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Abstract

We present a time and spacee�cien t algorithm for
computing steady state solutions of deterministic and
stochastic Petri nets (DSPNs) with both stochastic
and structural extensions. The algorithm can deal
with di�eren t execution policies associated with de-
terministic transitions of a DSPN. The de�nition of
a subordinated Markov chain (SMC) is re�ned to re-
ducethe computational cost of deriving the transition
probabilities of the embedded Markov chain (EMC)
underlying a DSPN. Closed-form expressionsof these
transition probabilities are presented for some SMC
topologies. Moreover, we proposeto make use of the
reward structure de�ned on the DSPN to reducemem-
ory requirements. The usefulnessof the proposedex-
tensions and the steps of the solution algorithm are
illustrated using a DSPN of a simple communication
protocol.

1 In tro duction

Petri Nets with deterministic transition �ring times
are an important tool for modeling discrete-event dy-
namic systems. Examples of activities which might
have a constant duration are transfer times of �xed-
size data packets in distributed computing systems,
timeouts in real-time systems, and repair times of
components in fault-tolerant systems. In timed Petri
nets (TPNs) [14] all transitions have associated either
constant delays (D-timed Petri Nets) or exponentially
distributed delays (M-timed Petri Nets). In general-
ized timed Petri nets (GTPNs) [10], immediate tran-
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sitions �re without a delay and timed transitions �re
after a constant delay. TPNs and GTPNs employ dis-
crete time scalefor the underlying stochastic process.
Their transitions �re in three phasesand the next
transition to �re is preselectedaccording to a prob-
abilit y distribution.

Deterministic and stochastic Petri nets (DSPNs)
have been intro duced in [2] as a continuous-time
modeling tool which includes both exponentially dis-
tributed and constant timing. In DSPNs, transition
�ring is atomic and the transition with the smallest
�ring delay is the next transition to �re. The em-
beddedMarkov chain (EMC) underlying a DSPN has
fewer states than an analogous TPN or GTPN be-
cause transition �ring is atomic in DSPNs. More-
over, the markings of a DSPN are de�ned as in an
untimed Petri net, thus, standard structural analysis
techniquescan be employed for DSPNs. In particular,
minimal-support place and transition invariants can
be calculated.

Under the structural restriction that at most one
deterministic transition is enabled in any marking,
an analytical method to solve the DSPNs in steady
state exists, basedon the EMC. This solution method
requires the derivation of the transition probabilit y
matrix of the EMC and associated holding time vec-
tors. These quantities have to be computed by tran-
sient analysis of somecontinuous-time Markov chains
(CTMCs) obtained by consideringthe possible�rings
of the exponential transitions enabled competitiv ely
or concurrently with a deterministic transition. Such
CTMCs havebeenreferredto assubordinated Markov
chains (SMCs) and e�cien t computational formulas
for their transient analysishave beenpresented in [12].
Recently , the software packageDSPNexpress[11], im-
plementing a distributed numerical solution algorithm
for DSPNs, has becomeavailable.

Weproposea simpli�ed de�nition of executionpoli-
ciesfor the �ring processof deterministic transitions of



a DSPN and the association of di�eren t executionpoli-
cies to deterministic transitions in a DSPN. We pro-
posealso several extensionsto the original de�nition
of DSPNs,allowing marking-dependencefor weights of
immediate transitions, �ring delays of both exponen-
tial and deterministic transitions, arc multiplicities,
and execution policies of deterministic transitions.
Marking-dependent weights and rates for exponential
transitions were already included in the original de�-
nition of DSPNs [2], while marking-dependent deter-
ministic �ring times wereintro ducedin [13]. Marking-
dependent execution policieshave instead, to the best
of our knowledge, never been proposed before. Fur-
thermore, the example in Section 2.3 illustrates the
usefulnessof marking-dependent arc cardinalities.

We present an algorithm for computing steady-
state solutions of DSPNs with these extensions. The
algorithm formalizes and improves the previously
known approach, examiningsomesubtletieswhich had
not beenaddressed.In particular, the algorithm em-
ploys a SMC for each marking in which a determin-
istic transition can begin its �ring time, rather than
one for each deterministic transition. This increases
parallelism in the calculation of the transition proba-
bilities of the EMC underlying a DSPN. Furthermore,
the algorithm employs closed-formexpressionsof these
transition probabilities in casea SMC contains only
state transitions corresponding to �rings of exponen-
tial transitions competitiv ely enabledwith a determin-
istic transition. These closed-form expressionscon-
siderably reducethe computational e�ort required for
the transient analysisof such SMCs. Finally, we show
how to reducethe memory requirements of the DSPN
solution algorithm by using the reward structure de-
�ned on the DSPN. The presented algorithm can com-
pute both the steady state probabilities for tangible
markings of structurally bounded and live DSPNs, as
already consideredin [2, 12], and the cumulativ e so-
journ times in tangible markings up to steady state
for DSPNs with absorbing markings. The usefulness
of the proposedextensionsto DSPNs and the stepsof
the solution algorithm are illustrated using a DSPN
modeling a simple communication protocol.

