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Abstract

We presert atime and spacee cien t algorithm for
computing steady state solutions of deterministic and
stochastic Petri nets (DSPNs) with both stochastic
and structural extensions. The algorithm can deal
with dierent execution policies assxiated with de-
terministic transitions of a DSPN. The de nition of
a subordinated Markov chain (SMC) is re ned to re-
ducethe computational cost of deriving the transition
probabilities of the embedded Markov chain (EMC)
underlying a DSPN. Closed-form expressionsof these
transition probabilities are preseried for some SMC
topologies. Moreover, we proposeto make use of the
reward structure de ned onthe DSPN to reducemem-
ory requiremerts. The usefulnessof the proposedex-
tensions and the steps of the solution algorithm are
illustrated using a DSPN of a simple communication
protocol.

1 Intro duction

Petri Nets with deterministic transition ring times
are an important tool for modeling discrete-eent dy-
namic systems. Examples of activities which might
have a constart duration are transfer times of xed-
size data padkets in distributed computing systems,
timeouts in real-time systems, and repair times of
componerts in fault-tolerant systems. In timed Petri
nets (TPNs) [14] all transitions have assaiated either
constart delays (D-timed Petri Nets) or exponertially
distributed delays (M-timed Petri Nets). In general-
ized timed Petri nets (GTPNs) [10], immediate tran-
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sitions re without a delay and timed transitions re

after a constart delay. TPNs and GTPNs employ dis-
crete time scalefor the underlying stochastic process.
Their transitions re in three phasesand the next
transition to re is preselectedaccording to a prob-
ability distribution.

Deterministic and stochastic Petri nets (DSPNSs)
have been introduced in [2] as a continuous-time
modeling tool which includes both exponertially dis-
tributed and constart timing. In DSPNSs, transition
ring is atomic and the transition with the smallest
ring delay is the next transition to re. The em-
beddedMarkov chain (EMC) underlying a DSPN has
fewer states than an analogousTPN or GTPN be-
cause transition ring is atomic in DSPNs. More-
over, the markings of a DSPN are de ned asin an
untimed Petri net, thus, standard structural analysis
techniquescan be employed for DSPNs. In particular,
minimal-support place and transition invariants can
be calculated.

Under the structural restriction that at most one
deterministic transition is enabled in any marking,
an analytical method to solve the DSPNs in steady
state exists, basedon the EMC. This solution method
requires the derivation of the transition probability
matrix of the EMC and assaiated holding time vec-
tors. These quartities have to be computed by tran-
siert analysis of somecontin uous-time Markov chains
(CTMCs) obtained by consideringthe possible rings
of the exponertial transitions enabled competitiv ely
or concurrertly with a deterministic transition. Sud
CTMCs have beenreferredto assubordinated Markov
chains (SMCs) and e cien t computational formulas
for their transient analysishave beenpreseried in [12].
Recerily, the software package DSPNexpress[11], im-
plemerting a distributed numerical solution algorithm
for DSPNs, has becomeavailable.

We proposea simpli ed de nition of executionpoli-
ciesfor the ring processof deterministic transitions of



aDSPN and the assaiation of di erent executionpoli-
ciesto deterministic transitions in a DSPN. We pro-
posealso seeral extensionsto the original de nition

of DSPNs, allowing marking-dependencefor weights of
immediate transitions, ring delays of both exponen-
tial and deterministic transitions, arc multiplicities,

and execution policies of deterministic transitions.
Marking-dependert weights and rates for exponertial
transitions were already included in the original de -
nition of DSPNSs [2], while marking-dependert deter-
ministic ring times wereintroducedin [13]. Marking-
dependert execution policies have instead, to the best
of our knowledge, never been proposed before. Fur-
thermore, the example in Section 2.3 illustrates the
usefulnessof marking-dependert arc cardinalities.

