

A single( s; s)2 Ps alsorepresetts the aggregatedindividual probabilities and accunu-
lated impulse rewards of possiblemultiple paths along vanishing statesleadingfrom s to
s. The nonzeroertries of the one-steptransition probability matrix P for the underlying
DTMC of a DDSPN are then givenby: 8s;52 S;8Ps 2 Ps;8( s; ) 2 Ps : Pss = &
If the expectedaccunulated impulse rewards up to time k , E[YX j skl = s] are known,
the expectedaccunulated impulsesup to time (k + 1) are given by
8k 2 IN; 8s;52 S; 8Ps2 Ps: (
E[Y[k+1] j (S[k] = gn glk+l] = 9] = E[Y[k] j gkl = o] + s If9( s s) 2 Pg;
0 otherwise.
Standard numerical methods (power method, SOR) can be employed for the transiernt or
stationary solution of the processe®f interest.
If the DDSPN is not well-de ned, the algorithm issuesan error messagend needsto be
restarted after a con ict or confusionsituation hasbeenresolved by the meansof priority
or weight de nitions. See[6] for a more detailed discussionof non-well-de ned SPNsand
their implications. Brie y, the algorithm consistsof two procedures:
In \generateRRG" (see Fig. 5(a)), the time is advancedin a given tangible state
sil = s leadingto s*10 = &,
In \tra verse" (seeFig. 6(a)), subsequen vanishing states are recursiwly traversed
starting from sk*1° = s until tangible statessk*!l = s are readed.
Three typesof parametersexist for the procedureheadersof Fig. 5(a) and Fig. 6(a):
call by value(in), call by reference (out), and call by value-reference (inout).
Time-Adv ancement
The algorithm is exercisedwith the call \generateRRG(S; Ps)". The set S™ cortains
the tangible stateswhich have not yet beenvisited. It is assumedhat the initial state to
be visited ( [©; ) js tangible (see[14] for a vanishinginitial state).
Fig. 5(b) outlinesthe executionof \generateRRG". The while-loop of the procedurevisits



pro cedure generateRRG( out: S; Ps)
S=5iPs=3;
gnext = ( [0]; [0y,
while s"™ g ; d

choosea state s= (; ) from S";

Snext = Snext nfsg;

Ps=3;
foreach ©°2 G(; ) do
=4 T

9= G o6
if (s°) = ; then # s0 is tangible
if s° 62S then
S = S[ fS‘OQ, ghext — gnext [ fspg,
Pl=f( ;0] =0g;
else  # s° is vanishing
traverge@p; S; S"X: Py);
P= (. gp,f(s & s Qg oo 1) A
Ps = unif y (Ps; PY);
Ps = Ps[ Ps;
end pro cedure

a)
Figure 5 Generationof the reducedreadability graph.

all statesof S"® and calculatesthe setof paths Ps, accunulated for every iteration in Pg,
for each state s 2 S". The for-loop advancesthe time for onestep by generating,with
ewvery iteration, the new state s° with probability g dependingon its possiblecombination
of next phases™ 2 G(; ). Moreover, for every s°, it generatesthe set of paths P2
leading from s to tangible statesvia s° and uni es them afterwards in the path set Ps
covering all existing state transitions originating in s.

Hence, if s° is tangible, it is addedto the sets of tangible states S and S"®*, if not
already there, and a single initial direct path PQ to s with probability g is created
with no impulse rewards, since no transition ring lead to s°. If s? is vanishing, the
call \tra verse€’; S; S"™; Py)" computesthe path setPg (zero-time state transitions
starting from s”) from which P is afterwards obtained by multiplying all impulserewards
and path probabilities of P with the probability g of reading s° from s.

The function unif y (Ps; P unies two di erent path sets,whoseorigin liesin the same
state s, in a way that possiblemultiple paths to equaltangible statesare merged.
Recursiv e Traversion of Vanishing States