The paper is organizedas follows. Section 2 intro-
duces a formal de�nition of DSPNs, describes their
stochastic behavior, and presents the running exam-
ple. A detailed solution algorithm for DSPNswith the
proposedextensionsis intro duced in Section 3. Sec-
tion 4 contains a comparison of our algorithm with
previous methods and givesconcluding remarks.

2 Deterministic and sto chastic Petri
nets

2.1 Formal de�nition

A DSPN is a tuple f P; T; I ; O; H ; g; M 0; � ; w; eg
where:

� P is a �nite set of places,which can contain to-
kens. A marking i 2 INjP j de�nes the number of
tokens in each place p 2 P, indicated by #( p; i ),
or simply #( p) when the marking is understood.

� T is a �nite set of transitions, partitioned into
three disjoint sets, T Z , TE , and TD , of imme-
diate, exponential, and deterministic transitions,
respectively. P \ T = ; .

� 8p 2 P; 8t 2 T, I p;t : INjP j ! IN, Op;t : INjP j !
IN, and Hp;t : INjP j ! IN are the multiplicities of
the input arc from p to t, the output arc from t to
p, and the inhibitor arc from p to t, respectively.
Marking-dependent arc multiplicities might sim-
plify the modeling of complex system behavior.

� 8t 2 T; gt : INjP j ! f Tr ue;F alseg is the guard
for transition t.

� M 0 2 INjP j is the initial marking.

� 8t 2 TE [ TD ; � t : INjP j ! (0; + 1 ) is the
mean �ring time for timed transition t, it may
be marking-dependent .

� 8t 2 TZ ; wt : INjP j ! (0; + 1 ) is the �ring weight
for immediate transition t, it may be marking-
dependent.

� 8t1 2 TZ [ TE ; t2 2 TD ; et 1 ;t 2 : INjP j ! f R; Cg
is the execution policy to be used for transition
t2 when transition t1 �res, it may be marking-
dependent. R and C stand for \restart" and \con-
tinue", respectively.

A place p is drawn as a circle, with the number of to-
kens in it written inside (default is zero). Transitions
in TZ , TE , and TD aredrawn asthin bars, empty rect-
angles, and �lled rectangles, respectively. Input and
output arcs have an arrowhead on their destination,
inhibitor arcs have a small circle. The multiplicit y is
written on the arc (default is one); a missing arc indi-
cates that the multiplicit y is zero. The default value
for guards is Tr ue.

A transition t 2 T is enabled in marking i
i� gt (i ) = Tr ue and 8p 2 P; (I p;t (i ) � #( p; i )) ^
(Hp;t (i ) > #( p; i ) _ Hp;t (i ) = 0).



When transition t �res in marking i , the new mark-
ing j satis�es:

8p 2 P; #( p; j ) = #( p; i ) � I p;t (i ) + Op;t (i )

De�ne E(i ) to be the set of transitions enabled in
marking i and f (s; i ) to be the marking reached by
�ring s 2 T � in i , where T � is the set of all sequences
of transitions, including the empty sequence.

2.2 Sto chastic behavior

Recently , Choi, Kulkarni, and Trivedi observed
that the marking process,f � (� ); � � 0g, underlying
a DSPNs without concurrently enabled deterministic
transitions constitutes a Markov regenerative stochas-
tic process [4, 5], also known as semi-regenerative
process [3], rather than a semi-Markov process as
mentioned in [2]. In the companion paper [7] we
show that the stochastic processunderlying a DSPN
with concurrently enabled deterministic transitions
can still be a semi regenerative stochastic processin
somecases.This paper concentrates on DSPNs with-
out concurrently enableddeterministic transitions and
their continuous-time marking process.

The solution method described in Section3 requires
that at most onedeterministic transition is enabledin
each marking. Using the de�nitions intro ducedabove,
the reachabilit y graph (S; A) of a DSPN is given by:

S = f i 2 INjP j : 9s 2 T � ; i = f (s;M 0)g

A = f (i; j ; t) 2 S2 � T : j = f (t; i )g

The reachabilit y set S can be partitioned into SE =
f i 2 S : 8t 2 E(i ); t 2 T E g, SZ = f i 2 S : 9t 2
E(i ); t 2 TZ g, and SD = f i 2 S : 9t 2 E(i ); t 2 T D g.
Denote d(i ) to be the enableddeterministic transition
in marking i 2 SD . Markings in SE [ SD = SE D are
said to be tangible, while markings in SZ are said to
be vanishing.

