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Abstract. Markov and Markov reward models are widely used for the performance
and reliability analysis of computer and communication systems. Models of real systems
often contain thousands or even millions of states. We propose the use of Stochastic Re-
ward Nets (SRNs) for the automatic generation of these large Markov reward models.
SRNs do allow the concise specification of practical performance, reliability and per-
formability models.

An added advantage of using SRNs lies in the possibility of analyzing the (time-
independent) logical behavior of the modeled system. This helps both the validation of
the system (is the right system being built?) and of the model (does the model correctly
represent the system?).

We discuss the methods to convert SRNs into Markov reward processes automati-
cally. We review the solution techniques for the steady state and transient analysis of
SRNs and Markov reward processes. We also discuss methods for the sensitivity analysis

of SRNs.

1. Introduction. Reliability block diagrams and fault trees are com-
monly used for system reliability and availability analysis [61]. These model
types allow a concise description of the system under study and can be eval-
uated efficiently, but they cannot easily represent dependencies occurring in
real systems [59]. Markov models, on the other hand, are capable of cap-
turing various kinds of dependencies that occur in reliability /availability
models [8,24,32].

Task precedence graphs [39,42,58] can be used for the performance
analysis of concurrent programs with unlimited system resources. Product-
form queueing networks [40,41] can be used to model contention for re-
sources. The product-form assumptions are not satisfied, however, when
behavior such as concurrency within a job, synchronization, and server fail-
ures is considered. Once again, Markov models do provide a framework to
address all these concerns [21].

The common solution for modeling reliability /availability or perfor-
mance would then appear to be the use of Markov models, but one major
drawback of Markov models is the largeness of their state spaces. Stochas-
tic Petri nets (SPNs) can be used to generate a large underlying Markov
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model automatically starting from a concise description.

Traditionally, performance analysis assumes a fault-free system. Sep-
arately, reliability and availability analysis is carried out to study system
behavior in the presence of component faults, disregarding the performance
levels of different configurations. Several types of interactions and corre-
sponding tradeoffs have prompted researchers to consider combined evalu-
ation of performance and reliability /availability [44,70]. Most work on the
combined evaluation is based on the extension of Markov models to Markov
reward models [30], where a reward is attached to each state of the Markov
model.

Markov reward models have the potential to reflect concurrency, con-
tention, fault-tolerance, and degradable performance [63]; they can be
used to obtain not only program/system performance and system reliabil-
ity /availability measures [14], but also combined measures of performance
and reliability /availability [6,13,49,70]. Since the Markov chain is gen-
erated from a concise SPN model, it is necessary to express the reward
structure in terms of SPN entities. In other words, the SPN becomes a
“Stochastic Reward Net (SRN)” which can be automatically transformed
into a Markov reward model.

Steady-state analysis of SRNs is often adequate to study the perfor-
mance of a system, but time-dependent behavior is sometimes of greater
interest: instantaneous availability, interval availability, and reliability (for
a fault-tolerant system); response time distribution of a program (for per-
formance evaluation of software); computational availability (for a degrad-
able system) are examples where transient analysis is required. Except
for a few instances [10,18,7,60], transient analysis of SPN models has not
received much attention in the past.

Analytical models are often used during the design phase of a system,
when exact values for all the input parameters may not be known yet.
Parametric sensitivity analysis is performed so as to determine the param-
eters to which the model is sensitive and the degree of sensitivity. Frank
[23] suggests the use of sensitivity functions as a method of estimating
parametric sensitivities. Sensitivity functions are the derivatives of state
probabilities with respect to the parameters. We will discuss this method
of sensitivity analysis for SRNs.

The SRNs described in this paper, allow the concise specification of
Markov reward models, the computation of instantaneous, cumulative,
and time-averaged measures both in steady state or in the transient. The
derivatives of these measures with respect to input parameters can be ob-
tained as well. Efficient and numerically stable algorithms employing sparse
matrix techniques are used to solve the underlying CTMC.

In Section 2, we introduce the SRN formalism. Logical and temporal
analysis of SRNs are discussed in Sections 3 and 4, respectively, while
Section 5 examines numerical issues connected to the solution of SRNs.
Section 6 presents some concluding remarks.
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2. From Petri nets to stochastic reward nets. We introduce the
SRN formalism incrementally. First, we define the (untimed) PNs in Sec-
tion 2.1, which describes the basic PN formalism, and in Section 2.2, which
contains a set of extensions. Then, we define the stochastic PN (SPN)
formalism by adding timing and probabilistic information to the PNs; in
Section 2.3. Finally, we define the SRN formalism by imposing a reward
structure upon the stochastic process described by a SPN, in Section 2.4.

2.1. Petri nets. PNs were introduced by C. A. Petri in 1962 [52].
A PN is a bipartite directed graph with two classes of nodes, places and
transitions. Arcs may only connect places to transitions or transitions
to places. Graphically, places are represented by circles or ovals, while
transitions are represented by rectangles or bars. An arc from place p to
transition ¢ is an input arc of t and an output arc of p. We also say that p is
an input place of t and t is an output transition of p. Analogous definitions
hold for an arc from ¢ to p. Then, -t, t-,-p, and p- denote the set of input and
output places of transition ¢, and the set of input and output transitions
of place p, respectively.

A PN graph may be marked by placing tokens, drawn as black circles,
in places. If P is the set of places, a marking is a multiset, yp € IN'Pl,
describing the number of tokens in each place. A marking represents the
state of the model at a particular instant. This concept is central to PNs.
The notation #(p, ) is used to indicate the number of tokens in place p
in marking u. If the marking is clear from the context, the notation #(p)
can be used.

A transition is enabled when each of its input places contains at least
one token. An enabled transition may fire by removing a token from each
of its input places and depositing a token in each of its output places.
Firing a transition is an atomic event. While timing becomes an issue only
in the timed or stochastic PNs, sequencing is important even in the basic
PNs. If two transitions are enabled in a PN, they cannot be fired “at the
same time”: a choice must be made concerning which one to fire first, the
other can only fire after that, if it is still enabled. This convention greatly
simplifies the analysis of PNs.

PNs are dynamic in that they describe how the modeled system evolves
over time. A PN evolves by firing enabled transitions to change the mark-
ing. Figure 2.1 illustrates a simple PN before and after the firing of transi-
tion t;, which is enabled because its sole input place, p1, contains at least
one token. Transition t5 is disabled because, while p; contains a token, ps
is empty and there is an input arc from ps to t3. When firing transition
t1, a token is removed from place p; and, at the same time, a token is
deposited into each of py and ps. In the new marking, both ¢; and ¢, are
enabled.

Let p; and p; be markings and ¢ be a transition. We use the notation

mi to denote that ¢ is enabled in ;. If its firing in g; changes the marking
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Fic. 2.1. A PN before and after the firing of transition ty.

to pj, we write ,uii,uj. A sequence of transitions s is a firing sequence if
the transitions may be legally fired in the order given by the sequence from
some marking. We then use the notation ,uz-i,uj to mean that the firing
sequence s, when started in marking p;, terminates in marking ;. The
notation miyj indicates that it is possible to reach p; from p; with some
firing sequence.

The system behavior depends not only upon the structure of the PN
graph, but also upon the initial marking, po. Changing the initial marking
can completely change the behavior of the PN. We define a PN to include
the initial marking in its specification, and will use the term PN graph to
refer to a net with an unspecified initial marking.

DEFINITION 2.1. A PN is a 5-tuple A = {P, T, D=, D" 1o} where:

e P = {p1,...,pp|} is a finite set of places. Each place contains a
non-negative number of tokens.

o T'={t1,...,tjp} is a finite set of transitions (P NT = §).

o D= € {0, 11PXTl Dt e {0, 1}1PXT| describe the input and output
arcs. There is an input arc from place p to transition ¢ iff D, = 1.
Analogously, there is an output arc from transition ¢ to place p iff
Df =1

® g is the initial marking.

A marking p is reachable if pg—p. The set of all reachable markings
is termed the reachability set:

S = {pluo=p}

The evolution of a PN can be completely described by its reachability graph
(8, A). Each marking in the reachability set is a node in the reachability
graph, while the arcs A describe the possible marking-to-marking transi-
tions. If y; € § and ,uii,uj, then ,uiiluj € A. A single PN transition
typically corresponds to many arcs in the reachability graph and a rel-
atively simple PN may give rise to a large or even infinite reachability
graph. Each arc in A defines not only the source and destination marking,
but also the PN transition causing the change of marking. If more than
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one transition can cause this change, A contains multiple arcs with same
source and destination (see Section 3).

Places often represent local conditions or states, while transitions rep-
resent possible events or activities. According to this interpretation, input
arcs describe the conditions necessary for an event to occur, while input
and output arcs together describe the effect that an event has upon the
system, that is, the changes the event causes in the system state.

It is possible to determine the conditions required for a transition to
fire and the subsequent effect solely from the arcs connected to that transi-
tion. Likewise, the events (transitions) which depend upon or may affect a
condition (place) can be determined solely from the arcs connected to the
place. Thus, a PN graph describes the system behavior in terms of local
conditions and events, while the reachability graph describes the possible
evolution of the global system state. This is why PNs have also been called
condition/event nets.

PNs excel at modeling parallel systems, in spite of the apparently se-
vere restriction that no two transitions fire simultaneously. When transi-
tions are simultaneously enabled, the associated activities are proceeding
in parallel. The first transition to fire simply represents the first activity
to complete. Transition enabling corresponds to the commencement of an
activity, while transition firing corresponds to the completion of an activity.
It is quite possible that firing a transition will cause a previously enabled
transition to become disabled. According to this interpretation, the inter-
rupted activity was aborted before completing and had no lasting effect.
Since PN semantics do not state which of two simultaneously enabled tran-
sitions must fire first, PN analysis must examine every possible ordering
- thus reintroducing the notion of parallelism and non-determinism. The
interpretation of the semantics of simultaneously enabled transitions arises
again in the context of SPN models, where the choices for semantics and
their implications are more complex.

