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1 Intro duction

The purpose of this note is to comparethe distributions of the minimums of two sets of
random variables, respectively with geometric and exponertial distributions, having pair-
wise matching means. The geometricdistribution is the discrete analog of the exponertial
distribution and can be applied to a variety of performancemodels which can be analyzed

by analytic or simulation methods. The following notation is used:
IN = f0;1;2;:::9, the natural numbers.
IN* = f1;2;3;:::9, the positive natural numbers.

N = f1;2;:::;ng, the rst n natural numbers(n is a constart which will be clearfrom

the cortext).

Fa(t) = PrfA  ag, the cumulative distribution function (CDF) of a random variable

A.

Fa(t) =1 Fa(t), the complemen of the CDF of A (its survivor function).

2 Geometric, modied geometric, and exponential dis-
tributions

Two random variables X and Z are said to have a geometricdistribution with parameter
2 (0;1), X Geom( ), and a modi ed geometricdistribution with parameter 2 (0;1),
Z ModGeon{ ), if their probability massfunctions (pmfs) are, respectively (Trivedi,

1982),
8k2 IN";PrfX =kg= (1 )*?! and

8k2IN;PrfZ=kg= (1 )&

from which it follows that their CDFs at the massvaluesare

X
8k 2 IN*;PrfX kg= @ Yl=1 @ ) and



XK
8k 2 IN;PrfZz  kg= @ )Y=1 @ )y
and that their expectationsare

E[X]:X k (1 )X 1= 1 and

k=1
Ezl=" k@ )=t
k=0

Informally, the di erence between a geometric and a modi ed geometric distribution

with the sameparameteris the way in which they court: the geometricdistribution starts
at one, the modi ed geometricdistribution starts at zero. Hence,if X  Geom( ), X
1 ModGeon( ). Equivalertly, the geometric distribution models the trial number of
the rst \success"in repeatedindependert Bernoulli trials, whereasthe modi ed geometric
distribution modelsthe number of trials beforethe rst success.

The above assumesthat the \time-step” of the distribution is the sameas the units
in which time is measured. This restriction is removed by consideringX and Z asrandom
variablesassumingvaluesin fk! : k 2 IN"gorfk! :k 2 INg, respectively, for sometime-step

1> 0:
8

21 (@1 H)Pcift o
X Geom(;!) () 8t2IR;PrfX tg=_

0 otherwise
and
8 t
21 @ )PFet e o
Z ModGeom(;!) () 8t2IR;PrfZ tg=_ :
-0 otherwise
which imply
8k2 IN";PrfX =klg= (1 )**! and
8k2 IN;Prfz=klg= (1 )
and
|
E[X]= -~ and
|
E[z] = a .



It is well known that both the geometricand modi ed geometricdistributions are discrete
analogsof the exponertial distribution. In particular, given an exponertial random variable

Y with rate > O,
Y Expo()() 8 OPrfyY tg=1 e ') E[Y]= %

onecandetermine and sothat X and Z match Y in expectation:

E[X]:!—: = E[Y]) =1! and

ezy= 0= sy =

and then, using thesevaluesfor and , the distributions of X and Z appraximate that of

Y arbitrarily well asthe time-step! is reduced:
mPrfxX tg=lim1 (1 ! Pr€=1 et =PrfY tg and

, ' btes
1+ !
Notethat = ! 2 (0;1)implies! < 1 that is, it is not possibleto match the mean

=1 e'=PrfY tg

IimPrfz tg=1liml 1
1 #0 1 #0

of an exponertial randomvariableY  Expo( ) with a geometricrandom variable having a
time-step! > 1. Inthe specialcasel = !, = 1andthe distribution of X degenerates
to aconstart: X Geom(L!) Const(!). In the following, we allow this caseand require
I 2 (0; 1]. No sud restriction existsin the caseof the modi ed geometricdistribution,

whereany ! > 0 can be used.