The �ring time Ft (i ) for transition t in marking
i in isolation is a random variable with distribution
Const(0) if t 2 T Z , Expo(� t (i ) � 1) if t 2 TE , and
Const(� t (i )) if t 2 TD . If several immediate transi-
tions are enabled,the function w de�nes the probabil-
it y of �ring enabledtransition t1 in vanishing marking
i as

ŵt 1 (i ) =
wt 1 (i )

X

t 2 E ( i )

wt (i )

As stated in [1], the description of the stochastic be-
havior must include, in addition to the distribution of
the �ring times, the \execution policy". We adopt the

race policy: each transition t 2 T has an associated
remaining �ring time (RFT) yt . If marking i is entered
at time � , the transition t1 with the minimum RFT
among E(i ) is �red at time � + yt 1 and the RFTs for
the other transitions in E(i ) are adjusted. A new RFT
yt 1 for t1 is sampled from the distribution of Ft 1 (l ),
where l is the �rst marking where t1 becomesenabled
again. Assume that j = f (t1; i ). Three policies for
the adjustments to the RFTs of any other transition
t2 enabledin i are [1]:

� Resampling: yt 2 is resampled from the distribu-
tion of Ft 2 (l ) in the �rst marking l where t2 be-
comesenabledagain, possibly j .

� Age Memory: yt 2  (yt 2 � yt 1 )� t 2 (j )=� t 2 (i ),
where � t 2 (j )=� t 2 (i ) is the \scaling factor" [1].

� Enabling Memory: use Age Memory if t2 is still
enabledin j , otherwise useResampling.

If t2 2 TZ [ TE , the choice betweenthe three policies
is irrelevant, since the RFT and the �ring time have
the the samedistribution, Const(0) in the former case,
Expo(� t 2 (j ) � 1) in the latter case.If t2 2 TD , instead:

� If t2 2 E(i ) and t2 2 E(j ), the Enabling Memory
and Age Memory policies are equivalent: we in-
dicate them with et 1 ;t 2 (i ) = C (for continue) and
Resamplingwith et 1 ;t 2 (i ) = R (for restart).

� If t2 2 E(i ) but t2 62E(j ), Enabling Memory and
Resamplingare equivalent, we indicate them with
et 1 ;t 2 (i ) = R and Age Memory with et 1 ;t 2 (i ) = C.

It is natural to extend the de�nition of e, ŵ, and �
to �ring sequencess = (t1; : : : tn ) 2 Tn . Let i 1 be a
marking and t a transition in T D :

es;t (i 1)=

8
>>>><

>>>>:

C if n > 0 ^ 8k; 1 � k � n;
i k+1 = f (tk ; i k ); et k ;t (i k ) = C

R if s = t _ (n > 0 ^ 8k; 1 � k � n; i k+1 =
f (tk ; i k ) ^ 9l ; 1 � l � n; et l ;t (i l ) = R)

O otherwise

ŵs(i 1)=

8
>>><

>>>:

nY

k=1

ŵt k (i k ) if s 2 TZ � ^ 8k; 1 � k � n;

i k+1 = f (tk ; i k )
0 otherwise

� s(i 1)=

8
<

:

� t 1 (i 1)
ŵ( t 2 ;:::t n ) (f (t1; i 1))

if s 2 TE TZ � ^ t1 2 E(i 1)

1 otherwise

With the algorithm described in Section 3,
et 1 ;t 2 (i ) = R can always be used, but et 1 ;t 2 (i ) = C



can be usedonly if j 2 SZ or t2 2 E(j ). Furthermore,
if j 2 SZ and t3 2 E(j ) �res et 3 ;t 2 (j ) can also be set
to C, even if t2 62E(j ): the work done by t2 in i is
not lost even if it becomesdisabled, as long as it is
disabled only in vanishing markings.

The Resampling policy has been dismissed in [1]
for being \of little interest in practical applications",
but this is true only if it used for every transition in
every marking. If the choice betweenR and C can be
made selectively, the R policy becomesinstead use-
ful in conjunction with non-memorylessdistributions.
For example, the example in Section 2.3 usesthe R
policy to restart a timeout timer when noise is de-
tected by the transmitter. The transition modeling
the timer has a deterministic distribution and is en-
abled both beforeand after the detection of noise,but
its RFT must restart after this detection.

In general, a DSPN model is used to compute one
or moremeasures,de�ned by associating a reward rate
� [i ] to each marking i . In section 3 we show how
the expectedinstantaneousreward rate in steadystate
or the expected reward accumulated in the transient
markings until steady state can be obtained.