We presert an algorithm for computing steady-
state solutions of DSPNs with these extensions. The
algorithm formalizes and improves the previously
known approad, examining somesubtleties which had
not beenaddressed.In particular, the algorithm em-
ploys a SMC for eac marking in which a determin-
istic transition can beginits ring time, rather than
one for ead deterministic transition. This increases
parallelism in the calculation of the transition proba-
bilities of the EMC underlying a DSPN. Furthermore,
the algorithm employs closed-formexpressionsf these
transition probabilities in casea SMC contains only
state transitions corresponding to rings of exponen-
tial transitions competitiv ely enabledwith a determin-
istic transition. These closed-form expressionscon-
siderably reducethe computational e ort required for
the transient analysisof such SMCs. Finally, we show
how to reducethe memory requiremerts of the DSPN
solution algorithm by using the reward structure de-
ned onthe DSPN. The presened algorithm cancom-
pute both the steady state probabilities for tangible
markings of structurally boundedand live DSPNs, as
already consideredin [2, 12], and the cumulativ e so-
journ times in tangible markings up to steady state
for DSPNs with absorbing markings. The usefulness
of the proposedextensionsto DSPNs and the stepsof
the solution algorithm are illustrated using a DSPN
modeling a simple communication protocol.

The paper is organized as follows. Section 2 intro-
duces a formal de nition of DSPNSs, describes their
stochastic behavior, and preseris the running exam-
ple. A detailed solution algorithm for DSPNswith the
proposed extensionsis introduced in Section 3. Sec-
tion 4 contains a comparison of our algorithm with
previous methods and gives concluding remarks.

2 Deterministic and stochastic Petri

nets
2.1 Formal de nition

A DSPN is a tuple fP;T;1;0;H;g;Mg; ;w;eg
where:

P is a nite set of places,which can cortain to-
kens. A marking i 2 IN'P) de nes the number of
tokensin ead placep 2 P, indicated by #( p;i),
or simply #( p) when the marking is understood.

T is a nite set of transitions, partitioned into
three disjoint sets, T4, TE, and TP, of imme-
diate, exponertial, and deterministic transitions,
respectively. P\ T = ;.

8p2 P;8t2 T, Iy 1 INPI T IN, Opy o INIPT I
IN, and Hpy : INIPT 1IN are the multiplicities of
the input arc from pto t, the output arc fromt to
p, and the inhibitor arc from p to t, respectively.
Marking-dependent arc multiplicities might sim-
plify the modeling of complex system behavior.

8t 2 T;q : INFI 1
for transition t.

fTrue;Falseg is the guard

Mo 2 INIP is the initial marking.

8t 2 TE[ TP; : NPl 1 (0;+1) is the
mean ring time for timed transition t, it may
be marking-dependert .

8t2 TZ;w; : INPI 1 (0;+1)isthe ring weight
for immediate transition t, it may be marking-
dependert.

8ty 2 TZ[ TE;t, 2 TP;e,y, : INPI 1 fR;Cg
is the execution policy to be used for transition
t, when transition t; res, it may be marking-
dependert. R and C stand for \restart" and\con-
tinue", respectively.

A place p is drawn as a circle, with the number of to-
kensin it written inside (default is zero). Transitions
inTZ,TE,and TP aredrawn asthin bars, empty rect-
angles,and lled rectangles, respectively. Input and
output arcs have an arrowhead on their destination,
inhibitor arcs have a small circle. The multiplicit y is
written on the arc (default is one); a missing arc indi-
catesthat the multiplicit y is zero. The default value
for guardsis True.
A transition t
i g(i) = True and 8p 2 P;(lp;(i)
(Hp (i) > #(p;i) _ Hpye (i) = 0).

2 T is enabled in marking i
#(p;i) "



When transition t res in marking i, the new mark-
ing j satis es:

8p2 Pi#( p;j) = #(p;i) (i) + Op (i)

De ne E(i) to be the set of transitions enabled in
marking i and f(s;i) to be the marking reached by
ring s2 T ini,whereT isthe setof all sequences
of transitions, including the empty sequence.

2.2 Stochastic behavior

Recerily, Choi, Kulkarni, and Trivedi obsened
that the marking process,f ( ); 0g, underlying
a DSPNs without concurrertly enabled deterministic
transitions constitutes a Markov regenerative stochas-
tic process[4, 5], also known as semi-regeneratie
process[3], rather than a semi-Markov processas
mertioned in [2]. In the companion paper [7] we
show that the stochastic processunderlying a DSPN
with concurrertly enabled deterministic transitions
can still be a semi regenerative stochastic processin
somecases.This paper concerrates on DSPNs with-
out concurrertly enableddeterministic transitions and
their contin uous-time marking process.