The firing and enabling rules and the basic PN primitives can be com-
bined to model many types of behavior. PNs are especially well suited
for describing behavior that arises naturally in complex systems, such as
sequencing, concurrency, synchronization, and conflict (see Figure 2.2).

2.2. PN extensions. Many extensions to PNs have been proposed
both to increase the class of problems that can be represented (modeling
power) and the practical ability to represent common behavior (model-
ing convenience). Unfortunately, increasing the modeling power decreases
the decision power (the set of properties which may be analyzed). Conse-
quently, proposed extensions to the basic PN formalism must be evaluated
in terms of their effect upon modeling and decision power. Peterson gives
an excellent overview of these tradeoffs [51].

Extensions which affect only modeling convenience may be adopted
without losing analytical ability. Such extensions can be removed by trans-
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Fi1c. 2.2. Types of behavior that can be represented by PNs.

forming an extended PN into an equivalent PN satisfying Definition 2.1.
Theoretically, such extensions may be regarded as simply a convenient
shorthand. In practice, they may drastically improve the ability to apply
PNs to real problems.

One such extension has been so widely adopted that it is now consid-
ered part of the standard PN definition, arc multiplicity. In the presence of
multiple arcs, the enabling and firing rules of Definition 2.1 must be revised.
A transition is enabled iff there are at least as many tokens in each input
place as the multiplicity of the corresponding input arc. Similarly, firing a
transition removes and deposits as many tokens as the multiplicities of the
input and output arcs, respectively. The set of input/output arcs is gener-
alized to a multiset. The entries in matrices Dt and D~ are non-negative
integers. Multiple arcs are usually drawn as a single arc annotated with
an expression denoting the multiplicity. The addition of multiple arcs does
not change the modeling or decision power of the PN formalism.

Another frequently encountered extension is the inhibitor arc. Inhibitor
arcs connect a place to a transition and are drawn with a small circle instead
of the arrowhead. An inhibitor arc from place p to transition ¢ disables ¢
in any marking where p is not empty. Multiple inhibitor arcs can also be
defined, in which case t is disabled whenever p contains at least as many
tokens as the multiplicity of the inhibitor arc. Inhibitor arcs provide the
ability to test whether a place is empty, which is not possible using standard
PNs. This ability to perform zero testing extends the modeling power of
PNs, and reduces their decision power, to equal that of Turing machines.

Inhibitor arcs are the most common “Turing extension”, but several
others have been introduced. In theory, once any Turing extension has
been adopted, any other extension is redundant. In practice, each of the
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Fi1G. 2.3. Equivalence of priorities and inhibitor arcs (11 > t2).

extensions described below is particularly well suited to representing some
type of behavior.

Often, an activity must have precedence over another when they both
require the same resource. Inhibitor arcs can be used to represent such
constraints, but they may clutter the model. It is much more convenient
to incorporate transition priorities directly into the formalism (see Figure
2.3). Traditionally, PN priorities have been defined by assigning an integer
priority level to each transition, and adding the constraint that a transi-
tion may be enabled only if no higher priority transition is enabled. The
extended PN definition that follows generalizes the notion of priorities by
requiring only a partial order among transitions. This added flexibility
provides a simple way to model the situation where t; > t5, t3 > t4, but #;
has no priority relation with respect to t3 and t4.

We insist that transition priorities be defined by a static relation — the
relative priority of any two transitions cannot depend upon the marking
of the PN. This restriction allows more efficient analysis techniques, as
well as a simpler, less error prone model specification. However, there are
situations where a transition needs to be disabled depending upon marking
dependent conditions. It is always possible to define a marking dependent
constraint to prevent transition enabling using the primitives discussed so
far, but the construction may be cumbersome. A better alternative is to
define a marking dependent predicate as an additional enabling criterion for
each transition. We associate a guard with each transition; the transition
is enabled only if the guard is satisfied. Guards are also known as enabling
functions or, if the sense of the logic is reversed, as inhibiting functions.

The convenience of priorities and guards comes at a price. Standard
PNs can capture the entire system behavior graphically, but, when pri-
orities and guards are used, this ability is partially lost. Our choice is
to include priorities and guards in the PN definition, letting the modeler
determine the proper balance between graphical expressiveness and con-
ciseness.

Finally, we allow the multiplicity of an arc to depend on the marking
of the PN. Marking-dependent arc multiplicities belong to the same class
of extensions as inhibitor arcs, priorities and guards, but unlike the others,
they provide a convenient way to describe activities where the number
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of tokens needed to be transferred (or to enable the transition) depends
upon the system state. A common use for marking dependent arcs is to
allow a transition to flush all the tokens from a place with a single firing.
Marking dependent arc multiplicities allow simpler and more compact PNs
than would be otherwise possible in many situations. When exhaustive
state space exploration techniques are employed, their use can dramatically
reduce the state space. However, they preclude the structural analysis
techniques described in Section 3.4.

Other extensions to PNs, which we do not include in our definition, are
debit arcs and anti-tokens [65], colored tokens [35], and predicate-transition
nets [56] (the last two fall in the category of high-level nets).

In the special case of PNs with finite reachability sets, all the Turing
extensions provide only convenience and do not extend the class of systems
that may be represented beyond that of finite state machines. This is the
case of interest to us.

DEFINITION 2.2. An extended PN isa 8-tuple A = {P,T, D=, D% D°,
e,>, po} where:

e P T, and pg are defined as in Definition 2.1.

evpePvteT D, NI — N, DF, . NI — N, and D, :
NPl — IN are the marking-dependent multiplicities of the input
arc from p to ¢, the output arc from ¢ to p, and the inhibitor arc
from p to t, respectively. If an arc multiplicity evaluates to zero
in a marking, the arc is ignored (does not have any effect) in that
marking.
We say that a transition ¢ € 7" is arc-enabled in marking pu iff

Vp € P, Dy (1) < #(p, ) A (Dy (1) > #(p, ) V Dy (1) = 0)

When transition ¢ fires in marking p;, the new marking p; satisfies
the following firing rule:

Vp € P, #(p, pj) = #(p, i) — Dy o (ps) + DF (i)

Note that both D, and D;:t are evaluated on y; before firing ¢.

eVteT g :INPI - {true, false} is the guard for transition ¢. If
g:(p) = false, t is disabled in p.

e > is a transitive and irreflexive relation imposing a priority among
transitions. In a marking p, ¢; is marking-enabled iff it is arc-
enabled, g, (1) = true, and no other transition ¢, exists such that
ty > t1, tg is arc-enabled, and g4, (p) = true.

2.3. Stochastic Petri nets. In the previous section, we adopted a
particular PN formalism which can, in theory, describe any discrete-state
behavior, being equivalent to Turing machines. By associating stochastic
and timing information to it, we obtain the SPN formalism.



AUTOMATED GENERATION AND ANALYSIS OF MARKOV REWARD 9

In general terms, we are interested in imposing a timing upon the flow
of tokens. We do this by associating a random variable called firing time
with transitions, representing the time that must elapse from the instant
the transition is enabled to the instant it actually fires in isolation, that is,
assuming that no other transition firing affects it. An alternative approach
associates a waiting time with places [62], so that a token arriving into a
place can enable a transition only after this waiting time is elapsed. The
two approaches can model the same class of systems, but the latter has
the disadvantage that the marking of the (untimed) PN does not represent
the entire state of the model, since it is further necessary to distinguish
whether each token in each place is “waiting” or “ready”.

Much more fundamental are the choices about the ezecution policy, the
memory policy, and the probabilistic distributions available to specify the
timing (we follow the terminology used in [2], but see also [7]).

The execution policy specifies which transition will fire among those
enabled in a marking. We adopt the race policy, where the transition
whose firing time elapses first is the one that will fire. An alternative is
the preselection policy, where the next transition to fire in a given marking
is chosen among the enabled transitions using a probability distribution
independent of their firing times.

If the race policy is adopted, a memory policy must be specified to de-
termine the effect of the change of marking on the (remaining) firing time
of the transitions that did not fire. With the resampling policy, each change
of marking causes the other enabled transitions to resample a new firing
time from their distribution. With the enabling memory policy, transitions
which remain enabled after the change of marking retain the firing time
initially sampled, reduced by the time they have been enabled without in-
terruption; transitions which become disabled instead “lose the work done”
and must resample a new firing time once they become enabled again. Fi-
nally, with the age policy, the time spent by a transition while enabled
is never lost, even when it becomes subsequently disabled; a new sample
is drawn from the firing time distribution only after the previous sample
elapsed, causing the transition to fire.

These policies correspond to different types of behavior. In the same
SPN, different policies might be needed for different transitions or even for
the same transition in different markings.

According to the type of distribution allowed, the SPN formalism may
correspond to a wide range of well-known stochastic processes. For exam-
ple, assuming an enabling memory policy:

e If firing times are geometrically or exponentially distributed, a dis-
crete or continuous-time Markov chain (DTMC or CTMC) is ob-
tained, respectively [46].

e If firing times can have general distributions, a generalized semi-
Markov process (GSMP) is obtained [28].

e Under certain conditions restricting the type of distribution that
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Fia. 2.4. Influence of timing over the structural behavior of the SPN.

concurrently enabled transitions can have, a semi-Markov process
(SMP) is obtained [7,12].