2.3 An example

The DSPN in Figure 1 models a simple transmis-
sion protocol. Messagesto be transmitted are stored
in a bu�er with capacity K (place S, source, with K
initial tokensto enforcethe capacity, exponential tran-
sition G, generate, and placeW , wait). Whenever the
bu�er is not empty and the previous transmission has
completed(a token is in placeR, ready), the transmis-
sion protocol begins(immediate transition I , initiate ,
�res). A timeout timer is started (place B , busy, and
deterministic transition T, timeout) and the transmis-
sion of the messageinitiates (place M , message, and
exponential transition X , transmit).

Oncethe transmissionof the messagehasbeencom-
pleted (X �res and deposits a token into place C,
Check), the receiver might either acknowledgereceiv-
ing a completemessage(immediate transition O, OK,
place P, positive acknowledgment, and exponential
transition A, transmit acknowledgment), or do noth-
ing (immediate transition E , error, and place D, do
nothing). If an acknowledgment is received, the pro-
tocol is completedand the transmitter can senda new
message(the token put back in S indicates that the
current messagecan be discardedand its slot is avail-
able to store a new message).

The transmitter can sensethe medium while trans-
mitting a message.If noiseis sensed(exponential tran-
sition N , noise), the transmission is restarted and the
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Figure 1: A protocol modeled by a DSPN.

timer is reset (eN ;T = R). The timer is also reset
at the beginning of a transmission (eI ;T = R). No
other activit y a�ects the timer (eG;T = eX ;T = eO;T =
eE ;T = C).

Finally, if the timeout elapses(transition T �res)
before an acknowledgement is received, the message
is retransmitted (the marking-dependent multiplicit y
arcsfrom P and D to T and from T to M ensurethat,
after a timeout, the state of the DSPN is reinitialized
to what it was at the beginning of the transmission).
In practice, this type of feedback in the DSPN does
not correspond to a physical feedback from the re-
ceiver, rather, it simply implies that any late acknowl-
edgment can be recognizedassuch and discarded(this
can be implemented by associating a sequencenumber
to each transmission).

For the computations presented in Section 3, we
assumeK = 2, � T = 30, � G = 60, � X = 5, � A = 1,
� N = 300, ŵO = 0:99, and ŵE = 0:01.

2.4 Structural analysis

Marking-dependent arc multiplicities result in more
compact models, but they reduce the applicabilit y of
invariant analysis. For example, consider the DSPN
in Figure 2(a), modeling a deterministic clock which
counts time modulo two (p1 can contain either zeroor
one token): no place invariant covering p1 exists. The
samebehavior is represented more conventionally by
the DSPN in Figure 2(b), which usestwo transitions
with the samedistribution ast1 and hasthe advantage
of being covered by the place-invariant

#( p1;0) + #( p1;1) = 1
In other cases,though, marking-dependent arc mul-

tiplicities do not preclude the existence of place-
invariants. The DSPN of Figure 1 is one example:
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Figure 2: Marking-dependent arc multiplicities can
destroy place invariants.

the place-invariants

#( R) + #( B ) = 1

#( R) + #( M ) + #( C) + #( P) + #( D) = 1

#( S) + #( W ) + #( M ) + #( C) + #( P) + #( D) = K

can be easily veri�ed even if marking-dependent arc
multiplicities are used. The equivalent DSPN without
marking-dependent arc multiplicities would be unnat-
ural and cumbersome.

This example indicates that, under some restric-
tions, invariant analysis is still feasible for Petri nets
with marking-dependent arc multiplicities. In this pa-
per, though, we focus on the steady-state analysis of
DSPNs, and we do not discussthis topic further.

3 Steady state analysis of DSPNs

3.1 The numerical solution algorithm

An analytical solution approach is presented con-
cisely in [2], for DSPNs where, for each deterministic
transition td, � t d is constant, et 1 ;t d (i ) = C if td is en-
abled in both i and in f (t1; i ), and only the expected
reward rate in steady state is considered. The idea
is to study the evolution of the DSPN while td is en-
abled in a continuous-time Markov chain (CTMC) to
be solved at the transient time � t d , at which time td

must �re unlessit has beendisabled in the meantime.
Then, an embedded Markov chain (EMC) is used,
which observes the DSPN at any change of marking
when no deterministic transition is enabled,but only
at the time a deterministic transition either �res or
becomesdisabled, if one is enabled.

In [12], it is noted that a di�eren t CTMCs shouldbe
de�ned for each deterministic transition td, the \sub-
ordinated Markov chain (SMC) of td". In [13], we
showed how marking-dependent � t d can be handled
by scaling the time index of the corresponding SMC.

The outgoing rates for state i are multiplied by � t d (i )
and the transient solution at time 1 is computed for
this scaledSMC.