The solution method describedin Section3 requires
that at most one deterministic transition is enabledin
ead marking. Using the de nitions intro ducedabove,
the readchability graph (S; A) of a DSPN is given by:

S=fi2INPI:9s2 T ;i = f(s;Mo)g
A=f(@i;j;1)2S% T:j=1(ti)g

The reachability set S can be partitioned into SE =
fi2S:8t2E();t2 TEg, S* = fi 2 S:9t2
E(i);t2 T?g,andSP = fi2S:9t2 E(i);t2TPg.
Denote d(i) to be the enableddeterministic transition
in marking i 2 SP. Markings in SE [ SP = SED are
said to be tangible, while markings in S? are said to
be vanishing.

The ring time F¢(i) for transition t in marking
i in isolation is a random variable with distribution
Const(0) if t 2 TZ, Expo( «(i) ) ift 2 TE, and
Const( ((i)) if t 2 TP. If sewral immediate transi-
tions are enabled,the function w de nes the probabil-
ity of ring enabledtransition t; in vanishing marking
i as )

w, (i) = XD
we (i)
t2E(i)

As stated in [1], the description of the stochastic be-
havior must include, in addition to the distribution of
the ring times, the \execution policy". We adopt the

race policy: ead transition t 2 T has an assaiated
remaining ring time (RFT) y;. If marking i is entered
at time , the transition t; with the minimum RFT
amongE(i) is red attime + y;, andthe RFTs for
the other transitions in E(i) are adjusted. A newRFT
yi, for t; is sampled from the distribution of F, (1),
wherel is the rst marking wheret; becomesenabled
again. Assumethat j = f(ty;i). Three policies for
the adjustments to the RFTs of any other transition
t, enabledin i are [1]:

Resampling: y;, is resampledfrom the distribu-
tion of F,(I) in the rst marking | wheret, be-
comesenabledagain, possiblyj .

Age Memory: Yt, (ytz yt1) tz(j ): tz(i)!
where +,(j)=t,(i) is the \scaling factor" [1].

Enabling Memory: use Age Memory if t, is still
enabledin j, otherwise use Resampling.

If t, 2 T [ TE, the choice betweenthe three policies
is irrelevant, sincethe RFT and the ring time have
the the samedistribution, Const(0) in the former case,
Expo( t,(j) 1) in the latter case.If t, 2 TP, instead:

If t, 2 E(i) and t, 2 E(j), the Enabling Memory
and Age Memory policies are equivalert: we in-
dicate them with e, ., (i) = C (for continue) and
Resamplingwith e, ., (i) = R (for restart).

If t, 2 E(i) but t, 62E(j ), Enabling Memory and
Resamplingare equivalert, we indicate them with
e, 1, (i) = R and Age Memory with e, ., (i) = C.

It is natural to extend the de nition of e, W, and
to ring sequences = (ti;:::ty) 2 T". Leti; bea
marking and t a transition in TP:

C ifn>0728k;1 k n;
ike1 = f(tisin); e (i) = C
k

8
est(if)=_ R ifs=t_(n>0"8k;1 N igks1 =
2 f(tin® 9L 1 niea(i) = R)
é O otherwise
Y
E W (ix) ifs2TZ ~ 8k;1 k
Ws(in)= ket . |
) 3 iker = Ftesi)
-0 otherwise
; ®
< t 1 . .
. ! . if s2 TETZ ~t; 2 E(i
S(ll): . W(tz;:::t n)(f (tl; |l)) ! ( 1)
1 otherwise
With the algorithm described in Section 3,

e,,(i) = R can always be used, but e, .,(i) = C



canbe usedonly if j 2 S% ort, 2 E(j). Furthermore,
ifj 2 S% andtz 2 E(j) res e,q,(j) can also be set
to C, evenif t; 62E(j): the work doneby t, in i is
not lost even if it becomesdisabled, as long as it is
disabled only in vanishing markings.

The Resampling policy has been dismissedin [1]
for being \of little interest in practical applications",
but this is true only if it usedfor every transition in
every marking. If the choice betweenR and C can be
made selectiwely, the R policy becomesinstead use-
ful in conjunction with non-memorylessdistributions.
For example, the example in Section 2.3 usesthe R
policy to restart a timeout timer when noise is de-
tected by the transmitter. The transition modeling
the timer has a deterministic distribution and is en-
abled both beforeand after the detection of noise, but
its RFT must restart after this detection.