Consider now a SPN with race policy where some or all of the tran-
sitions have a firing time distribution with discrete impulses, such as the
constant distribution. In this case, the race policy is insufficient to specify
the entire behavior of the SPN, since it does not specify which transition
should be fired when several are enabled and their firing time elapses at
the same instant (this event has probability zero if the distributions are
continuous). The introduction of firing probabilities, usually specified as
weights to be normalized, resolves these conflicts [3].

It is often desirable to ensure that the reachability graphs for the SPN
and underlying PN models are equivalent. When this holds, all the PN
analysis results of Section 3 can be applied without change. Unfortunately,
timing may affect the logical behavior of the SPN as well. In this case, the
reachability graph of the SPN has arcs or even nodes missing with respect
to that of the underlying PN. For example, in Figure 2.4, transitions ¢; and
ty are both enabled in the underlying PN. If their firing times are constants
equal 1 and 2, respectively, ¢5 cannot fire in that marking, since the token
will be removed by ¢, which has a shorter firing time.

If all the distributions involved are continuous with support [0, c0),
the reachability graphs of the PN and the SPN are indeed equivalent. This
is one of the reasons why the firing times are often restricted to have an
exponential distribution. Even more important in this case, though, is the
fact that the SPN can be automatically transformed into a CTMC [46].

In the generalized stochastic Petri nets (GSPNs) [3], the transitions
are allowed to either have an exponential distribution (timed transitions)
or fire in zero time (immediate transitions). This destroys the equivalence
between the SPN and the PN reachability graphs, since the firing time of
immediate transitions is always smaller than that of timed transitions. The
equivalence of the reachability graphs is easily restored, for example, by as-
signing a higher priority to the immediate transitions. Also the GSPNs can
be automatically transformed into CTMCs, provided that the underlying
process is regular, that is, the number of transition firings in a finite inter-
val of time is finite with probability one. The presence of an infinite firing
sequence containing only immediate transitions could violate this assump-
tion. For finite reachability sets, this can only happen if a vanishing loop
exists [12]. This case is of little practical interest and we do not consider
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it further.

Our definition of SPNs differs from that of GSPNs in several key as-
pects. From a structural point of view, both formalisms are equivalent to
Turing machines. OQur SPNs, though, provide guards, marking-dependent
arc multiplicities, a more general approach to the specification of priorities,
and the ability to decide in a marking-dependent fashion whether the firing
time of a transition is exponentially distributed or zero, often resulting in
more compact nets.

DEFINITION 2.3. ASPNisa 10-tuple A = {P,T, D=, D% D° ¢ > po,
A, w} where:

e P, T, D™, DT, D° ug,e, and >, are defined as in Definition 2.2.
They describe an extended PN.

eVt e )X : NPl - IR¥ U {co} is the rate of the exponential
distribution for the firing time of transition ¢. If A;(u) = oo, the
firing time of ¢ in p is zero. This is a generalization of the GSPN
definition, where transitions are a prior: classified as timed or im-
mediate. The definition of vanishing and tangible marking, though,
is still applicable: a marking p is said to be vanishing if there is a
marking-enabled transition ¢ in g such that A;(p) = oo; p is said
to be tangible otherwise.

We indicate with 7 and V the tangible and vanishing portion of
the reachability set, respectively: 77UV = §.

We additionally impose the interpretation that, in a vanishing
marking p, all transitions ¢t with A;(p) < oo are implicitly inhib-
ited. Hence, a transition ¢ in a marking g is enabled in the usual
sense and can fire iff it is marking-enabled and either u is tangible
or A(p) = o0.

o Vi €T w, : NP — IR describes the weight assigned to the firing
of enabled transition ¢, whenever its rate A; evaluates to oco. The
probability of firing transition ¢ enabled in a vanishing marking y
is:

wy ()

If a marking-dependent weight specification is not needed, the def-
inition of w can be reduced to

Vi € T, wy € R+

Both A; and w; are partial functions. A; need only be defined in mark-
ings where transition ¢ is marking-enabled, while w; need only be defined
when ¢ 1s enabled and A; is infinite.

According to our definition, a SPN identifies a trivariate discrete-time
stochastic process: {(t[", 0”1 ul"ly n € IN}. For n = 0, we use the con-
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vention ¢l = NULL and 6[°! = 0, that is, the SPN is in marking po with
probability one at time zero. For n > 0, t{*l € 7' is the n-th transition
to fire; its firing leads to ul®l, the n-th marking encountered, and 6"l is

the time at which it fires. Hence, ,u["_l]t[j,u["] and A1 — gl > 0 is the
sojourn time for the corresponding visit in marking ul™. This process is a
SMP where the sojourn times are either exponentially distributed, for tan-
gible markings, or zero, for vanishing markings. It is also possible to define
a continuous-time process describing the marking at time 6, {u(60),6 > 0},
which is completely determined given {(¢[*}, 01?1 ul*]) n € IN}:

H(g) = Hmax{n:9l=1<g}

This process considers only the evolution with respect to the tangible mark-
ings, that is, Pr{u(0) € V} = 0. {u(0),0 > 0} is a CTMC [3].

Marking dependent transition firing rates [3] can succinctly describe
a complex behavior. For example, traditional queueing network models
describe the effect of competition for a shared resource in terms of the
queueing and service disciplines [5]. Common queueing disciplines include
first-come-first-served (FCFS), processor sharing (PS), and last-come-first-
served-preemptive-resume (LCFSPR). Common service disciplines include
single (SS), multiple (MS), and infinite (IS) number of servers. In the
SPN formalism, tokens (customers) are indistinguishable (single class), and
the firing (service) times are exponentially distributed, hence the queueing
discipline is not an issue. Any service discipline, though, can be represented
in a SPN, using the appropriate firing rates.

Consider the SPN in Figure 2.5, where transition ¢ and place p represent
a service center and its associated queue, respectively. The IS discipline is
obtained by defining the firing rate of ¢ be defined as a constant z € IR*
times the number of tokens in the input place:

Ai(p) = #(p, p)x

The SS discipline corresponds to a constant firing rate:

Ai(p) ==

A MS discipline with K servers is obtained by defining

A(p) = min{#(p, p), K }z

In some models, several transitions may share a single resource. For
example, transitions may represent the internal behavior of software pro-
cesses. Logically, the processes may be independent, yet they do affect one
another by competing for a shared resource such as the physical computer
system. The firing rates for the competing transitions can be modified to
take this into account. Consider Figure 2.6, where ¢; and ?5 share a re-
source (this is is not apparent from the PN graph). In the first marking,
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Fi1G. 2.5. Representing a single queue with a SPN.
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Fic. 2.6. Representing shared resources with SPNs.

both ¢; and 5 are enabled and competing for the shared resource, so their
rates should be half of what they would be if they each had exclusive use
the resource. If ¢; fires, t5 has exclusive use of the resource, so its firing rate
is no longer degraded. Assuming that each token in p; and ps attempts to
use the resource, the firing rates could be defined as

. 1‘1#(191,#)
M) = Fo )+ # )

_ 1‘2#(1)2,#)
M) = For )+ #oa )

where 1 and x5 are the rates at which tokens would be processed by #;
and %5 in isolation, respectively.

Several extension are possible. There could be s transitions ;.. .1,
sharing a marking dependent number K (u) of identical resources (this could
be used to model failure and repair of servers). The number of requests is-
sued to the resource by each transition t; could be a more complex function
than just the number of tokens in its input place, f;(u). The overhead of
sharing resources could be non-negligible, requiring a marking-dependent
function 0 < o(u) < 1 to describe it. The firing rates could then be defined
as:

min {K(u), Zfi(ﬂ)}

Ari(p) = 2 fi(p) S fz_(;u) o(pt)




14 G. CIARDO, ET AL.

Finally, if the resource must be made unavailable in certain states, even
if there are customers ready to use it, a guard can be associated with the
appropriate transitions.

2.4. Proposed Formalism. The SPN formalismunderlying our SRN
definition can model the same class of systems as the GSPN formalism: the
power of a Turing machine is available to describe the structural behavior,
while exponential or constant zero distributions are available to describe
the timing of activities. The SPNs in Definition 2.3, though, are much more
flexible because they have a richer set of constructs which often result in a
more compact model for a given problem.

The treatment of the measures in the SRN is even more important:
the SRN formalism considers the measure specification as an integral part
of the model. Underlying an SRN is an independent semi-Markov reward
process with reward rates associated to the markings and reward impulses
associated to the transitions between markings. Our definition of SRN
explicitly includes parameters (inputs) and the specification of multiple
measures (outputs). A SRN with m inputs and n outputs defines a function
from IR™ to IR™.

DEFINITION 2.4. A (non-parametric) SRNisan 11-tuple A = {P,T, D,
DT, D° e, >, jug, A, w, M} where:

e P, T, D™, DY D° ug, e, >, A, and w are defined as in Definition
2.3. They describe a SPN.

o M = {(p1,71,%1), ..., (p\m), "|m|, Y1) } is a finite set of measures,
each specifying the computation of a single real value. A measure
(p,r,¢) € M has three components. The first and second com-
ponents specify a reward structure over the underlying stochastic
process { (¢t 071 ulrly n e IN}.

p:IN|P|—>IR

is a reward rate: Yu € S, p(p) is the rate at which reward is accu-
mulated when the marking is p.

vteT r: NPT R

is a reward impulse: Vu € 8,r4(p) is the instantaneous reward
gained when firing transition ¢ in marking p. Often, a marking-
dependent reward impulse specification is not needed, so the defi-
nition of r can be reduced to

\V/tET,T’tEIR

The reward structure specified by p and r over {(t[”], gl ,u["]), n €
IN} completely determines the sequence {Y[?] n € IN}, where

vl — /
0

glnl

p(p(u))du + Z roa (=)
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represents the reward accumulated until time 60?1 and Y% = 0.
We can also define a continuous process {Y (6),60 > 0}, describing
the reward accumulated by the SRN up to an arbitrary time :

9 max{n:6["<g}
YO = [putdut S ()
0

n=1

The third component of a measure specification, %, is a func-
tion that computes a single real value from the stochastic process
{(t["], ol plnl Y["]), n € IN} or, more simply, from {Y (¢),6 > 0}.