In the following, we retain the idea of the SMC, but
we associate it with each marking i where the RFT of
a deterministic transition td can be resampled. This
results in a greater number of SMCs, but each of them
is at most aslargeasthe corresponding SMC for td and
must be solved only once,with i asthe initial state. In
addition to reducethe sizeof the data structures being
manipulated, this increasesthe parallelism, sinceeach
SMC can be solved independently .

As our extensions, formalization, and improve-
ments require a substantially di�eren t notation from
the one used in [2, 12, 13], we present a detailed
description of an algorithm for steady state analysis
of DSPNs. We use \elimination" of the vanishing
markings: they do not appear in the state spacesof
the EMC or of the SMCs. An alternativ e approach,
\preservation", can be usedfor the steady-state solu-
tion, where vanishing markings are explicitly consid-
ered [8].

Step 1. Build the reachabilit y graph (S; A) of the
DSPN ignoring the timing information associated to
the transitions. If a marking with two or more enabled
deterministic transitions is found, exit: the algorithm
doesnot handle this case.

In our example, the reachabilit y graph is shown in
Figure 3. For each marking, the places having one
token in them are listed, with the exception of place
S, for which the number of tokens is determined by
the invariants on the DSPN. Normal lines are used
for exponential transition �rings and markings in SE ;
dashedlines are used for immediate transition �rings
and markings in SZ ; heavy lines are used for deter-
ministic transition �rings and markings in SD .

Step 2. Find the set of markings where the RFT of
a deterministic transition is resampled. Theseare the
only markings of SD which arealsostatesof the EMC:

ED = f i 2 SD : 9j 2 SE D ; 9s 2 (TE [ TD )TZ � ;

i = f (s; j ) ^ es;d ( i ) (j ) = Rg

In our example,ED = f B M ; B M W g.

Step 3. 8i 2 ED de�ne and solve the scaled SMC
f � i (� ); � � 0g associated to marking i :

Step 3.1. Find

SC
i = f j 2 SD : 9s 2 (TZ [ TE ) � ;

j = f (s; i ) ^ es;d ( i ) (i ) = Cg



X

R

BP BD

BMW

BPW BDW

G

O

X

EO

G

G G

RW

T
N

T

T
T

E

T
T

I

BCWBC

A

A BM

N

Figure 3: The reachabilit y graph.

SR
i = f l 2 SE D : 9j 2 SC

i ; 9s 2 TE TZ � ;

l = f (s; j ) ^ es;d ( i ) (j ) = Rg

SC
i is the set of tangible markings that can be reached

from marking i without restarting d(i ), by �ring only
immediate or exponential transitions, while SR

i is the
set of tangible markings reachable from SC

i by �ring
one exponential transition followed by a sequenceof
immediate transitions, such that d(i ) is restarted with-
out having �red.

In our example,

SC
B M = f B M ; B P; B D; B M W; B PW; B DW g

SR
B M = f R; B M ; B M W g

SC
B M W = f B M W; B PW; B DW g

SR
B M W = f B M ; B M W g

SC
i and SR

i are not necessarilydisjoint. The state
spaceSi of f � i (� ); � � 0g must include both SC

i and
SR

i , but there must be a way to distinguish between
their elements even if they correspond to the same
marking. For this reason,we de�ne Si = (SC

i � C) [
(SR

i � R) and add C or R as a superscript to the
marking. For example,

SB M W = f B M W C ; B PW C ; B DW C ; B M R ; B M W R g

Step 3.2. De�ne the total rate from i 1 to i 2 due to
the �ring of an exponential transition followed by a
sequenceof immediate transitions:

8i 1; i 2 2 SE D ; �[ i 1; i 2] =
X

s2 T E T Z � :i 2 = f (s;i 1 )

� s(i 1) � 1

30/1

30/60

30/5´0.01

30/300

30/5´0.99

QBMW

30/300

BP C

BMW C

BPW C BDW C

30/60

30/5´0.0130/5´0.99

R R

BD C

30/6030/1

BM R BMW R

QBM

BM C

Figure 4: QB M and QB M W .

If i 1 2 SD , we must distinguish whether the sequences
s continuesor restarts d(i 1): 8i 1 2 SD ; 8i 2 2 SE D ,

� C [i 1; i 2] =
X

s 2 T E T Z � : i 2 = f (s; i 1 ) ;
es;d ( i 1 ) ( i 1 ) = C

� s(i 1) � 1

� R [i 1; i 2] =
X

s 2 T E T Z � : i 2 = f (s; i 1 ) ;
es;d ( i 1 ) ( i 1 ) = R

� s(i 1) � 1

Adopting the convention 8i 1 2 SE ; 8i 2 2 SE D ;
� C [i 1; i 2] = � R [i 1; i 2] = 0, the total outgoing rate
from i 1 due to the �ring of exponential transitions is

8i 1 2 SE D ; � � [i 1] = � R [i 1; i 1] +
X

i 2 2S i ;i 2 6= i 1

�[ i 1; i 2]

This rate takesinto account all the �ring sequencess 2
TE TZ � from i 1 with the exception of those returning
to i 1 without restarting a deterministic transition.