In general,a DSPN model is usedto compute one
or more measuresde ned by assaiating a reward rate

[i] to eadh marking i. In section 3 we shov how
the expectedinstantaneousreward rate in steady state
or the expected reward accunulated in the transient
markings until steady state can be obtained.

2.3 An example

The DSPN in Figure 1 models a simple transmis-
sion protocol. Messagedo be transmitted are stored
in a buer with capacity K (place S, source, with K
initial tokensto enforcethe capacity, exponertial tran-
sition G, geneate, and place W, wait). Whenewer the
bu er is not empty and the previous transmission has
completed (a tokenis in placeR, ready), the transmis-
sion protocol begins (immediate transition |, initiate ,
res). A timeout timer is started (place B, busy, and
deterministic transition T, timeout) and the transmis-
sion of the messageinitiates (place M, message and
exponertial transition X, transmit).

Oncethe transmissionof the messagdasbeencom-
pleted (X res and deposits a token into place C,
Check), the receiver might either acknowledge receiv-
ing a complete messagdimmediate transition O, OK,
place P, positive acknowedgment and exponertial
transition A, transmit acknowledgmen), or do noth-
ing (immediate transition E, error, and place D, do
nothing). If an acknowledgmen is receiwed, the pro-
tocol is completedand the transmitter can senda new
message(the token put badk in S indicates that the
current messagecan be discardedand its slot is avail-
able to store a new message).

The transmitter can sensethe medium while trans-
mitting a messageIf noiseis sensedexponertial tran-
sition N, noise), the transmissionis restarted and the

#(P)

B T #D)
#(P)+#(D)

X
&

G w /| M
"We—LU7

Figure 1: A protocol modeled by a DSPN.

timer is reset (ey.t = R). The timer is also reset
at the beginning of a transmission (.1 = R). No
other activity a ects the timer (eg1 = ex.1 = €o.7 =
ee;r = C).

Finally, if the timeout elapses(transition T res)
before an adknowledgemen is received, the message
is retransmitted (the marking-dependert multiplicit y
arcsfrom P andD to T and from T to M ensurethat,
after a timeout, the state of the DSPN is reinitialized
to what it was at the beginning of the transmission).
In practice, this type of feedba& in the DSPN does
not correspond to a physical feedba& from the re-
ceiver, rather, it simply implies that any late acknowl-
edgmert canberecognizedassuc and discarded(this
canbe implemented by assaiating a sequencenumber
to ead transmission).

For the computations preseried in Section 3, we
assumeK = 2, 1 =30, g =60, x =5, o =1,

N = 300,Wo = 0:99, and Wg = 0:01.
2.4 Structural analysis

Marking-dependert arc multiplicities result in more
compact models, but they reducethe applicability of
invariant analysis. For example, considerthe DSPN
in Figure 2(a), modeling a deterministic clock which
courts time modulo two (p; can cortain either zeroor
onetoken): no placeinvariant covering p; exists. The
same behavior is represerted more conventionally by
the DSPN in Figure 2(b), which usestwo transitions
with the samedistribution ast; and hasthe advantage
of being covered by the place-invariant

#( pro) + #(p11) = 1
In other casesthough, marking-dependert arc mul-
tiplicities do not preclude the existence of place-
invariants. The DSPN of Figure 1 is one example:
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Figure 2. Marking-dependert arc multiplicities can
destroy place invariants.

the place-invariants

#(R)+ #(B)=1

#HR)+#H M)+ #(C)+# P)+#(D)=1
#HS)+H#H W)+ #H M)+ #(C)+# P)+#(D)=K

can be easily veried even if marking-dependent arc
multiplicities are used. The equivalent DSPN without
marking-dependen arc multiplicities would be unnat-
ural and cumbersome.

This example indicates that, under some restric-
tions, invariant analysisis still feasiblefor Petri nets
with marking-dependert arc multiplicities. In this pa-
per, though, we focus on the steady-state analysis of
DSPNSs, and we do not discussthis topic further.