3 The minim um of a set of random variables

Considernow three setsof n 2 independent random variables,f X; : 12 Ng,fZ; : 12 Ng,

8i 2 N;X; Geom(;!);E[Xi]l= 1) = i;

8i 2 N;Z; ModGeom( ;;!);E[zi]= ') = i‘ - and
8i 2 N;Y, Expo( i);E[Yi]= ;%
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. T ) .
Since! 2,5 (0; ], weobtain! 2 (0; 'ax] Where yax = maxf ;:i 2 Ng.
It is well known that the minimum of ead of thesesetsof random variableshasthe same

type of distribution asthe elemerts of the set (Uppuluri, 1964,Margolin 1967):

Y
X@ = minfX;:i2 Ng Geom 1 (1 i

i2N |
v !
Zqy=minfZ; :i2 Ng ModGeom 1 @ ;! ; and
i2N
: . x
Y = minfY; i 2 Ng Expo i
i2N
Hence, Xy, Z@), and Y4y have di erent expectations:
!
EXwl= v = v 6 5 = E[Ygy] and (1)
nil— ! - ! i - 1
R N R R T OO E ¥
Y i2N i2N
! @ ) | x 1
E[Zy]l= —2¥ = v 6 = E[Ygl 2
1 a ) 1+ @2+ i) i2N
i2N i2N

Theorem 1. Forn 2,E[X@y]> E[Yy]> E[Zw].

Proof. We prove that E[X )] > E[Y(y] by induction on n, hencewe make the index n

explicit by writing E[X (1.n)] and E[Y(1.n)].
Base step: Forn = 2,

! 1 1
= > = EIlY/1 ]
(T (¢ 1) 1+ 2 1 2! 1+ 2 Va2

Inductiv e Hyp othesis: Assumethat, for a givenn, E[X(1.n)] > E[Ya.ny]. Then,

EXa2] = 1

VL X 1) Y (1 1)> 1 X !
Y > . A > il
1 . (1 I') i2N ! i2N | i2N |

Inductiv e Step: Then E[X @.n+1)] > E[Y1n+1) ], Since

EXansy] = Y —
1 (1 i)y (1 net!)
i2N
I
> ~ 1
X
1 1 il (1 nt1!)
i2N



0 1,
1 X
= ! > @ iAo = E[Yan+y ]
+ e i n+1! i2N[f n+lg
i2N i2N

The proof that E[Z)] < E[Y(3] is analogousand is omitted. QED.
In other words, the minimum of n independent exponertial random variablesis always
strictly boundedin expectation by the minimums of n independent geometricand modi ed

geometricrandom variableswith matching means.For example,if n= 2,and ;= ,=
EXwl=@ @ ! =2) ">E[gl=(@2) "> EZyl=@ @+ ! =2) "

E[X @] and E[Z(y] coincidewith E[Y(;)] only in the limit, as! # 0 (see gure 1):

by

| ] X
lim E[X ] = lim ——v— = lim %—— = . = E[Yy)] and
L N I DR M Y-( R Yol
i2N i2N
im E[Z] = | ! I ! x ELY,
m = iim Y- = lim X = i = .
!} #0 2] rs0 1+ 1+ ;1) w0 i1+ 0o(1) 2N o]
i2N i2N

The corvergenceof E[X ;)] and E[Z(1)] to E[Y(1y] as! # 0 can alsobe derived observing
that
EXwyl ! <E[Zwl< E[Yol< EX@wl< E[Zw]+!;
which follows from the fact that (X; !) ModGeon{ j;!)and(Zi+!) Geom(;;!),
andfrom8i 2 N; ; < ;, whichimply that E[X(;y !']< E[Zg]andE[Zq)+!]> E[Xy)].

The next sectioncortains an explanation for theseinequalities.

4 Stochastic variabilit y

Random variables with the same mean can be compared using the notion of stochastic
variability, descriked in Ross(1983), for which there are two equivalert de nitions. Y is said

to be stochastically more variable than X, X Y, if
8 increasingcorvex function g; E[g(X)] E[g(Y)]
or, equivalertly, provided X and Y have nonnegatiwe support, if

Z 1 Z 1
8a 0; Fyx(t)dt Fv (1) dt:
a a



An additional useful notion codi es the ideathat the remaining lifetime of a nonnega-
tive random variable conditioned on exceedingsomevalue a has newer greater expectation
(NBUE: New Better Than Used in Expectation), or never smaller expectation (NWUE:
New WorseThan Usedin Expectation), than the original lifetime. Formally, a nonnegatiwe
random variable A is NBUE if

8a OE[A ajA>a E[A]
and is NWUE if
8a OE[A ajA>a E[A]
Rosslists someimportant consequencesf thesede nitions:
If X andY arenonnegative, X Y,andE[X]= E[Y],then X , Y.