The in�nitesimal generator of the SMC is then:

8i a1
1 ; i a2

2 2 Si ; Qi [i
a1
1 ; i a2

2 ] =
8
<

:

0 if a1 = R
� d( i ) (i 1)� a2 [i 1; i 2] if a1 = C; i a1

1 6= i a2
2

� � � [i 1] otherwise

Figure 4 shows the in�nitesimal generatorsfor our
example,QB M and QB M W (the latter is contained in
the former).

Step 3.3. Solve the scaledSMC to compute [13]:

8j a 2 Si ; � i [j a ] = Prf � i (1) = j a j� i (0) = i C g

=
�
eQ i

�
[i C ; j a ]

8j 2 SC
i ; � i [j C ] = � d( i ) (j )

Z 1

0
Prf � i (� ) = j C j� i (0) = i C gd�



= � d( i ) (j )
Z 1

0

�
eQ i � �

[i C ; j C ]d�

Assumethat the DSPN enters marking i and that d(i )
is restarted at that time: � i [j C ] is the probabilit y that
d(i ) �res while the DSPN is in marking j ; � i [j R ] is
the probabilit y that the DSPN restarts d(i ) by reach-
ing marking j ; � i [j C ] is the expected time spent in
marking j , until d(i ) either �res or is restarted.

E�cien t computational formulas for � i and � i

basedon Jensen'smethod, also called Uniformization
or Randomization, [9] have been intro duced in [12].
Due to the particular nature of the SMCs, though,
the matrix Qi hasoften somespecial structure and its
transient study can be performed using closed-form
expressions.In particular, if there are no exponential
transitions concurrently enabledwith the determinis-
tic transition, two casescan be considered:

� SC
i = f ig, SR

i = ; : the SMC contains a single
state, no exponential transition is either concur-
rently or competitiv ely enabledwith d(i ):

� i [i C ] = 1 � i [i C ] = � d( i ) (i )

� SC
i = f ig, SR

i 6= ; : oneor more exponential tran-
sition is competitiv ely enabledwith d(i ), if oneof
them �res, d(i ) is restarted:

� i [i C ] = e� � d ( i ) ( i )� � [i ]

8j 2 SR
i ; � i [j R ] =

�
1 � e� � d ( i ) ( i )� � [i ]

� � R [i; j ]
� � [i ]

� i [i C ] =
�

1 � e� � d ( i ) ( i )� � [i ]
� 1

� � [i ]

In our example,we obtain:

State � B M � B M � B M W � B M W

B M C 0.001360 4.53927 - -
B PC 0.000338 0.88371 - -
B D C 0.005952 0.18756 - -

B M W C 0.000882 0.36773 0.002243 4.90700
B PW C 0.000219 0.08732 0.000557 0.97103
B DW C 0.003861 0.05925 0.009814 0.24682

RR 0.883709 - - -
B M R 0.102451 - 0.971029 -

B M W R 0.001225 - 0.016356 -

Step 4. De�ne the state space E of the EMC
f � E(k); k 2 INg as E = ED [ SE and the holding time
vector hE as

8i 2 E; hE[i ] =

8
>><

>>:

� � [i ]� 1 if i 2 SE

X

j 2S C
i

� i [j C ] if i 2 ED

1
0.028971

0.971029

0.006188

BMW

0.883709

BMR

0.110102

Figure 5: � E.

In our example,E = f R; B M ; B M W g and

hE[R; B M ; B M W ] = [60; 6:12483; 6:12485]

Step 5. De�ne the probabilit y of going from i 1 to i 2 in
the EMC due to the �ring of any number of immediate
transitions as:

8i 1 2 SZ ; 8i 2 2 E; ŵ[i 1; i 2] =
X

s2 T Z � :i 2 = f (s;i 1 )

ŵs(i 1)

The transition probabilit y matrix � E of f � E(k); k 2
INg is then:

8i; j 2 E; � E[i; j ] =
8
>>>>>>><

>>>>>>>:

�[ i; j ]=� � [i ] if i 2 SE ^ i 6= j
0 if i 2 SE ^ i = j
� i [j R ] +

X

l 2S C
i

� i [lC ]ŵ[f (d(i ); l ); j ] if i 2 ED ^ j 2 SR
i

X

l 2S C
i

� i [lC ]ŵ[f (d(i ); l ); j ] if i 2 ED ^ j 62SR
i

Figure 5 shows � E for our example.