3 Steady state analysis of DSPNs
3.1 The numerical solution algorithm

An analytical solution approadc is preseried con-
cisely in [2], for DSPNs where, for eat deterministic
transition ty, ¢, iS constart, e,.,(i) = C if ty is en-
abled in both i and in f(t1;i), and only the expected
reward rate in steady state is considered. The idea
is to study the ewlution of the DSPN while tq4 is en-
abled in a cortinuous-time Markov chain (CTMC) to
be solved at the transient time ;,, at which time tq
must re unlessit hasbeendisabledin the meartime.
Then, an embedded Markov chain (EMC) is used,
which obsenesthe DSPN at any change of marking
when no deterministic transition is enabled, but only
at the time a deterministic transition either res or
becomesdisabled, if oneis enabled.

In [12], it is noted that adi erent CTMCs shouldbe
de ned for eath deterministic transition tq, the \sub-
ordinated Markov chain (SMC) of ty4". In [13], we
shaved how marking-dependert , can be handled
by scaling the time index of the corresppnding SMC.

The outgoing rates for state i are multiplied by ¢, (i)
and the transient solution at time 1 is computed for
this scaledSMC.

In the following, we retain the idea of the SMC, but
we assaiate it with ead marking i wherethe RFT of
a deterministic transition ty can be resampled. This
results in a greater number of SMCs, but ead of them
is at most aslarge asthe corresponding SMC for tq4 and
must be solved only once,with i asthe initial state. In
addition to reducethe sizeof the data structures being
manipulated, this increaseshe parallelism, sinceeath
SMC can be solved independertly.

As our extensions, formalization, and improve-
merts require a substartially di erent notation from
the one used in [2, 12, 13], we presert a detailed
description of an algorithm for steady state analysis
of DSPNs. We use \elimination" of the vanishing
markings: they do not appear in the state spacesof
the EMC or of the SMCs. An alternative approad,
\preservation”, can be usedfor the steady-state solu-
tion, where vanishing markings are explicitly consid-
ered [8].

Step 1. Build the readability graph (S;A) of the
DSPN ignoring the timing information assciated to
the transitions. If a marking with two or more enabled
deterministic transitions is found, exit: the algorithm
doesnot handle this case.

In our example, the reachability graph is shown in
Figure 3. For eadh marking, the places having one
token in them are listed, with the exception of place
S, for which the number of tokensis determined by
the invariants on the DSPN. Normal lines are used
for exponertial transition rings and markings in SE;
dashedlines are usedfor immediate transition rings
and markings in SZ; heavy lines are used for deter-
ministic transition rings and markings in SP.

Step 2. Find the set of markings where the RFT of
a deterministic transition is resampled. Theseare the
only markings of S® which are alsostatesof the EMC:

EP = fi2SP :9j 2SEP;9s2 (TE[ TP)T? ;
i=1f(s;j)" esai)(J) = Rg
In our example,EP? = fBM;BM Wg.

Step 3. 8i 2 EP dene and solve the scaled SMC
fiC); Og asseiated to marking i:

Step 3.1. Find
S¢ = fj2sP:9s2(T?[ TF) ;
j = f(s;1) " esa(iy(i) = Cg



Figure 3: The readability graph.

SR = fl2SEP :9j 25C;952 TET?
I'=1(s;j) " esa(i)(i) = Rg
SE is the set of tangible markings that can be reached
from marking i without restarting d(i), by ring only
immediate or exponertial transitions, while SR is the
set of tangible markings readable from S¢ by ring
one exponertial transition followed by a sequenceof
immediate transitions, such that d(i) is restarted with-
out having red.
In our example,

ng =fBM;BP;BD;BMW;BPW;BDWg
SRu = fR;BM;BMWg

SSuw = TBMW;BPW;BDWg

SEww = fBM;BMWg

SC and SR are not necessarilydisjoint. The state
spaceS; of f i(); 0g must include both S¢ and
SR, but there must be a way to distinguish between
their elemens even if they correspond to the same
marking. For this reason,wedene S; = (S¢ C)[
(SR R) and add C or R as a superscript to the
marking. For example,

Semw = FBMWCS:BPWS;BDWC;BMR;BMWRg

Step 3.2. De ne the total rate from i, to i, dueto
the ring of an exponertial transition followed by a
sequenceof immediate transitions:
8i1;i2 2 SFP; [i1siz] = s(in) *
S2TETZ ip=1(sji1)

QBM ..................... .