If g:IR"! IR is anincreasingcornvex function, if 8i 2 N;X; Y, fX;:i2 Ngare

independen, andfY; :i 2 Ng are independen, then

If X is NBUE, and Y is exponertial with the samemeanasX, then X Y.

If Z if NWUE and Y is exponertial with the samemeanasZ thenY | Z.

Theselast two facts are usedto relate X  Geom( ;!), Z ModGeom( ;!), andY
Expo( ) with the samemean, by showving that the geometricdistribution is NBUE and that
the modi ed geometricdistribution is NWUE. Let X Geom( ;!), Z ModGeom( ;!),
and chooseany a 0. Using the memorylessproperty of the geometricdistribution, we can

derive:

EIX ajX>a = EXjX>a a= - ! +E[X] a E[X] and

E[Z ajZ> 4]

EZjz>a a= = +11!+E[Z] a>E[Z)

Therefore, X Y Z.
Consideringagain the three setsof independert random variableswith matching means
fXi:12Ng, fZ;:i2Ng,andfY;:i2 Ngobsene that

minfa :i 2 Ng= maxt & :i2 Ng:



Sincemax is an increasingcorvex function and8i 2 N; X; Y,  Zj,
maxt X;:12Ng ymaxt Y;:i2Ng  maxt Zj:i2 Ng;
implying that
E[maxt X;:i2 Ng] E[maxt Y;:i2 Ng] E[maxt Z;:i2 Ng];
and thus that

E[minfX;:i2 Ngl= E[Xq] E[minfY;:i2 Ngl=E[Yy] E[minfZ;:i2 Ng]= E[Zy]l:

5 Matc hing the minim ums by changing the time-step

This sectionpreseits an explanation for the existenceof the strict Inequality (1) in Section
3, and its quarti cation, basedon the possibility of a tie for the minimum in the setf X; :
i 2 Ng. A conrmation of this intuition is found by de ning a new random variable, Wy,
obtained dividing X1y by the expected number of random variablestied for the minimum:
the expectation of this \w eighted minimum" Wy, is indeedthe sameasthat of Y(;.

The discrete nature of the geometricdistribution implies that seweral random variables
in £X; 11 2 Ng might coincidewith X(3). De ne Iy to be the the set of indicesamongN

correspnding to sud random variables(l 4 is itself random):
|[1]: fi2a2N:X;= X(1)96 ;-
The pmf of Iy is

8s N;s6 ;;Prfly=sg = Prf8i2s;Xj= Xy " 8 2Nns;X; > X9

®
= Prf8i 2 s;X; = k! 8] 2 Nns;X; > klg
';1 | 0 1
Y Y
= 1 Pt e L A
k=1 i2s j2Nns
Y 1
Y Y
@ @ A
— i2s \)'Zan
1 1 )

12N



This result is more easily obtained observingthat, becauseof the absenceof memory of
the geometricdistribution, 1}; and X(;) are independen, hencePrfl;; = sg is simply the
product of the one-stepprobability of successfor the elemerts of s and of the one-step
probability of failure for the elemerts not in s, normalized by the probability that at least

onesucceswvecurs.

For example,if n = 2, the three possiblevaluesfor |;; and their probabilities are:

1 ) 1 1 2!
Prfl, = flgg= PriX,; < X,q= 1( 2 -
H 99 ! 29 1 (1 1)(1 2) 1t 2 1 2!
1 ) 2 1 2!
Prfl; = f20g= PrfX,;> X,q= 2( 1 -
= 9 ! 29 1 (1 1)(1 2) 1+t 2 1 2!
Prfly = f1,299= PriX; = X,g= L2 - 1 2!
1 1)(1 2) 1t 2 1 2!