The generality of this definition is best illustrated by showing the wide
range of measures the triplet (p,r, ¢) can capture (in a given SRN, some
of these measures might be infinite):

Expected number of transition firings up to time #: this is simply
E[Y (0)] when all reward rates are zero and all reward impulses are
one.

Expected time-averaged reward up to time 6:

¥

Expected instantaneous reward rate at time 6:

. [Y(awg —Y(H)]

6—0
Expected accumulated reward rate up to steady state:

E[Y] = lim E[Y(0)]

Mean time to absorption: this is a particular case of the previ-
ous measure, obtained by setting the reward rate of transient and
absorbing markings to one and zero, respectively, and all reward
impulses to zero.

Expected instantaneous reward rate in steady state:

[Y(6+6) - Y(H)]

lim lim
im lim 5

§—oco §—0

which can also be expressed as the expected time-average reward
up to steady state:

Supremum reward rate in any reachable marking:

sup {p() : Pr(u™ = ) > 0}
n>0
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A parametric SRN is obtained allowing each component of an SRN to
depend on a set of parameters 8 = (51, ..., Bm) € R™:

A(B) = {P(B),T(8), D~(B), D (8), D°(B), e(B), > (B), o (B), A(B), w(B), M(B)}

Once the parameters 3 are fixed, a simple (non-parametric) SRN is ob-
tained.

A fundamental capability captured by our parametrization is that of
specifying the initial marking not as a single marking, but as a probability
vector defined over a set of markings. This is often required in transient
analysis, if the initial state of the system is uncertain. If pg = p;, 1 <1 < K
with probability ;(0), the following construction will suffice:

1. Add a place pyg.
2. Add transitions t,1 < i < K, with rate )‘tg = oo and weight
Wi = 7:(0).
3. For each new transition ), set D ot = =1
4. For each new transition t} and for each original place p;, set
D;- ti = #(pj¢/~‘i)
5. Set pg to have one token in pg, no tokens elsewhere.
The modified SRN will initiate its activity by removing the token from
po and adding the appropriate tokens to create one of the possible initial
markings, with the corresponding probability.

While this is not a practical method if the number of possible initial
markings K islarge, it shows that the parametrization of the initial marking
probability falls into our framework.

In practice, more efficient ad hoc approaches for the specification of
the initial probability vector might be employed by solution packages. For
example, SPNP [17] uses the following approach:

1. Build the reachability set starting from a single initial marking pg
specified by the user.

2. Evaluate a user-specified marking-dependent non-negative expres-
sion f in each marking p of the reachability set.

3. Assign initial probability v;(0) = f(u:)/ >_jes f(p;) to marking
M-

3. Logical analysis. A PN, a marking, or a reachability graph may
exhibit several logical properties. It is important to determine whether
these properties hold since they correspond to properties in the system
being modeled and they may also affect the choice of analysis technique.

A place p is k-bounded iff the place contains at most k tokens in any
reachable marking:

Vu €S, #(p,p) <k

In particular, a place is safe iff it is 1-bounded. A PN is k-bounded (safe)
iff each of its places is k-bounded (safe).
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A PN is conservative iff the total number of tokens remains constant
in each reachable marking. A PN is weighted conservative iff there exists a
set of positive integer weights such that the weighted sum of the number
of tokens in each place remains constant in every reachable marking:

Elcl: - CP) € IN+,V/LZ,/LJ € S: Zcp#(p,,uz) = Z Cp#(p:,u])

peEP peEP

A PN which exhibits any of the above properties (boundedness or conser-
vation) has a finite reachability set.

A transition ? is said to be live iff for each reachable marking, there
exists some firing sequence that leads to a marking where the transition is

enabled:
t
Vi € 8, 3p5 1 pa—puj A pj—

Actually, there are several degrees of liveness, the above definition being
the most strict [51]. A PN is live iff each of its transitions is live. Liveness
is an important property when studying potential deadlocks in a system.

A PN is reversible iff the initial marking can be reached from every
reachable marking:

Vi € S, pi——pio

This definition may be relaxed to require only that there exist some marking
; that is reachable from every reachable marking [50]:

i Vi € S, pip

The definition of reversibility commonly applied to PNs is unrelated to the
concept of time-reversibility used to describe a class of Markov chains that
admit a recursive solution [38].

Two transitions ¢; and t; are mutually exclusive iff they are never si-
multaneously enabled

t; tj
S(FRES  p—Ap—)

A PN is pure if it does not contain a transition whose firing has no
effect on some marking

~(FteT,IueS: utpy)

A PN is simple if it does not contain two distinct transitions ¢; and ¢;
whose firing cause the same effect in some marking?

1 For standard PNs with constant multiplicity arcs, simplicity is used to ensure that
no redundant transitions or places exist. In our definition, instead, we are only concerned
with redundant transitions.
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P1 Py
H H
Potential conflict Effective conflict Asymmetric conflict

Fi1a. 3.1. Different types of conflict.

t £
~(3ti,t; € Tty #t5,3p1, p2 €8 = prr—-pa A p1—=puz)

Two transitions #; and t5 are in potential conflict iff they share some
input place: -t; Nty # . Potential conflict depends only on the structure
of the PN graph. Two transitions ¢; and ¢, are instead in effective conflict
in some marking p iff they are both enabled in g and firing one disables
the other. Conflict is not necessarily symmetric. In the last PN in Figure
3.1, transition t5 is in conflict with ¢;, but ¢; is not in conflict with 5.

Two transitions ¢; and {5 are concurrent in some marking g iff they
are both enabled in g and neither is in effective conflict with the other.

1 1 1 1
p = A p =

If two transitions are concurrent and their input and output arcs have
constant multipicity, firing them in either order leads to the same marking.
Let ¢; and ¢35 be concurrent in marking p as above, then
g A g

Combining concurrency and conflict may lead to a situation known as
confusion. Confusion occurs when the manner and order in which separate
conflicts are resolved affects the final outcome. In the presence of confu-
sion, conflicts that involve distinct sets of transitions or even that occur
at different times are not independent. For example, in Figure 3.2 there
are two conflicts to resolve: the conflict between ¢; and ¢ and the conflict
between t3 and t4. Assume that ¢5 is chosen over ¢; and that ¢35 is chosen
over t4. If t3 fires first then ¢5 becomes enabled and may fire removing the
conflict between t; and ¢, altogether. If, on the other hand, ¢ fires before
t3 then the conflict between t3 and ¢4 is unaffected, and ¢3 may fire. In this
case, the final marking depends not only on how the conflicts are resolved,
but in which order.

A more precise definition of confusion requires the notion of a conflict
set. The conflict set of transition ¢ enabled in marking p is the maximal
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P1 P2

Fic. 3.2. A confused PN.

set of transitions which are in conflict with ¢.

ts
cfl(t, p) = {t: €T : Ipj € S, =i A=(pj—)}

Let ¢; and ¢5 be simultaneously enabled in g, then (u,t1,%2) is a confusion iff
efl(t, 1) # cfl(t1, p;) where /JE/J]' and to & cfl(t1, ). A PN is confused
in marking g iff there is a confusion in g [57]. That is, a PN is confused
when firing a transition changes the conflict set of a concurrent transition.

Confusion may accurately represent the behavior of the system being
modeled or be artificially introduced by the interleaving semantics required
for PN transition firings. Confusion becomes particularly critical to detect
among the immediate transitions in a GSPN or SRN. It is disconcerting
for model results to depend upon the interleaving of asynchronous instan-
taneous events that are not in conflict. In [4], a test for finding potential
confusion among immediate transitions is presented.

3.1. Marking classification. The standard state classification
schemes for Markov chains apply to SRN markings as well [69]. A mark-
ing is recurrent iff, upon exit from that marking, it will be reentered with
probability one. Otherwise a marking is transient. We may further clas-
sify recurrent markings as positive recurrent and null recurrent, according
to whether the mean time to return to the marking is finite or infinite,
respectively.

We only consider the case of finite reachability sets, where no null
recurrent markings exist and the determination whether a state is transient
or recurrent depends solely upon the structure of the reachability graph,
and not upon the transition firing rates:

p; is transient < Ip; € S 1 pi—pj A —(pj—-pu;)

Every SRN with a finite reachability set will eventually enter a marking
from where no transient state is reachable.
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An SRN will instead return to a recurrent marking an arbitrary number
of times after it has reached it at least once. However, a recurrent marking
may not be reached at all in a particular evolution of the SRN, because there
may be multiple sets of states that act as traps, such that once the SRN
enters one state in the set, it may thereafter only enter states belonging
to that same set. A set of mutually reachable recurrent states is called a
recurrent class.

In general, a reachability graph contains a possibly empty set of tran-
sient markings and one or more sets of recurrent markings. If there is more
than one recurrent class, then the initial marking must be transient, since
there is at least one firing sequence that leads from the initial marking,
possibly through some intermediate transient markings, to each recurrent
class. Obviously, the recurrent markings are of special interest when study-
ing the steady state behavior of the SRN, but transient markings can affect
the probability of which recurrent class the SRN eventually enters. When
there is a single recurrent class, transient markings are irrelevant to the
study of the steady state behavior of the SRN.

For finite reachability graphs, the first step in determining the recurrent
classes is to identify the strongly connected components of the reachability
graph [1]. Each strongly connected component which cannot be exited
constitutes a recurrent class. In particular, a single marking enabling no
transition, or an absorbing marking, is a recurrent class by itself.