E : QBMW ......... . " -
: 30/60 ~—» mwC |
- 30/5°0.99) 30/5°0.01 - 555799 | 3055001 -
: + 30/300 ¢ . V 30/300 *
‘Lepc ] [eoc | : [epwC J\LeowC |

Figure 4: Qgm and Qemw -

If i; 2 SP, we must distinguish whether the sequences
s cortinuesor restarts d(i1): 8i, 2 SP;8i, 2 SEP,
Cri - _ X H 1
lig;iz] = s(i1)
s2TETZ iy = f(s;i1);
€sd (il%il) =C

Rliy; izl = s(in) !
s2TETZ iy = f(s;i1);
€sd (i) (1) = R

Adopting the corvertion 8i; 2 SF;8i, 2 SEP;

Clig;in] = Rlig;iz] = 0, the total outgoing rate
from i, dueto the ring of exponertial transitions is
[i:]=

8i12SED; R[il;i1]+

122Si;i26i1

[i1;02]

This rate takesinto accourt all the ring sequences 2

TETZ from iy with the exception of those returning

to i1 without restarting a deterministic transition.
The in nitesimal generator of the SMC is then:

8i1'yi2" 2 S QiliT*iz’] =
<0 if a-=R
d(i)(il) az[il;iz] if a = C;iil 6 igz
[i1] otherwise

Figure 4 shows the in nitesimal generatorsfor our
example,Qgm and Qgmw (the latter is contained in
the former).

Step 3.3. Solwe the scaledSMC to compute [13]:
8i*2S; ili*1=Prf (1) =% i(0)=i‘g
= e [1%°

1
8i 2S°; ili°l= an() OPff i()=j% i(0)=i°gd



z 1

= ai() , e %)
Assumethat the DSPN enters marking i and that d(i)
is restarted at that time: ;[j ©] is the probability that
d(i) res while the DSPN is in marking j; i[jR] is
the probability that the DSPN restarts d(i) by reac-
ing marking j; [j€] is the expected time spert in
marking j, until d(i) either res or is restarted.

E cien t computational formulas for ; and ;
basedon Jensen'smethod, also called Uniformization
or Randomization, [9] have beenintroduced in [12].
Due to the particular nature of the SMCs, though,
the matrix Q; has often somespecial structure and its
transient study can be performed using closed-form
expressions.In particular, if there are no exponertial
transitions concurrertly enabledwith the determinis-
tic transition, two casescan be considered:

St = fig, SR = ;: the SMC contains a single
state, no exponertial transition is either concur-
rently or competitiv ely enabledwith d(i):

ii1=1 ili°1= aq(i)
St = fig, SR 6 ;: oneor more exponertial tran-
sition is competitiv ely enabledwith d(i), if one of
them res, d(i) is restarted:
i[ic]: e am(® ]
Rl
[i]

8j 2 SR; i[[R]1= 1 e «® [

L 1
TiC1= n () I
i“]= 1 e 4 .
In our example, we obtain:
State BM BM BMW BMW

BMC | 0.001360]| 4.53927 - -
BPC | 0.000338| 0.88371 - -
BD® | 0.005952| 0.18756 - -

0.000882| 0.36773| 0.002243| 4.90700

BMWC
BPWC | 0.000219| 0.08732| 0.000557| 0.97103
BDWC | 0.003861| 0.05925| 0.009814| 0.24682
RR | 0.883709 - - -
BMR | 0.102451 - 0.971029 -
BMWR | 0.001225 - 0.016356 -
Step 4. Dene the state space E of the EMC

f e(k);k2 INgasE= EP [ SE and the holding time
vector hg as

8

3 [t if i 2 SE
. i 1= X
8i 2 E; heli] 5 0] ifi2E
j2s¢

0.883709 0.971029
X &
E\ BM BMW
1 i ; ~
0.110102 9008188 ¢ 158971

Figure 5. .

In our example,E= fR;BM;BM Wg and

he[R;BM; BM W] = [60; 6:12483 6:12485]
Step 5. De ne the probability of goingfromi; to i, in
the EMC dueto the ring of any number of immediate
transitions as:

8i1 2 S%:8i, 2 E;W[ig;ip] = Ws(iv)
S2TZ iip=f(s;i1)

The transition probability matrix g off g(k);k 2

INg is then:
8ij 2E eliij]=
S il= [l ifi2SEAi6|
% ifi2SEAi=]
ii® ]+ i1 M[f(d(i);1);j] ifi2EP~j 2SR
IZSC
§ IS IWIF(d(); 135 ] if i 2 ED A j 6258

“l2s¢
Figure 5 showvs ¢ for our example.