In general,the probability that a particular X; is equal X, or that i 2 Iy, is

PriXi = X@pyg = PriX; = k! ~ 8 2N;j 6 i;X; klg

k=1
* Y

= @ okt @ et
k=1 i2N;j6i

= Y i
1 T )

2N

Hence,the expected number of ties at time X ;) amongfX; :i 2 Ngis

X
X A
Efilgil=  PriX;= Xgpg= Al ;
on 1@
i2N

We can de ne the \w eighted” random variablesf W, :i 2 N g, where

0 Y 1
| 1 a )
X; ! -
8i 2 N;W, = ——— Geom ;——— Geom% i 130 %:
Efjl il Efilmil i
i2N

which are still geometricallydistributed randomvariableswith the samesuccesgrobabilities

astheir original courterparts f X; : i 2 Ng, but with a reducedtime-step. Then,

( )
. . . Xi . X(l)
Wy = minfW; ;i 2 Ng= min —— 12N = ——
@ ' J Efl il Eflmi]




takesties into accourt by dividing the minimum completion time by the expected number
of ties (the corresmnding quartity for the cortinuous caseis still simply Y1, sincethe
probability of ties is zeroin this case). The expectedvalue of the weighted minimum for the

geometriccasecoincideswith the expected minimum for the exponertial case:

Y
" 1 a ) L
X1 i2N ! X
EWgl=E o= = X = X— = . = E[Yyl:
@ E[“[l]]] i i i2N I @
\E,2N i2N
1 @ )
i2N

We concludethis sectionby observingthat, while the result E[W ] = E[Y(1] seemsto
imply that ties are the causeof Inequality (1) in Section 3, this is not correct, since the
inequality holds even when ties are not possible. This can be shovn by consideringa set of

geometricrandom variablesf X; :i 2 Ng, where

1.
8 2 N;X, Geom( ;! );E[X == .1'=E[Y]
i
and,8i 2 N;8j 2 N;i 6 j, theratio ! j=!; is not arational number, hence,it is not possible
to nd two integersk; and k; that would resultsin a potertial tie at time k;!; = k;! ;.

6 Matc hing the minim ums by time-shifting

In the previous section, we forced the expectation of the minimums of fX; : i 2 Ng and
fY; 11 2 Ng to coincide by reducing the time-step of the geometric distributions, that is,
transformingfX; :i 2 Nginto fW; :i 2 Ng. While theresult E[Wyy] = E[Y(y)] is appealing,
the weighted random variablesfW; : i 2 Ng do not match the original fY; : i 2 Ng
in expectation. A more interesting result would be to modify our initial set of random
variablesfX; : i 2 Ng sothat both the individual random variables and the minimum
match the correspnding exponertial quartities in expectation.

In this section,we accomplishexactly this by introducing the \shifted geometric" distri-
bution, a generalizationof both the geometricand modi ed geometricdistribution. Given

0< 1,! > 0,and 2 IR, we sa that S has a shifted geometric distribution with

10



parameters ,!,and ,S ShiftGeom( ;!; ), if its pmfis
8k2 IN;PrfS=k! + g= (1 )X

which implies that its CDF is

8

R 1 (1 )by
8t2IR; PrfS tg= _

-0 otherwise

and that its expectation is

1

E[S] = |+

In other words, given a random variable A ModGeom( ), ! > 0,and 2 IR, S =
Al + ShiftGeom( ;!; ). Figure 2 shaws the relationships between the geometric,
modi ed geometric,shifted geometric,and exponertial distributions.

GivenY  Expo( ), we canagainconsiderthe condition under which S and Y have the

sameexpectation:

E[S]:l '+ = 1=E[Y]) = —=———: (3)

1 + !

Since is a probability, it can only have valuesin [0;1]. Furthermore, E[S] = 1 when
= 0, sowe excludethis case.Then, S and Y have the sameexpectation for any choice of
I and , aslong as

< = !
0 1 + ! 1)
and is setaccordingto Equation (3). A few obsenations are of particular interest:

Oncethe valueof E[S] is xed at 1, decreasinghe time-shift by , possiblybelow
zero, causesa decreasen , sothat E[A] increasesby =! and E[S] = E[A]!
remains constart. Since E[A] can be arbitrarily large, this explains why there is no

lower bound for

If =0,S ModGeom( ;!).

f! < Yand =1!,S Geom(;!).

If = 1 =1,henceS Const{ ) Const( 1.