Finally, when discussing SRN markings, it is important to note whether
they are vanishing or tangible as defined in Section 2.3. This depends solely
upon the rates of the enabled transitions in that marking and is completely
independent of any structural properties of the reachability graph. In par-
ticular a marking may be either tangible or vanishing and also be either
transient or recurrent. Vanishing or tangible refers to the time an SRN
remains in a marking per visit. Recurrent or transient refers to whether
the SRN returns to a marking a finite or an infinite number of times.

3.2. Classes of PNs. It is natural to consider the effect of restricting
or extending the definition of PNs upon the class of systems that may be
modeled and the feasibility or efficiency of various types of analysis (see
Figure 3.3).

A marked graph is a PN where every place has one input arc and one
output arc. When drawing a marked graph, it is customary to draw only
the transitions and to substitute each place and its input and output arcs
with a single arc, so that the place is only implicitly represented and tokens
reside on the arcs of the graph. Transitions in a marked graph are typically
shown as circles.

Marked graphs can represent synchronization and concurrency but not
conflict. In return for the restricted modeling power, marked graphs can
be analyzed more efficiently than standard PNs. As a consequence of the
definition of a marked graph, the steady-state throughput is the same for all
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g 2

Finite State Machine Marked Graph Free Choice Net

Not a Finite State Machine Not a Marked Graph Not a Free Choice Net

7ol il

Fi1a. 3.3. Classes of PNs.

transitions (defined as the expected number of times a transition fires per
unit time), independent of the firing time distributions. Thus it is possible
to speak of the throughput of a marked graph. Though restrictive compared
to standard PNs, marked graphs are an extension of PERT networks and
task precedence graphs, which are simply safe acyclic marked graphs.

A finite state machine (FSM) is a PN where every transition has exactly
one input arc and exactly one output arc. Similarly to marked graphs, it
is customary to draw only the places since there is an implicit transition
along every arc.

A PN is said to be free choice iff each transition that has more than
one input place is the only output transition for each of its input places.
The free choice restriction implies that each conflict may be resolved in iso-
lation. Free choice PNs extend the class of systems that can be represented
by marked graphs. They allow a limited type of conflict that can be re-
solved based solely on local information. Free choice PNs cannot represent
confusion. Balbo et al. generalized the definition of free choice based on
the concept of extended conflict sets [4].

Standard PNs can represent many forms of conflict, including those
that are disallowed in free choice PNs, but cannot represent zero testing.
As discussed in Section 2.2, adding inhibitor arcs increases the modeling
power of PNs to equal that of Turing machines.
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1) 8={u}

) A=

3) 8" = (o)

4)  while 8*¢* # ) do

5) choose a marking p from §™*¥

7) foreach ¢t € 1" do

8) if t enabled in p

9) P =+ D:t(ﬂ) - D:t(ﬂ)
10) if p** ¢ S then

11) Snew — Snew U {Mnew}
12) S=8u{u"v}

13) A= AU {(pbpre))

F1a. 3.4. Algorithm to generate the reachability graph (S,.A).

3.3. Reachability graph analysis. A standard technique for study-
ing PNs is to construct and explore the reachability graph. Obviously, this
approach requires the reachability graph to be finite.? It is possible to
simultaneously generate the reachability set & and the reachability graph
(S, A) using a simple generate-and-test algorithm. This is accomplished
by visiting each reachable marking, starting from the initial marking. The
algorithm is outlined in Figure 3.4.

If the SRN is not simple, A contains multiple arcs from y; to p;, labeled
with different transitions. Furthermore, if the SRN is not pure, self-arcs
mim are also present.

When the reachability set is finite, all questions about a PN are de-
cidable and can be answered by exploring the reachability graph. Unfortu-
nately, the reachability set is extremely large in most practical problems,
so tractability, rather than decidability, is often the concern when using
reachability graph analysis.

When the size of the reachability graph prohibits exhaustive analysis,
a subset of the reachability graph may be explored using simulation. Most
properties cannot be determined with certainty using simulation (such as
the absence of reachable markings satisfying a given condition), yet it is
possible to gain some insight into the behavior of the system and to obtain
timing information, using Monte Carlo simulation. Alternatively, it may
be possible to avoid generating the reachability graph altogether, using the
techniques illustrated in the next section.

2 When the reachability graph is infinite, it is possible to construct a finite repre-
sentation of it known as the reachability tree, [51,56]. Inspection of the reachability
tree can answer only a subset of the questions that can be answered by inspecting the
reachability graph.
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3.4. Structural analysis. This section presents results applicable
only to PNs with constant arc multiplicities. It is important to distin-
guish whether a property refers to the set of all reachable markings, as
with mutual exclusion, or to a particular marking, as with conflict.

In some cases, it is possible to determine that a property is preserved
in all reachable markings solely from information present in the PN graph.
For example, in the standard PN formalism, two transitions that do not
share any input places can never be in effective conflict. Such transitions
are said to be structurally conflict-free. In [4], structural tests for logical
properties such as conflict, mutual exclusion, and confusion are presented.
Such tests are weaker than those based upon exploration of all reachable
markings, but they are much more efficient.

For example, transitions ¢; and ?5 in the first PN in Figure 3.1 share
an input place ps, so they are in potential conflict. If the initial marking is
such that p; and ps cannot both have a token at the same time, then the
two transitions are never in effective conflict.

In contrast to reachability graph analysis, structural analysis tech-
niques consider only the structure of the PN graph and examine the set of
reachable markings only implicitly. Structural analysis is normally quite
efficient, requiring a number of operations that is polynomial in the number
of places and transitions.

Invariant analysis considers only the PN incidence matrix (Dt — D7)
which describes the “net marking change” when firing each transition, but
not the conditions required for a transition to be enabled.

An s-invariant is a non-negative integer solution to the equation

(3.1) 2(DY — D7) =0

The weighted sum EpeP zp#(p) has the same value in any reachable mark-
ing. The s-invariant x covers a place if z, > 0.
A t-invariant is a solution to the equation

(3.2) (DY =D )y' =0

(where the superscript 7 indicates transposition). If, V¢ € T, a firing
sequence s contains y; occurrences of transition ¢, then s leads any marking
back to itself. The existence of a t-invariant does not imply that any such
legal firing sequence can actually occur.

If @ and b are two s-invariants and o € INt| then so are aa and a + b.
The analogous property holds for ¢-invariants. Hence, we are normally
interested in a minimal set of invariants, from which all other invariants
are obtained as linear combinations.

Invariant analysis has limitations. The set of invariants is independent
of the initial marking, while the behavior of the PN can be substantially
affected by it. Also, the incidence matrix does not capture the situation
where a place p is both an input and an output for a transition ¢, since the
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entries D, and D;t cancel each other in this case. This “control place”,
though, could have an important effect on the PN behavior. Nor can invari-
ant analysis make use of the presence of inhibitor arcs, transition priorities,
or guards, as they do not effect the incidence matrix. The invariants given
by solutions to Equations 3.1 and 3.2 are still valid in these cases, but there
are other conditions which might hold in the PN and are not captured by
the invariants.

Marking invariants simply use the initial marking to fix the constant
implicit in each s-invariant. While an s-invariant states that the weighted
sum of the tokens in some set of places remains constant, the corresponding
marking invariant determines the value of this constant from the initial
marking.

Invariants may be used for several purposes. For example, if there
exists an s-invariant that covers every place in a PN, then the PN is struc-
turally bounded, it has a finite reachability graph for any initial marking.
Consider a GSPN where every transition is defined a prior: to be either
timed or immediate for all markings, as in [3]. If no ¢-invariant contains only
immediate transitions, then the state space does not contain any vanishing
loops, regardless of the initial marking. This property may be exploited to
warn the user of potential vanishing loops or to use a more general (but
less efficient) solution method only when needed.

4. Temporal analysis. This section shows how to perform the tem-
poral analysis of a SRN, starting from its reachability graph (S,.4). The
steps we provide are those used by automatic tools such as SPNP [17]. For
the type of numerical solution we discuss, we assume that the measures
of interest are of the form given by the examples in Section 2.4. These
measures are computed by solving the SMP {(¢I?] gl*] u[rl) n € INY first,
to compute the following quantities (see also Table 4.1):

e The expected amount of time spent in each tangible marking ¢
during the interval [0, 6) or up to steady state:

o(0) = [o:(0)] =

/06 Prip(u) = i}du]

o
o=|o;] = llim / Pr{p(u) = z}du]
f—o0 fg

o; is of interest only if 7 is a transient marking, since o; = oo if
¢ is recurrent. o is often studied in connection with SRNs having
absorbing markings, hence it is usually indicated as the expected
time spent in each marking “up to absorption”.

e The probability of being in each tangible marking i at a given time
f or in steady state:

m(0) = [mi(0)] = [Prip(®) = i}]
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Cumulative Instantaneous

Transient ‘ Steady state | Transient ‘ Steady state

Marking i oi(0) o; ;i (0) T
Transition Z—rj Ni,j (6) Ni,j QZ,‘](G) <I>i,j
TABLE 4.1

Eight quantities obtainable from the study of{(t["],ﬁ["],,u["]),n € IN}.

v =[m] = [913:0 Priu(0) = i}]

e The expected number of marking-to-marking transitions from ¢ to
j, indicated with ¢—j, up to time & or up to steady state:

max{n:#["<g}
t["]

N@O) =[N (0] = |E| > Pridt=ini—j}
n=1
[n]
N=[Nijl= |E | Priph =ini=j)
n>1

N; ; is of interest only if ¢ is transient.
e The expected frequency of marking-to-marking transitions :—j at
time @ or in steady state:

3(0) = [@,,(0)) = [t 7| LR

6—0

o = [q)i,j] = |: lim lim £ |:NZ’] (0 + 6) _ NZ’] (0):|:|
f—00 6—0 6
The SRN measures are then obtained as a linear combination of the above
quantities using the specified reward rates or impulses as the multiplying
factors. o(0), o, w(#), and 7 are related to sojourns in the SRN markings,
so they are multiplied by the corresponding reward rates: the multiplying
factor associated to marking i is p(i). N(6), N, ®(#), and & are instead
related to transitions between markings of the SRN, so they are multiplied
by the corresponding reward impulses: the multiplying factor associated to
i—j is r¢(¢) if ¢ is the only transition such that zij In general, though,
the SRN might not be simple, so ¢ and j might not uniquely identify ¢. We
must then define the reward impulse associated to the marking-to-marking
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transition i—j, based on the reward impulses associated to transition fir-
ings:

> (i)

1
teTi—j

> M)

1
teT:i—

ifie7

rg= 3, r@Pr{d = o =i = gy =
teT i~ > mldw(i)
teT:iifj
Z 'wt(i)

1
teT:i—

ifieV

The expected instantaneous reward at time @ is then obtained as

lim £

6—0

- Zp(i)m(lg) + Z Ti,jq)i,j(g)

and the expected reward up to time 6 as

EY(0)] =Y p(i)o:(0) + > rijNij(0)

i€S i,jES

Time-averaged measures are obtained by dividing E[Y(6)] by 6. The
analogous steady state measures are obtained by using the steady state
quantities w, o, N, and ® instead of their transient counterparts.

The reachability graph (S, .4) implicitly describes {(¢["], 00" uln)y n €
IN} but, in practice, the following quantities are used.
o h = [h] = [E[PT] — gl*]|ul?] = 4]], a vector describing the ex-
pected holding time in each marking:

-1

By = > M) ifieT
tET:i—tr

0 ifiey

o Il = [Il;;] = [Pr{ul*+1 = j|ul*] = 4}], a matrix describing the
probability of marking-to-marking transitions. II is stochastic, cor-
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responding to the embedded DTMC process {ul™, n € IN}.

> Auli)h ifieT
13
teT:i—j
I = !
STowli) | DD wi(i) ifieV
tGT:iirj teT:iir

e 7(0) = [7:(0)] = [Pr{uo = i}], a vector describing the probability
of being initially in each marking. The embedded DTMC process
{,u[”], n € IN} has the same initial probability vector. As discussed
in Section 2.4, the initial distribution could be captured by the
SRN, but it is more efficient and common to assume that v(0) is
explicitly provided as input.

4.1. Preservation or elimination of the vanishing markings.
So far, we have considered the entire state space S of the SMP. In practice,
the reward rates associated to the vanishing markings do not contribute in
any way to the value of a measure, since o(f), o;, #(0), and =; are zero if
¢ is a vanishing marking. A common approach to the solution of the SMP
requires the elimination of the vanishing markings. If h, II, and y(0) are
partitioned according to the type of marking (vanishing or tangible) into:

Oyy | Oy 7

h=1[0hr] = 7(0) = [w(0) [y (0)]

Ory |l 7

it is possible to define a new process that considers only the tangible-
marking-to-tangible-marking transitions. This new process is described by
hr, IT*, and «(0), given by:

M =My 7+ 7y (I —Tyy) 'y 7

7(0) = 37(0) + w(0) (I — Ty y) " Ty 7

II* might have nonzero diagonal entries either because I+ 7 does (if the
PN is not pure) or because the reachability graph contains paths i1 where
t € 7 but all the intermediate markings are vanishing. Figure 4.1 depicts
these situations on a portion of a reachability graph before and after this
elimination (tangible and vanishing markings are represented as ovals and
rectangles, respectively).

Since the sojourn time in the tangible markings is exponentially dis-
tributed, the resulting process is the CTMC {u(6),0 > 0} already men-
tioned in Section 2.3 [3] and it is more commonly described by the infinites-
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Fi1c. 4.1. Origin of diagonal entries in the transition rate matriz.

imal generator matrix @ plus the initial probability vector «(0), where

7, (1 - 1055)

i ifi#j

Qi,j:
-m
—T 1?=7

The factor (1 — H;i) is needed to account for the nonzero diagonal entries
in II. In other words, the expected sojourn time in tangible marking ¢ is
h; for the SMP {(¢[") 6" ul*)y n € IN}, but h;/(1 — 11} ;) for the CTMC
{p(0),0 > 0}, which does not consider transitions i—i as interruptions of
the sojourn in marking ¢.

The elimination of the vanishing markings reduces the number of states
in the process to be studied, but it also perturbs the structure of the reach-
ability graph, which describes the marking-to-marking transitions. For
example, if 74 » # 0 in Figure 4.1, the arc a—b must be taken into account
even if @ and b have been eliminated.

We can then say that the temporal analysis of a SRN is concerned with
computing o(9), o, w(0), =, N(0), N, ®(0), and ® given h, II, and v(0),
or @ and w(0). We call the first approach preservation, as opposed to the
second one requiring the elimination of the vanishing markings.

4.2. Instantaneous steady state analysis. For steady state analy-
sis, it is possible to use either preservation or elimination. As shown in [15],
both approaches have advantages and disadvantages and the best choice
among the two depends on the problem being solved. This discussion as-
sumes that the state space contains a single recurrent class, see Section 4.4
for the general case.

4.2.1. Preservation. To compute the steady state instantaneous prob-
abilities 7 and marking-to-marking transition frequencies ® with preserva-
tion:

e Compute the steady state probability vector for the underlying
DTMC:

(4.1) v =+l  subject to Z% =1
€S
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e Then:
Yihi Yihi
7TZ' = =
S vhe > b
kes keT
e And:

Vi Vi
@5 =100 = Iy =
Z’Ykhk Z Tehe
keS keT

where ¢ = [¢;] = [¢7|dv] represents the frequency with which each
marking ¢ is entered, or exited, in steady state.

4.2.2. Elimination. To compute the steady state instantaneous prob-
abilities 7 and marking-to-marking transition frequencies ® with elimina-
tion:

e Solve:

(4.2) 7@ =0  subject to Zm =1
€T

e If i is a tangible marking, ¢; = m;/h;, hence:

K3

Qi =Tij0i =14~

We compute ¢; as m;/h; and not as —m;/Q;; = m(l — H;Z»)/hi,
so that ¢; represents the frequency at which tangible marking
is entered in steady state before the elimination of the vanishing
markings. This ensures that ¢; has the same value independently
of whether it is compute using preservation or elimination.

e For the vanishing markings, though, ¢y must be obtained by solv-
ing the following equation:

(4.3) o[l =y y]=¢rllT )y
Once ¢y is obtained, ®; ; for i € V is computed as
®ij = Ii;oi

4.3. Cumulative steady state analysis. As with instantaneous steady
state analysis, the study of the cumulative behavior up to steady state can
be performed using either preservation or elimination.

4.3.1. Preservation. To compute the cumulative sojourn times (for
the transient markings) ¢ and marking-to-marking transitions (from the
transient markings) N up to steady state with preservation:
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e Define (%% and 4(°)(0) to be the restrictions of I and (0) to
the transient markings of the underlying DTMC, respectively.

e Define n = [n;] = [n7|ny] to be the expected number of visits
to each transient marking up to steady state for the underlying
DTMC. n is computed by solving

(4.4) n(l =10 = 5*(0)
e Then:
o; = n;h;
e And:
N; ;= 1I; jn;

4.3.2. Elimination. To compute the cumulative sojourn times (for
the transient markings) ¢ and marking-to-marking transitions (from the
transient markings) N up to steady state with elimination:

e Define Q(®% and 7()(0) to be the restrictions of @ and =(0) to
the transient markings, respectively.
e Solve:

(4.5) QO = —x(0)()

e If i is a tangible marking, n; = o;/h;, hence:

o;

N =10, iy = 10; 5 —
J AL Iy

e For the vanishing markings, though, ny must be obtained by solv-
ing the following equation:

(4.6) vl — 1Y) = nr1yy)

where Hg,oﬁ) and H(T()”g) are the restrictions of Iy y and Il7 )y to
the transient markings, respectively. Once ny is obtained, NV, ; is
computed as

Nij = Ui jn;

4.4. Multiple recurrent classes. Equation 4.1 admits a unique so-
lution 7 iff the state space S of the corresponding stochastic process con-
tains a single recurrent class. This section describes how to approach the
solution when multiple recurrent classes exist. Exactly the same discussion
would apply to Equation 4.2 and «.

If m recurrent classes exist, the initial marking po, and possibly other
markings as well, are transient. We can partition S into S(©), (1), ... 8§(m),
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corresponding to the transient markings and to the m recurrent classes,
respectively. Accordingly, IT and 4 can be partitioned as

.0 | 1) | o2 | ... | om)
0 D 0 0
_ = [~ (D) | |4(m)
= oo 0 and 7_[7 ‘7 ‘ ‘7 ]
0 0 coe || TIOmm)

The solution of each equation

7(i)H(i’i) = 'y(i) subject to Z 'y,(j) =

keSS
for ¢ = 1,...,m, is unique, but
m
VCl,...,Cm € R+,Zci = 1’7: |:O 617(1) ‘ Cm”)/(m) ]
i=1

is a solution to Equation 4.1.

To obtain the correct value for v, the constants ¢; must be set to
the probability of entering recurrent class () given the initial probability
vector 4(0). This is obtained by first computing the vector n, as described
in Section 4.3. Then,

= nI(®i17

where 1 is a vector of the appropriate dimension with all entries equal one.