Step 6. Solwethe EMC to compute either the steady-
state probabilities of its recurrent states or the ex-
pectedtotal number of visits in its transient statesup
to steady state

8 2 E elil= lim Prf e(k) = ij e(0)g

8i 2 E;i transient; ng[i] = Prf g(k) = ij g(0)g
k=0

ng is computed as the solution of ng(l )= g(0)
where  and g(0) are the restrictions of g and
the initial probability vector g(0) to the transient
markings in E (it is often assumedthat Prf g(0) =
Mog = 1, but this is neither usefulnor necessary).If E
cortains a singlerecurrent class, g iscomputedasthe
solution of g = g g. An ecient solution approac
when multiple recurrent classesexist is discussedin
[6], which also contains an iterative method for the



numerical solution of theselinear systems,\optimal”
Successie Over-Relaxation.

In our example,there are no transient markings, so
only g is computed and the initial probability distri-
bution is irrelevant:

e[R;BM;BM W] = [0:4675500:529077 0:003373]

Step 7. Compute the probabilities [i] for ead tan-
gible marking i 2 SEP of the DSPN in steady state:

Sy elinel] fi2SE
% eliInelj]
j2EX
)= eli] /1]
% e if i 2 SP
_ elj el

j2E

or the cumulativ e sgourn times [i] for ead tangible
transient marking i 2 SEP of the DSPN up to steady
state:

if i 2 SE
if i 2 SP

8
2 nefiyheli]
[i1= nelj] j[i]

j2ED:i2s ©

In our example, only

[R] = 0:895856
[BP]= 0:014931
[BMW] = 0:006742
[BDW] = 0:001028

needsto be computed:

[BM]= 0:076695
[BD] = 0:003169
[BPW] = 0:001580

Step 8. Compute the expectedreward rate in steady
state or the cumulativ e reward until steady state:

X
[i] [i] (i1 0]

i2S i2S
In our example, only the expected reward rate in
steady state is meaningful. Measuresof interest could
be the average number of messageswaiting for the
transmitter to becomeready, obtained by using the
reward rate specication [i] = #( W;i), resulting in
a value of 0.009349,0r the throughput of the trans-
mitter, de ned asthe rate of messagesadknowledged,
is obtained by de ning the reward rate speci cation

[[1= (i) %, resulting in a value of 0.016511.
3.2 Exploiting the reward structure

We now presert a modi cation to the algorithm
of the previous section, which allows to store perma-
nertly only the markings in E. To avoid storing the

vanishing markings, \elimination on the y" can be
used, a method previously proposed for GSPNs [8].
In our case,this would correspond to storing only the
tangible markings and the matrices and ©, instead
of storing the ertire reachability set and reachability
graph. This is possiblebecause8i 2 S?; ;= ;= 0,
hence vanishing markings do not cortribute to the
computation of the measures.

The elimination onthe y of markingsi 2 S° nEP
requires more care, because ; and ; are not zeroin
this case.During the reachability graph generation, as
soon asa marking i 2 EP is found, the set of markings
S; can be generatedand the SMC f ( ); Og can
be solved as before,to compute the vectors ; and ;.
But then, the information in ; can be distilled into
the \equivalent reward rate of the EMC marking i",

gli], de ned as:

X
elil = il 0]
j2s¢
After nding the markings reachable from S¢ by ring
any sequences 2 TP TZ | the markings in SP nfig
and ; can be destroyed. Only i, g[i], i, and the

markings in SR needto be kept. To compute the
expected reward rate in steady state, considerthat
X

[i] fi]

i2S ED

X
[i] [i1+ [i] fi]

i2SE i2s b
eli] il
_ X w €Elilhe(i] ]+ X Rt Vikad
. efilheli] 1250 elilheli]
X i2E X X i2E
elilheli] [i]+ eli] ;01 0]
_ i2S E v j2EDiZSjC
eliTheli]
o ox X
elilheli] [i]+ eli] i1 0]
_ i2sE « j2ED i2s f©
elilheli]
X i2E X
elilheli] [i]+ eli] eli]
_ i2sE v j2EP

- 7X

elilheli]
i2E
The last expressionusesonly the probabilities g
of the EMC. This modi ed approac has the advan-
tage of a smaller total memory requiremert: at most



the information relative to the EMC and one SMC is
stored at any time.