Fig. 6(b) outlines the execution of \tra verse". The rst for-loop of the procedurein
Fig. 6(a) partitions all candidate transitions of s ! into setsof candidate transitions €,
belongingto the sameweight classC,. The secondfor-loop res all transitions of a par-
ticular setC,, sothat, with ewery iteration, a singlecandidatetransition t' 2 ¢, is red in
marking ~ ! accordingto its ring probability f' leadingto ~'. For ead ring of transi-
tion t', the third for-loop appliesthe correspnding race policiesto all phasesof ~ * and
generateswith ewery iteration, the newstate 8 = (~'; ~) with probability F' depending
on the possiblecombination of next phases™ 2 F (t'; ~ ;7 1). Analogouslyto the for-
loop of \generateRRG", it rst generatesfor every s/, the setof paths P}, . leadingfrom
s 1 to tangible statesvia 8 and uni es them afterwards in the path set Ps?xl covering
all existing state transitions initiated by ring transitions of €, in § 1. Again, if § is
tangible (terminating recursiwe calls), it is addedto the setsof tangible statesS and S"*,
if not alreadythere. Moreover, a singleinitial direct path P. , with probability f 'F' (i.e.,



pro cedure traverse(in: s * (< ;7 1); inout: S; S™; out: Py 1)
Py 1=3;
foreach ¢, 2Ccdo [ TTTTT TS TS o TS TT o T oo o TS TTTTC
C= a9 Y\ G PSL =i
foreach t' 2 & do # fire candid ate
~? - 41 D ;ti(~| 1)+ D+;ti(~l 1);
fl = Wtujéx(~l 1);

|

|

|

|

|

! :

| .

l :

| :

foreach ~ 2 F(t; 4 %~ 1) do )

# apply ra ce policies ! :

|

|

|

|

|

|

g = (37 v
= Q RS P I T
F T 2T Fro (50 570 570
if C(s') = ; then # ¢ is tangible
if § 625then  TTTTTTToToTooos By ~TT T TTTo |
S=SJ[ fsglg, S = st [ fdg;
PL.= (s f'F') 8m2fL:::;jMjg;

sm =rm _,,i 1)fi|:i
tl
else  # ¢ is vanishing
traversegj; S; SheXt: py):
PL= (. gz, ( 9 JfIFT) 8m2f1;:::;jMjg;
gm: ( 21+rtniﬂ| ~i 1) S)fiFi :
P, = unif y (PS*.; PL L)
si 1 s 19 s 1/
if Py 1= then Py 1= PS*,;
elseif Pg 1 6 ngl then
stop; # err or, DDSPN not well-defined

end pro cedure
a)

Figure 6 Traversingrecursiwely vanishing states.

Prf ~ gPrf ~'g) for reading the tangible §' is createdtogetherwith instantaneousimpulse
rewards gainedby the ring oft' in ~ ! leadingto §. If §' is vanishing,the subsequetly
readhable statesare exploredby the recursive call \tra verse§’; S; S"; Pg)" that com-
putes the path setPy (assumingthat the vanishing reacability graph createdfrom &' is
acyclic, nite, andthat noconict or confusionoccurred). Pl . is then obtained from Py
by adding the instantaneousimpulserewardsof t' to Py and by adjusting all probabilities
| for reaching atangible state sfroms’ *vias | sothat the probability of a particular
path and of the accunulated impulse rewards equalscorrectlyto 9= f'F' .

Integrated Detection of Conicts and Confusions

Con icts and confusionsexhibit a non-deterministicbehavior that, for DDSPNs, canoccur

only in a vanishingstate 8 * when multiple candidatetransitionst 2 (s’ ) attempt to

re in zerotime leadingto tangible statess with di erent stochastic results.

Indeed,the DDSPN ewlution during instants of time wherethereisno ring is completely

determinedby the assumptionof a race behavior.

Yet, con icts and confusionscannotarisein 8 * amongcandidatetransitions of the same

weight classC,, becauseweights are always de ned within a given weight class,sothat:
Contemporary ring attempts are resohed prob?_,bilistically by the individual ring
probability f ' for ea candidatet’ 2 C,, where: " ¢, fi=1.

All path probabilities are known, resulting in: (s g2pCs. s= 1
s s si 1



Therefore,con icts and confusionscan occur only amongcandidatetransitions belonging
to dierent weigh classes. Consequetly, a DDSPN is not well-de ned if a vanishing
state s' ! is encounered| at the endofthe rst loop of \tra verse"| with at leasttwo

diering path sets,such that:  PSx, 8 PSY, | where &6 &,

Toremovecon icts or confusionsthe modelermust then apply oneof the following actions
to transitions of €, and Cy, beforerestarting the algorithm:

Priorities can be speci ed to prevent con icting transitions from becomingsimultane-
ous candidates,hencefrom attempting to re at the sametime:

{ Pre-selectionpriorities disablea con icting transition beforethe advanceof time.
{ Post-selectionpriorities enforcea particular sequencdor cortemporary rings.