11



Considernow a setof modi ed geometricrandom variableswith time-stepone,fA; :i 2

N g and the set of shifted geometricrandom variablesfS; : i 2 N g obtained from them by

changingthe time-stepto ! and applying a time-shift

812 N; Aj ModGeom( );Si=A! + ) S ShiftGeom( ;;!
and setthe parametersf ; :i 2 Ng sothat:
Lo N - _ 1, _ 1 _ b :
8i 2 N; E[S] = i o= = E[Yi]) i_ﬁ
Since8i 2 N;0< ; 1, the maximum value of is
. n 10 1 1
mn- - = rg%xf ig = MAX -
The expectation of Sy = minfS; :i2 Ng= Ag! + isthen
Y
@)
E[Sy] = —2% I+
DTT 1w )
i2N |
Y 1 . '
= i2N ! i+! ! Ll +
1 Y 1 Iy '
i2N v 1 it
(1 i)
— v i2N v I+
(1 i+ ) (1 i)
i2N i2N
= Pn I +
G Pn
Y Y _
wherep, = (1 pyandg, = (1 i + 1 ;) satisfy
i2N i2N
8 MAx ;P < Ch.
. - Y
Prj 50 =1 Ghj o= (@+! )>1
i2N
Pnj - M AX = 0.
1< yaxs Ghioy =1

12
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Theorem 2. There existsa unique value wax for which E[Sy)] = E[Yq)].

Pro of. To shaw the existenceof , it issucient to obsene that E[Sy] is a cortinuous

function of over (1 ; '] that

|
| 1

E[Sw] L= (1+'! 5 1< -, i = E[Yw]
i2N
(this is Inequality (2) in Section3), and that
x o
ElSwl _ . = wax > - = EVpl:
M AX i

Hence,by cortinuity, there must exist a value 2 (0; ,, . ) satisfying

ElSpl . = ENMwl:
Furthermore, if | < ,\41Ax,
' @t I X b1
E[Sy] = —2% 41 = vy > = ElYwl
Wl - 77 @a !y 1 T 'y N "
i2N i2N

(this is Inequality (1) in Section3), hence,in general, 2 (0;minf!; Ly 0).

We prove the uniquenessof by induction on n, shawing that E[S(;)] is a strictly
increasingfunction of over (1 ; ,,%x ], hencewe make the index n explicit in E[Sw] by
writing

E[Sa.m] = minfS; @i 2 Ng:

Base step: Forn = 2,

_ (1 1)(1 2)
E[Sa.»] = a 1 1) @ 3 2)! +
_ 1+ 1 ! )
1+ 2+ 1208 2)
and
dE[Sup] _ 1 200(1+ 2 212)+2(1 1 2t 2 )+ 12 )
d (1+ 2+ 12(! 2))2

0 for 1
M AX
y4

{
_ 1 2( (2(1 2) + 21 1)) + 2(1 1)(1 2)+12 1 ) >0
(2+ 2+ 1200 2))2 .

13



In particular,

!|I1m ElSuanl= 1 and !|I1m

d 2
and
#
E[Sw)] - L, and YEBual = ! 2 ! 1
i7)) I — =
= M AX MAX d = P+ MllN MlAX P+ |v|1|N
where MIN — minf 1, 20.
Inductiv e Hyp othesis: Assumethat, for a givenn,
Pn
E[Sqim] = I+
[ (l,n)] h Pn
is a strictly increasingfunction of over (1 ; /iy ], that is
dE[Sum] _ PR(%h  Pn) pn(zqﬂ’ ), .- P& B, Lo,
d (% Pn) (h  pn)?
which implies
8 2(1 5 waxl ' ) > (& pn)?
Inductiv e Step: Then the sameholdsfor n + 1, that is,
Pn+1 Pn(1 n+1)
Sainsn ] Ch+1  Pn+a (1 nt1 1 ona)  pa(d n+1)

where .1 is the rate of the (n+1)-th exponertial random variable, is a strictly increasing

function of over (1 ;maxf wax; n+1g ], that is

> (qn pﬂ)2 for AX
dE[Sq;n+1) ] - (1 n+1)(1 nt1 t ! one) (IO?]Ch pnch))! ﬁ+1! 20h Pn +1
d (on(1 et Do) pa(d n+1))?