This approach is particularly efficient since the identification of the
recurrent classes has complexity O(|.A|). Furthermore, it has the additional
advantage of requiring the manipulation of smaller matrices.

4.5. Transient Analysis. For transient analysis, elimination is the
method of choice. To compute the transient instantaneous probabilities
w(0), solve the Kolmogorov ordinary differential equation

(4.7) 7(f) = 7(6)Q with initial condition =(0)

where 7(f) is the derivative of = with respect to 6.
To compute the cumulative sojourn times o (@), solve the Kolmogorov
differential equation:

(4.8) ¢(0) =0(0)Q + x(0), with initial condition ¢(0) =0,

which is obtained by integrating Equation 4.7 with respect to 6.
The computation of ®(f) and N(#) is exactly analogous to the steady
state case and is omitted.
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4.6. Sensitivity analysis. Analytical models are often used to eval-
uate alternatives during the design of a system, such as: (1) If the intercon-
nections among the components are changed, how is the system throughput
affected? (2) What effect does the increase in the number of buses have on
their utilization? (3) How is the response time affected if the speed of the
buses is increased?

Furthermore, exact values for the parameters used in the specification
of the system may be unknown. One way of overcoming this problem is
to solve the model for different values of the parameters and comparing
the solutions obtained. If the model is highly sensitive to variation in a
parameter, greater effort should be placed in estimating its exact value,
and, possibly, the system should be overengineered, to allow for errors in
the estimation process. The importance of performing a parametric or
sensitivity analysis has been stressed in [9,29,64].

Sensitivity analysis of SRN models can be performed at various levels:
(1) Changes in the structure of the SRN; (2) Changes in the initial number
of tokens in a place; (3) Changes in an independent parameter 8 which is
used in the definition of the rate or probability of one or more transitions.
Levels (1), (2) and (3) directly correspond to the three examples mentioned
above. For (1) and (2), the structure of the underlying reachability graph
is altered, hence, the entire analysis process must be performed for each
value of 3. For (3), this approach is also possible, but it is not required,
since the variation in 8 only affects some of the entries in A, II, and 7(0),
with preservation, or @ and 7 (0), with elimination.

4.6.1. Parametric sensitivity analysis. Assume that a parameter
(3 appears in the specification of one or more firing rates, firing probabilities,
or reward functions. Define z’ to be derivative of z with respect to 3. Given
an output measure, ¥(f5), we can compute its derivative ¥'(3) and then
use the linear approximation

W(B+ )~ () + W (B)e

to obtain the value of ¥ for reasonably small variations ¢ in the parameter
B (for simplicity, we omit to write explicitly the dependency on £ in the
remainder of this section).

If the measure is the expected instantaneous reward in steady state,

U= pi)mi+ Y ri P
iI€ES i,jES
and
U= (0 (Dt pi)m) + Y (0 g+ 1)
I€ES i,jES

To compute W', p(¢), m;, r; 5, and ®;; and the corresponding derivatives

p'(3), m, i ;, and ®; ; are needed. If p(i) and r; ; are given analytically,
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the computation of their derivatives is trivial, so we focus on 7} and ®; ;.
To compute 7’ and & with preservation:
e Compute « first, then solve for 4’ in

(4.9) ¥ (I =) =+II"  subject to Z'y; =0
1€ES

This equation is obtained by taking the derivative of Equation 4.1
with respect to 3.

e Then:
Yihi Y (Vehk + eht)
o ihi ik keT
i - 2
> b
(3]
keT
e And:
D NCATER
Y ehs ’
(3]
keT

To compute 7’ and &’ with elimination:
e Compute 7 first, then solve for 7’ in

(4.10) Q= —7mQ"  subject to Z’}T; =0
€T

This equation is obtained by taking the derivative of Equation 4.2
with respect to 8. While II’ is trivially obtained given that the
functional dependency of the entries of II on 3 is known, the com-
putation of Q' is more complex. First, obtain II*’, the derivative
of II* with respect to 3:

0 =15 7+ 07y X + 17y X'
where X and X’ are computed by solving, respectively,
[-Tyy]X =1y 1
and

[I — Hvyv]X/ = HQJ,T —+ Hq;’vX
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Then, @; ; is given by,

I (-G — TG0, TG (1 107 )R
h; h2

K3

if i

i, | (1—T0)h;
iy af
h; h

ifi=j
e If ¢ is a tangible marking,

T w wih}
i =I5+ i <h_i - h—zz)

e For the vanishing markings, ¢}, must be obtained by solving the
following equation:

(4.11)  ¢yp[l —lyy] = é7llr v + o717y, + 10}, by
Once ¢}, is obtained, ®; ; is computed as
;5 =105 ;6 + 10 ;6

If ¥ is the expected accumulated reward up to steady state, o} and
N ; are needed. To compute o} and N/ ; with preservation:
e Solve for n’ using the equation:

J
(4.12) n (1 _ H(mo)) _ qp(00
e Then:
o; = nihi + nih;
e And:
N;j =105 jn; + 1 jn;

To compute o and N/ ; with elimination:
e Solve:

(4.13) QOO = _p(0.0)

where Q(O’O)l is the restriction of @)’ to the transient markings.
e If ¢ is a tangible marking,

o T (o oib

2
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e For the vanishing markings, nj, must be obtained by solving the
following equation:

(414) n%; [I — HV,V] = n{THTyv + nTH{T,V + nvﬂbyv

Once n), is obtained, N/ ; is computed as

.. -
N;j = jn; + 1 jn;

If ¥ is the instantaneous or accumulated reward at time 0, «'(6) and
d'(0), or o' (#) and N(6) must be computed, respectively. To compute '(6)
and o(#), solve the ordinary differential equations

'(0) = #'(0)Q + =(0)Q"  with initial condition #'(0) =0
and
o'(0) = d'(0)Q + o(0)Q’ o' (0) =0,

obtained by taking the derivative of Equations 4.7 and 4.8 with respect to
B [29,47].

The computation of ®'(#) and N'(f) is exactly analogous to the steady
state case and is omitted.

5. Numerical solution. This section describes numerical techniques
that can be used to solve the equations encountered in Section 4 when the
state space is finite.

5.1. Steady state analysis. From the perspective of linear algebra,
Equations 4.1, 4.2, 4.3, 4.4, 4.5, 4.6, 4.9, 4.10, 4.11, 4.12, 4.13, and 4.14
can be expressed in the form

zA=b

where either b = 0 and A is a (J-matrix, that is, an ergodic matrix with
non-negative off-diagonal entries and row-sum equal zero, or b # 0 and A is
a submatrix of a @J-matrix, obtained by eliminating the rows and columns
corresponding to a subset of the states. For example, Equation 4.1, v = ~II,
can be rewritten as y(Il — I) = 0, and (Il — I) is a @-matrix.

If the system is singular (b = 0), the problem can be stated as finding
the left eigenvector  # 0 associated with the eigenvalue 0 of A. Since the
CTMC is ergodic, there is exactly one redundant equation in the system,
the Null Space of @ has dimension one, and we can uniquely determine z
using one additional constraint, given by 217 = 1 in our case, since z is
then a probability vector. Methods for computing eigenvectors, such as QR
or non-symmetric Lanczos, can be quite expensive. In our particular case,
though, we can use iterative methods to solve this linear equation, which
can produce savings both in storage and in arithmetic operations. The
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same iterative methods can be used when b # 0, so we do not distinguish
between these two possibilities.

Following Stewart and Goyal [64], we find that SOR (Successive Over-
Relaxation) is a convenient and effective method of solving 24 = b. One
major advantage of an iterative method is that it computes the solution « in
place, without modifying A: in theory, only A and z need to be stored. By
storing A in compressed-row format [53], only O(n) storage is required for
A, where 7 is the number of non-zero entries in A. In practical problems,
n is O(n) where n is the number of states, rather than O(n?), the size of
the full  matrix.

SOR is a well-known method with good convergence characteristics
[64,66]. Stewart and Goyal recommend estimating the optimal relaxation
parameter w from the differences between successive iterates. We use a
variation of their method guiding the parameter w directly by the magni-
tude of the difference vectors.

The iteration matrix for SOR is derived by splitting A into three com-
ponents [19]:

A=(L+I1+U)D

where L and U are strictly upper triangular and lower triangular, respec-
tively.
The SOR iteration is [19]

D) = o (O[(1 — ) —wD ™ L[+ wD U + bw DI +wD ™ U]
where z(¥) is the k-th iterate for z and the SOR iteration matrix is:
M, =[(1-w) —wD 'Ll +wD'U]™?

If b = 0, the SOR iteration for the homogeneous system of equations
is simply

RSO

and 2(°) should be chosen as recommended in [64], to ensure that the
initial vector is not deficient in the direction of the solution vector. Also,
as recommended in [64], we renormalize () if the vector becomes too large
or too small.

If b # 0, the choice of the initial vector is less critical, and no renormal-
ization must be performed. In addition, convergence is guaranteed in this
case, because in our applications, when b # 0 the matrix A is always strictly
diagonally dominant. Convergence is not guaranteed for the homogeneous
case.

Each iteration, we track the size of the difference vector 6(*) = 2(*) —
20=1) i > 1. Specifically, we use the max vector norm to compute, for each
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iteration,

18900 _ [z — 20 D]jo
2o [ER[

The solution vector can be of any length, so we normalize the norm of §(*)
using the norm of z(9).