Mergethe corresmnding weight classe<C, and C, and (re)de ne appropriate weighs
for them. Hence,candidatetransitions, involvedin con icts or confusionsare grouped
into the sameweiglt classC, = C,[ C,.

If no further warningsare producedby the algorithm, the DDSPN is well-de ned because
the following necessarycondition for the absenceof con icts and confusionswas ful lled:

8C;Cy2C: ngl = F’Syl = Py 1

That is, candidate transitions, belongingto di erent weight classesyeac from all van-
ishing statess' ! the sametangible stateswith the sameprobabilities and with the same
accunulated rewards, regardlessof the order in which they are red.

4 State Space Reduction

In Sec.3.4,it hasbeenshonvn how the one-stepstate transition probability matrix P of
the underlying ( nite) DTMC of a DDSPN is obtained from its RRG wherethe holding
time in ead state of the DTMC is equalto the basicunderlying time-step .

A considerablereduction of state spacecanbe achieved during the generationof the RRG
if tangible statesare encouriered whereit is possibleto advancethe phasesof all enabled
transitions for a multiple of until a probabilistic split or a phaseequalto zero(vanishing
state) is readhed| a condition often met by deterministic transitions.

In other words, a sequenceof intermediate tangible stateswith state transition probabil-
ities equalto onecan be omitted if it was generatedsolely by single phaseadvancemets
of one with probabilities equalto one, sothat no changeof marking occurred (see[14]
for more details). Informally, only the phasevectors of a sequenceof tangible statesare
discarded,sincethesestates are not neededanymore for the further computation of the
underlying stochastic processof a particular DDSPN. The correspnding equal mark-
ings are mergedinto one, while preservingtheir individual holding times, so that the
computation of all measuresof interest is still possiblé.

Therefore, fewer tangible states are generated, resulting in a smaller state transition
probability matrix P wherethe holding time in a particular state s is no longer equalto
one , but to hs = x , x 2 IN*. Now, the holding time of eact state cortains the holding
times of omitted tangible stateswherethe markings werethe same.

This approad of state spacereduction is named emhkedding with referenceto the cor-
responding underlying stochastic processof the DDSPN which is now a discrete-time

semi-Marlov processwhereP and h 2 IR* 3! descrite an emiedded DTMC obtained from

1 Phasevector componerts of tangible statesin uence only the temporal ewolution of DDSPNs and are
not required for the computation of measuresof interest.



the emledded RRG. The sizeof the state spacedependsin generalon
the sizeand structure of a particular DDSPN.
the sizeof the basicunderlying time-step .

the number of phasesof ring time distributions (DTPs) speci ed for the timed tran-
sitions of a DDSPN model.

A small time-step and DTPs with a large number of phaseslead to a fast growth of
the state space. Thus, a careful choice of timing parametershelps reducing the state
space,too. If embeddingis used,the sizeof the state spacedepends,in addition, on the
maximum possiblephaseadvancemeis with probability one of all enabledtransitions in
tangible states.

SinceP and P are usually sparsematrices, sparsestorageschemesshould be employed.
If P is an irreducible DTMC, the stationary probability distribution over S, given by
the vector 2 [0; 1]%!, is obtained by solving a sylgtem of linear equationswith standard
techniques(Gauss-Seidel SOR): = P and ; =1

In caseof embedding, the stationary solution can be computed from P and h employing
the following well-known method for semi-Markov processe$7]:

We rst solve the systemof linear equations$ = $ P and ;$; = 1 for the emrbedded
stationary probabilities $ .

Then, we rescale$ usingthe holding times: 852 S; $2= $¢ h..

Finally, we normalize the rescaledprobabllltles $ % and obtain the stationary proba-

bility distribution: = % .

Subsequetly, measuresf interest can be derived from

5 Examples

This sectionillustrates the modeling power of DDSPNs by preserting an example con-
taining seweral deterministically timed activities. Considerthe processingstation of an
automated manufacturing systemwhere raw parts arrive at constart time intervals. A
madine tool processegad raw part for a constart time period. The tool wearso and
needsto be replacedafter a stochastically timed delay whosevalue dependson the tool
quality and on the material of the processedparts. The time delay for the replacemen
is constart. The processingstation can then be characterizedby a D/D/1/K queuing
system where the service station (tool) is subject to stochastic failures (wearout) and
deterministically timed repairs (tool replacemet).