Step 6. Solve the EMC to compute either the steady-
state probabilities of its recurrent states or the ex-
pected total number of visits in its transient statesup
to steady state

8i 2 E; � E[i ] = lim
k !1

Prf � E(k) = i j� E(0)g

8i 2 E; i transient ; nE[i ] =
1X

k=0

Prf � E(k) = i j� E(0)g

nE is computed as the solution of nE(I � � �
E) = � �

E(0)
where � �

E and � �
E(0) are the restrictions of � E and

the initial probabilit y vector � E(0) to the transient
markings in E (it is often assumedthat Prf � E(0) =
M 0g = 1, but this is neither usefulnor necessary).If E
contains a singlerecurrent class,� E is computedasthe
solution of � E = � E� E. An e�cien t solution approach
when multiple recurrent classesexist is discussedin
[6], which also contains an iterativ e method for the



numerical solution of these linear systems,\optimal"
Successive Over-Relaxation.

In our example,there are no transient markings, so
only � E is computed and the initial probabilit y distri-
bution is irrelevant:

� E[R; B M ; B M W ] = [0:467550; 0:529077; 0:003373]

Step 7. Compute the probabilities � [i ] for each tan-
gible marking i 2 SE D of the DSPN in steady state:

� [i ] =

8
>>>>>>>>><

>>>>>>>>>:

� E[i ]hE[i ]
X

j 2E

� E[j ]hE[j ]
if i 2 SE

X

j 2E D :i 2S C
j

� E[j ]� j [i ]

X

j 2E

� E[j ]hE[j ]
if i 2 SD

or the cumulativ e sojourn times � [i ] for each tangible
transient marking i 2 SE D of the DSPN up to steady
state:

� [i ] =

8
><

>:

nE[i ]hE[i ] if i 2 SE
X

j 2E D :i 2S C
j

nE[j ]� j [i ] if i 2 SD

In our example,only � needsto be computed:

� [R] = 0:895856 � [B M ] = 0:076695
� [B P] = 0:014931 � [B D] = 0:003169
� [B M W ] = 0:006742 � [B PW ] = 0:001580
� [B DW ] = 0:001028

Step 8. Compute the expected reward rate in steady
state or the cumulativ e reward until steady state:

X

i 2S

� [i ]� [i ]
X

i 2S

� [i ]� [i ]

In our example, only the expected reward rate in
steady state is meaningful. Measuresof interest could
be the average number of messageswaiting for the
transmitter to becomeready, obtained by using the
reward rate speci�cation � [i ] = #( W; i ), resulting in
a value of 0.009349,or the throughput of the trans-
mitter, de�ned as the rate of messagesacknowledged,
is obtained by de�ning the reward rate speci�cation
� [i ] = � G (i ) � 1, resulting in a value of 0.016511.

3.2 Exploiting the rew ard structure

We now present a modi�cation to the algorithm
of the previous section, which allows to store perma-
nently only the markings in E. To avoid storing the

vanishing markings, \elimination on the 
y" can be
used, a method previously proposed for GSPNs [8].
In our case,this would correspond to storing only the
tangible markings and the matrices � and � C , instead
of storing the entire reachabilit y set and reachabilit y
graph. This is possiblebecause8i 2 SZ ; � i = � i = 0,
hence vanishing markings do not contribute to the
computation of the measures.

The elimination on the 
y of markings i 2 SD nED

requires more care, because� i and � i are not zero in
this case.During the reachabilit y graph generation,as
soon asa marking i 2 ED is found, the set of markings
Si can be generatedand the SMC f � i (� ); � � 0g can
be solved as before, to compute the vectors � i and � i .
But then, the information in � i can be distilled into
the \equivalent reward rate of the EMC marking i ",
� E[i ], de�ned as:

� E[i ] =
X

j 2S C
i

� i [j ]� [j ]

After �nding the markings reachable from SC
i by �ring

any sequences 2 T D TZ � , the markings in SD
i n f ig

and � i can be destroyed. Only i , � E[i ], � i , and the
markings in SR

i need to be kept. To compute the
expected reward rate in steady state, consider that

X

i 2S E D

� [i ]� [i ]

=
X

i 2S E

� [i ]� [i ] +
X

i 2S D

� [i ]� [i ]

=
X

i 2S E

� E[i ]hE[i ]
X

i 2E

� E[i ]hE[i ]
� [i ] +

X

i 2S D

X

j 2E D :i 2S C
j

� E[j ]� j [i ]

X

i 2E

� E[i ]hE[i ]
� [i ]

=

X

i 2S E

� E[i ]hE[i ]� [i ] +
X

j 2E D

X

i 2S C
j

� E[j ]� j [i ]� [i ]

X

i 2E

� E[i ]hE[i ]

=

X

i 2S E

� E[i ]hE[i ]� [i ] +
X

j 2E D

� E[j ]
X

i 2S C
j

� j [i ]� [i ]

X

i 2E

� E[i ]hE[i ]

=

X

i 2S E

� E[i ]hE[i ]� [i ] +
X

j 2E D

� E[j ]� E[j ]

X

i 2E

� E[i ]hE[i ]

The last expressionusesonly the probabilities � E

of the EMC. This modi�ed approach has the advan-
tage of a smaller total memory requirement: at most



the information relative to the EMC and one SMC is
stored at any time.