@ )@ na ! e (G P)?) B! PGP,
(q1(1 n+1 t ! n+1) pn(l n+l ))2
nra! (G po)((Gh + pn)(2 n+1) * ol Q) g
(h(1 et F1one)  pa(d n+1))?
1

since, < .5 and8 2 (1 ;maxf wax,; n+19 ;0 > pn. QED.

1
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We might now ask whether this value  for which E[Siy] = E[Y(y] is sud that the

other order statistics coincideas well, that is, whether
8i 2 N;i>1 E[Syli = = E[Yy]:
This is indeedtrue for n = 2, since
E[Syl+ E[Sp]= E[Si]+ E[S2] = E[Y1] + E[Y2] = E[Yy)] + E[Y(»)]
implies that, wheneer E[Siy] = E[Y(y)],
E[Se]= E[Yp]

Unfortunately, this is not true in generalfor n 3, asit can be seenconsideringthe

homogeneousase.When8i 2 N; ;= ,

PrfS(z) > k! + g

Prf(A(z) > kg

)
= Pr Bi2N;Ai>k)_ ~ (A k"8 2N;j6iA >Kk)
X i2N
= Prf8i 2 N;A; > kg+ PrfA; k"8 2N;j 61i;A; > kg
i2N
= ((1 )n)k+1 + n(l (1 )k+1)((1 )n 1)k+1
— n(l )(n 1)(k+1) (n 1)(1 )n(k+l)
and
*
E[A(z)] = PrfA(z) > kg
k=0
*
— n(l )(n 1)(k+1) (n 1)(1 )n(k+1)
k=0
_oon@ )t oo(oypa )
1@ o )too1o@a o)
Hence,consideringS® = A)! + and substituting  from (3),
|
_ n@ )" ? (n Hpa "
el= iy oyt @ oty a oy T
while, due to the absenceof memory of the exponertial distribution,
ElYgpl=(n) *+(n 1)) "
It can be easily veri ed numerically, for examplewhenn = 3,! = 1=2, = 1, that the

only real root of E[S)] = E[Y@)] is 0:173927 while the only real root lessthan ! of
E[S(z)] = E[Y(z)] is 0:346961.
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7 Conclusion

We have shavn how, if the random variablesfX; : 1 2 Ng, fY; :i 2 Ng, andfZ; :i 2 Ng
model the same set of n concurrent activities using geometric, exponertial, or modi ed
geometricdistributions, respectively, with given expectationsf ; *:i 2 Ng, the minimum
in eat sethasadi erent expectedvalue: E[X )] > E[Yq)] > E[Z)]. Stochastic variability
is employed to justify the result.

We then considertwo di erent ways to match the expectation of the minimums. First, by
taking into accour the possibility of ties in the geometriccase,we de ne the \w eighted min-
imum" Wy, and obtain E[W)] = E[Yq)], but this operation correspndsto decreasinghe
time-step of the individual geometricdistributions, hencetheir expectation. Alternativ ely,
we introduce the \shifted geometricdistribution”, which a generalizesboth the geometric
and the modi ed geometric. We canthen de ne a set of shifted geometricrandom variables
fSi ;1 2 Ng, which match in expectation the exponertial randomvariablesboth individually,

E[S]= E[Y.]= ;! andtheir minimum, E[Sw] = E[Yw]
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Geometric Exponential

Figure 1: E[X )], E[Yw]. and E[Z(y)] (n = 1;2;3;4, 8i; ; = 1) asa function of ! .
O<afl [ Z'~ModGeomé) }
w >0
¥ <s<¥ / T \
S=7'+s X'=7'+1

>0 / Z=7Z'w
{ S'~-ShiftGeomé4,s) ] { Z~M0dGleoma,W) ]

T S T

S=(S-s)w+s S=7+s X=7+W X=X'w

L ~., |

[ S~ShiftGeoméa,w,s) ] Y =1imy—0a=w1 Z [ X ~Geom@,w) ]
A Z = weY/wa =4
Y =1limy—a=wn S- Y = 1limy =g a=wn X
S=w &/wi+s X=w é&wu
Y

Y ~Expo( )

Figure 2: Relationshipsbetweenthe distributions discussedn this paper.
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