If a marking j belongsto both St and S¢, j and
all the markings not in E reachable from it will be
\rediscovered", sincethey are not stored. This prob-
lem is analogousto that encourtered when perform-
ing elimination of the vanishing markings on the y.
If the cost of this rediscovery is too high, a di erent
version of this approad can be employed, where all
the markings are stored (thus eliminating the prob-
lem of rediscovery), but ; is destroyed after having
computed g[i]. The DSPN solution algorithm cur-
rently implemented in the software package DSPN-
express[11] requiresto store the ertire collection of
vectors f ;i 2 EPg, forming the so-called\conver-
sion matrix" [2]. With our modied approad, only
onevector ; at a time needsto be stored. This rep-
resens a substartial savings, since ; istypically afull
vector.

4 Comparison and concluding remarks

The possibility that S¢\ SR 6 ;, has not been
addressedin [2], but this can happen even if only
the Enabling Memory policy without any marking-
dependenceis allowed for specifying the remaining
ring time of a deterministic transition. Consider
the DSPN in Figure 6(a) and its reacability graph
in Figure 6(b). Marking [p2ps] can be reached from
[p2p3] by ring ts, which does not restart t4, hence
[p2ps] 2 S[%ng]’ but it can also be reached by ring
to and then t;, a sequencewhich restarts t, sincety
is not enabledin [p1], hence[p2ps] 2 S[';Zps]. The al-
gorithm preserted in Section 3, appliesto any DSPN,
even those with a marking-dependert choice between
restarting and continuing the RFT of a deterministic
transition.

Previously, a SMC f {( ); 0g was de ned for
a deterministic transition t 2 TP [12], for which the
state spaceis denotedin the sequelby S;. We de ne
instead a SMC for eadh marking where a determinis-
tic transition can be restarted. Moreover, we obsene
that not all the statesin S;\ SP needto be consid-
ered as potential initial states. This has been men-
tioned in [12] for a particular DSPN, but has never
been formalized in general. We de ne the subset of
statesEP?  SP for which a transient solution needs
to be computed. Even if the previous approacheshad
de ned the set EP and had performed only the JEP ]
transient solutions which are really needed,our choice
of assaiating the SMC to states of EP instead of

T - B A 1

O
2 Ps I;3|_> Ps

@)

I Pty PaPs |ty 3| PaPs
- N 1 T
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L W / v
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Figure 6: S©\ SR 6 ; with Enabling Memory.

to the deterministic transitions is advantageous. As-
sume that the matrix describing f ( ); Og has
+ nonzero ertries and that Jensen'smethod is used.
The previous approaces require m; = jS; \ EPj dif-
ferert transient solugions for eath t 2 TP, with atotal
computational cost ,10 O(m; (¢), whereq is the
maximum rate leaving any statei 2 S; [9].

The algorithm of Section 3 requiresinstead to solve
oncea SMC f i( ); 0Og for each marking i 2 EP,
with state spaceS; and ; ertries. The total number of
gansient solutions to be computed is the same, since

270 My = JEP|, but there are both memory and
computational savings:

For each statei 2 S;\ E®, wehaveS;j jS;j and

i t. Thus, the iterations of Jensen'smethod
in the transient analysistypically usesmaller data
structures.

The compgational e ort of the transient analy-
sisis now ;o0 O( ig), where g is the maxi-
mum rate leaving any statej 2 S; Sy4. Since
8i 2 Sy\ EP, gandqg g, this typically
reducesthe computational e ort, expecially for
acyclic SMCs.

In the current version of the software padkage
DSPNexpress[11]], a distributed implementation
is provided, where the SMCs f (( ); Og
can be solved in parallel, but only after build-
ing the ertire reachability graph. The approac
described in Section 3 substartially increasesthe
parallelism, sincethe transient analysisof a SMC



fi(); Og can start immediately after S; has
beenbuilt, even if only a portion of the reacta-
bilit y graph has beenexplored.

We also preserted an approac for reducing the
memory requiremerts of the numerical solution algo-
rithm of DSPNs. The method is basedon the \equiv-
alent reward rate" of eady marking i 2 EP and avoids
storing the ertire state spaceand the cornversion ma-
trix.
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