If a marking j belongsto both SC
i 1

and SC
i 2

, j and
all the markings not in E reachable from it will be
\rediscovered", since they are not stored. This prob-
lem is analogousto that encountered when perform-
ing elimination of the vanishing markings on the 
y .
If the cost of this rediscovery is too high, a di�eren t
version of this approach can be employed, where all
the markings are stored (thus eliminating the prob-
lem of rediscovery), but � i is destroyed after having
computed � E[i ]. The DSPN solution algorithm cur-
rently implemented in the software package DSPN-
express[11] requires to store the entire collection of
vectors f � i ; i 2 ED g, forming the so-called \conver-
sion matrix" [2]. With our modi�ed approach, only
one vector � i at a time needsto be stored. This rep-
resents a substantial savings, since� i is typically a full
vector.

4 Comparison and concluding remarks

The possibility that SC
i \ SR

i 6= ; , has not been
addressedin [2], but this can happen even if only
the Enabling Memory policy without any marking-
dependence is allowed for specifying the remaining
�ring time of a deterministic transition. Consider
the DSPN in Figure 6(a) and its reachabilit y graph
in Figure 6(b). Marking [p2p5] can be reached from
[p2p3] by �ring t3, which does not restart t4, hence
[p2p5] 2 SC

[p2 p3 ], but it can also be reached by �ring
t2 and then t1, a sequencewhich restarts t4 since t4

is not enabled in [p1], hence[p2p5] 2 SR
[p2 p3 ]. The al-

gorithm presented in Section 3, applies to any DSPN,
even those with a marking-dependent choice between
restarting and continuing the RFT of a deterministic
transition.

Previously, a SMC f � t (� ); � � 0g was de�ned for
a deterministic transition t 2 T D [12], for which the
state spaceis denoted in the sequelby St . We de�ne
instead a SMC for each marking where a determinis-
tic transition can be restarted. Moreover, we observe
that not all the states in St \ SD need to be consid-
ered as potential initial states. This has been men-
tioned in [12] for a particular DSPN, but has never
been formalized in general. We de�ne the subset of
states ED � SD for which a transient solution needs
to be computed. Even if the previous approacheshad
de�ned the set ED and had performed only the jED j
transient solutions which are really needed,our choice
of associating the SMC to states of ED instead of

(a)

p2 p3
p1 p3 p4t2

p2 p5

t3t1

t4

p4 p5t4(b)

t3

t1 t4

t2 t3p3

p1 p2 p4

p5

1

1

Figure 6: SC
i \ SR

i 6= ; with Enabling Memory.

to the deterministic transitions is advantageous. As-
sume that the matrix describing f � t (� ); � � 0g has
� t nonzero entries and that Jensen'smethod is used.
The previous approaches require m t = jSt \ ED j dif-
ferent transient solutions for each t 2 T D , with a total
computational cost

P
t 2 T D O(mt � t qt ), where qt is the

maximum rate leaving any state i 2 St [9].
The algorithm of Section3 requiresinstead to solve

once a SMC f � i (� ); � � 0g for each marking i 2 ED ,
with state spaceSi and � i entries. The total number of
transient solutions to be computed is the same,sinceP

t 2 T D mt = jED j, but there are both memory and
computational savings:

� For each state i 2 St \ ED , we have jSi j � jSt j and
� i � � t . Thus, the iterations of Jensen'smethod
in the transient analysistypically usesmallerdata
structures.

� The computational e�ort of the transient analy-
sis is now

P
i 2E D O(� i qi ), where qi is the maxi-

mum rate leaving any state j 2 Si � Sd. Since
8i 2 Sd \ ED , � i � � d and qi � qd, this typically
reduces the computational e�ort, expecially for
acyclic SMCs.

� In the current version of the software package
DSPNexpress[11], a distributed implementation
is provided, where the SMCs f � t (� ); � � 0g
can be solved in parallel, but only after build-
ing the entire reachabilit y graph. The approach
described in Section 3 substantially increasesthe
parallelism, sincethe transient analysisof a SMC



f � i (� ); � � 0g can start immediately after Si has
been built, even if only a portion of the reacha-
bilit y graph has beenexplored.

We also presented an approach for reducing the
memory requirements of the numerical solution algo-
rithm of DSPNs. The method is basedon the \equiv-
alent reward rate" of each marking i 2 ED and avoids
storing the entire state spaceand the conversion ma-
trix.
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