Fig. 7(a) shows the corresppnding DDSPN model. Raw parts, represeted by tokens,
arrive with the ring of the deterministic transition arrive and wait for servicein place
WAIT until the servicestation is empty and operable. A single token in place IDLE
SERVER and the immediate transition enter serviee permit only one part at a time to
erter the servicestation which consistsof the place SERVICE and of the deterministic
transition serve The ring of servestandsfor the completion of the processingof a single
part. The failure and repair of the servicestation are represeted by the geometricand
deterministic transitions failure and repair, respectively.

We considera systemwith K = 50 parts, aconstart deterministic arrival rate of =

anda constart determlnlstlc repair rate of
from losec to Fec and the geometricfailure rate is varied from 1OSeC to 10“sec The basic

underlying time-step of the model equalsto = 1sec The measureof interest of the sta-
tionary solution is the averagenumber of waiting raw parts Ef #( WAI T)g in placeWAIT

1
L . . 10sec’
logsec The determlnlstlc serwcerate is varied
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Figure 7 D/D/1/K queuingsystemwith failure and repair.

depending on the varying serviceand failure rates. The goal of our performanceevalua-
tion is to determinewhich minimum performanceof the sener, in terms of speed(service
rate) and dependability (failure rate), su ces to adchieve a desiredaveragepercernage of
waiting raw parts. Fig. 7(b) shows the correspnding curves, where Ef #( WAI T)g (in
%) is plotted vs. the ring rates of transition serve and transition f ailure.

The state spaceof the DDSPN consistsof 101 tangible markings. Depending on the
deterministic servicerate, from 5,930to 125,153tangible states are generatedand the
evaluation time varies from 9 to 56 seconds,respectively, on a Sun Sparc Station-20
(Solaris). Howewer, employing the embeddingtechnique for the stationary solution of this
particular model leadsto a state spacereduction of 86.4%to 90.8%and the evaluation
time variesfrom 7 to 17 secondsagain depending on the deterministic servicerate.

To somelimited degree,DDSPNs can be usedalso for the approximation of cortinuous-
time models cortaining exponertial and deterministic transitions without structural re-
strictions; i.e., exponertially distributed times are appraximated by geometrically dis-
tributed ones. A familiar cortinuous-timemethod is to useErlang- distributions for the
appraximation of constart ring times.

To comparethe Erlang- and our approad of DDSPNs, we choosea simple M/D/1/K
gueuingsystemfor which an exact numerical stationary solution can be computed|[3].

E{#(WAIT)} [%]

T

rel Of Ef#( WAI T)g DDSPN: , memory, CPU time Erlang:  phases, memory, CPU time
10 % 1=2 sec 1.6 MB 1 sec 10 3.0 MB 7 sec
5 % 1=4 sec 1.7 MB 1 sec 20 7.3 MB 34 sec
2 % 1=10 sec 2.0 MB 3 sec 50 36 MB 5 min
1 % 1=20 sec 2.7 MB 4 sec 80 90 MB 16 min
0.1% 1=200 sec 13 MB | 58 sec not available

Table 1 Computational e ort for the appraximation of a M/D/1/K queuingsystem.

The system can be obtained from Fig. 7(a) by removing the failure/repair subnet and
by assumingthat transition arrive is exponertial. Let K = 50, = ﬁec and = %ec
Table 1 shaws the computational e orts to adiieve a certain appraximation accuracy
measuredn terms of the relativeerror ,¢. It canbe obsenedthat our approad achieves

better resultswith lesscomputational e ort for the particular model under consideration.

6 Conclusion

The resultsin [4], [6], and [13] have beenconmbined, introducing the DDSPN formalism
wheredeterministic and stochastic ring times of transitions can be mixed without struc-
tural restrictions while providing integrated automatic con ict and confusiondetection



on a discrete-time scale. A new solution method combining [4] and [6] and a previously
not available algorithm for mappinga DDSPN onto its underlying stochastic processhave
been presened from which a direct implemertation followed. Thus, an additional tool
componert for TimeNET [9] hasbeendeweloped with newfeaturesbasedon discretetime
as demonstrated for a typical queuing application example. Considerablestate space
reduction can be achieved for a given DDSPN model by carefully choosingtiming param-
eters and, more importantly, by meansof embedding. Even so, the DDSPN formalism
still leadsto a large state spacedue to the additional phasecomponerts in the state.
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