The algorithm starts with w = 1, and progresses by performing 10
iterations before changing to a new w. When w = 1, M, = —D71L(I +
D=U)~1, hence SOR reduces to Gauss-Seidel for the first ten iterations.
Let k be the index of the w’s: that is

For every wg, compute Ay as

<2 1189 |oo

A= 2 Lol
=1

As we are accumulating the norms of the difference vectors, we normalize
them by the norm of the current iterate. Every 30 iterations, the algorithm
checks the progress of the computation in relation to the values of Ag. Let

the index of this check be
=L
30

At each check, the values of w; and ¢;, used to increase or decrease w as
the computation proceeds, are updated (¢ = 0.1 initially). After every
10 iterations, unless we are checking the progress of the computation, we
increase wy, by the current e;. That is,

We41 = Wg + €¢

Every 30%" iteration, we adjust the value of wy and ¢; depending upon the
values of Ap_o,Ap_1, and Ai. The adjustments are described in Table
5.1.

Intuitively, we are causing the SOR routine to oscillate around the
optimal value of w as measured by the sum of difference norms between
successive iterates. The key idea is that the w producing the smallest sum
of difference vector norms will be close to optimal. This heuristic appears
to work well in practice. These quantities are related to an estimate of
the subdominant eigenvalue of the iteration matrix [64, Equation (10)]. In
our procedure, we attempt to smooth the difference vectors (which will
oscillate) by summing their norms over 10 iterations. When ¢, is small
enough, say around 10~7, we assume that the algorithm has found a value
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Condition H

Action

Explanation

Ap_s <Ap_1 < Ag

WE41l = W — 46[
€e41 = 0.976[

6% is increasing, we have overshot w. De-
crease w so that it 1s smaller than wy_s and
approach that point more slowly.

Ap < Ap_a < Ap

Wg4+1 = Wk — €¢
€o41 = €

The last set of 10 iterations produced
the smallest accumulated difference norms.
Back up to wr_1 and perform another set
of 30 iterations.

Ap_ s <A < Ap

WE41 = W — 36[
€41 = 0.896[

The smallest sum of accumulated differ-
ence norms was at the beginning of the set.
Back up to before wy_5 and approach more
slowly.

Ap1 KA < Ap_y
or
Ap_1 < Ap_a < Ag

€41 = 0.564
WE41 = Wi — 36[

In both of these cases, Ap_1 is the smallest
sum of difference norms. Decrease ¢; by
half, set wg41 = wr_1—1/2¢, and approach
wg_1 more slowly from below.

Ap AR < Aoy

We41 = WE — €
€41 = 0.976[

The sum of difference norms is getting pro-
gressively smaller. Back up to wi_; and
perform another set of 30 iterations.

Adjustments

TABLE 5.1

to € and w for the SOR method.

close to the optimal value for w and stop adjusting it. In the best case,
this requires about 20 adjustments to ¢; (600 iterations) and in the worst
case about 500 adjustments to ¢, (15,000 iterations). If, at any point, we
exceed an upper bound on the number of iterations allowed, we terminate
the adjustment of ¢, and switch to Gauss-Seidel iteration. In practice, we
have found this simple procedure to be very effective.

5.2. Instantaneous transient analysis. Several methods for the
transient solution of a CTMC are available. Fully symbolic solution using
Laplace transforms is possible only for CTMCs having a small number of
states or a very regular structure [69]. Semi-symbolic solution of a CTMC
in terms of time @ can be obtained via algebraic methods [67]. However,
this algorithm has complexity O(|7|?), needs full storage for @, and can
be numerically unstable.

Thus, we resort to purely numerical solution techniques. We can write
the general solution of Equation 4.7 as:

(5.1) 7(0) = 7(0)e@?
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where the matriz exponential Q¢ is given by the Taylor series [45]

7!

Qo _ i (Q0)’

i=0

Direct evaluation of the matrix exponential is subject to severe round-off
problems since () contains both positive and negative entries.

We can use solution methods for linear differential equations like Runge-
Kutta to solve Equation 4.7 directly. Jensen’s method [34] (also called
Uniformization or Randomization by various authors [26,27,37,54]) is yet
another numerical method based on infinite series summation. The above
two methods have complexity O(nqd) where

q= Igg;X{IQi,il}

The computation requirements increase with ¢ and #, hence ¢ has been
identified as an index of the stiffness of a CTMC [54]. An implicit ODE
method called TR-BDF2 [54] is insensitive to the value of ¢f. An implicit
Runge-Kutta method for stiff problems is described in [43].

5.2.1. Jensen’s method. This section presents Jensen’s method, which
has many desirable properties, and a modification of it, which improves its
performance for stiff problems. A significant advantage of this modification
over implicit ODE methods is that it does not suffer from large overhead
for non-stiff problems and, at the same time, can yield good accuracy.

The transient state probabilities of the CTMC are computed using
Jensen’s method as:

(2) w(0) = Y a(e L)

where (i) is the state probability vector of the underlying DTMC Q =
Q/q+ I at step ¢ and is computed iteratively as

(5.3) ¥(#) = (i — 1)@ starting from %(0) = x(0)

In practice, the summation in Equation 5.2 can and must be carried out
only up to a finite number of terms k called the right truncation point. Fur-
thermore, as gf increases, the Poisson distribution thins on the left as well
and the terms in the summation for small values of i become insignificant.
Thus it is advisable to start the summation at a value [ > 0, called the left
truncation point [20,54]. Equation 5.2 reduces to

(5.4) 7(0) ~ Z:y(i)e—qﬁ @
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Given a truncation error tolerance requirement €, we can precompute the
number of terms of the series needed to satisfy this tolerance as

j-1 : j
62

l:max{j E]N:Ze_qe(q,') < %} and k:min{j €N :1—Ee_q9
il

i=0 i=0

Since this method involves only additions and multiplications and no
subtractions, it is not subject to severe roundoff errors. One of the main
problems, though, is its O(ngfl) complexity [54]. The number of terms
needed for Jensen’s method between the left and the right truncation point
is O(v/qf). However, it is necessary to obtain the DTMC state probability
vector at [, the left truncation point, and [ is O(¢fl). Thus we need to
compute O(ngf) matrix-vector multiplications. Instead of using successive
matrix-vector multiplications to compute 7, we could use the matrix squar-
ing method and change the complexity from O(nqf) to O(|T |2 log(q0)) [54].
However, this method results in fill-in (reducing sparsity) and is not fea-
sible for CTMC with large state spaces. When ¢# is large, computing the
Poisson probabilities, especially near the tails of the distribution, may re-
sult in underflow problems [22]. This also causes round-off problems since
the number of floating point operations needed is large.

We address some of the problems caused by large values of ¢f from the
practical point of view, by modifying Equation 5.2. This modification is
based on recognizing when the underlying DTMC has reached steady state
and rewriting the equations to avoid further computations. The total com-
putation time becomes then proportional to the sub-dominant eigenvalue of
the DTMC matrix rather than to ¢f. Thus, stiffness as seen by the modified
algorithm is the same as that of using the power method [64] to compute
the steady state solution. In our experience with a variety of problems, we
have found significant improvement when using this modification.

We begin by observing that Equation 5.3, used to compute the proba-
bility vectors for the underlying DTMC, also represents the iteration equa-
tion of the power method used for computing the steady state solution
of a CTMC. If the convergence of the power method is guaranteed, we
can terminate the iteration in Equation 5.3 upon attaining steady state
and obtain considerable computational savings. To ensure convergence in
Equation 5.3, we require that

q> IgéaTX{lQi,z'l}

since this guarantees that the DTMC described by Q is aperiodic [25].
Assume that, observing the sequence #(i), we establish that conver-
gence has been achieved at the S-th iteration. Three cases arise: S > k,
l<S<k,and 5§ <.
e S > k: steady state detection does not take place and m(6) is
computed using Equation 5.4.
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o [ < S < k: by substituting 4(¢) with 4(S) for i > S, we can rewrite
Equation 5.4 setting the right truncation point £ to oco:

%
[]¢
~2>
—~
-~
-
o
4
q:
—~
=
)
SN—

(6) ' E
_ Z*}(z)e"‘” (qﬁ)z +5(S) Z e—qe(qg)
i=l i=S+1
s ) .o (qf ) s » 0y
_ ;7() ¢ (ql) + (5)(1—26 ‘ %)

e S < [: the DTMC reaches steady state before the left truncation
point. In this case, no additional computation is necessary and
7 (0) is set to (5.
For stiff problems, the number of terms needed to meet the truncation error
tolerance requirements can be large, but substantial computational savings
result if the DTMC steady state is detected. In our experience, this is often
happens, especially for large values of 6.

The detection of steady state for the underlying DTMC requires ex-
treme care. We have implemented the steady state detection based on the
suggestions given in [64]. The usual test for convergence compares succes-
sive iterates, but if the method is converging slowly, the change between
successive iterates might be smaller than the error tolerance specified. We
might then incorrectly assume that the system has reached steady state
when, instead, it is only experiencing slow convergence. To avoid this
problem we compare iterates that are spaced m iterations apart, check-
ing the difference between 4(i) and ¥(i — m). Ideally, m should be varied
according to the convergence rate, but this is difficult to implement in prac-
tice. For simplicity, we choose m based on the iteration number: m = 5
when number of iterations is less than 100, m = 10 when it is between 100
and 1000 and m = 20 when it is greater than 1000. We also test for steady
state only every m iterations, saving computation.

5.3. Cumulative transient analysis. The computation of o(f) is
similar to that of m(#). A method similar to Jensen’s method for solving
Equation 4.8 is given in [55].

Integrating Equation 5.2 with respect to 8 yields,

o0) = 230 3 oL
i=0 j=i+1 '
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This is again a summation of an infinite series which can be evaluated up
to the first k& significant terms [55] resulting in,

(5.6) éZﬁ [ 1- Ze—qgw

|
j=0 J:

The error due to truncation can be bounded from above:

li ie—qe(qﬂ < —Z (i—(k+1)) _99(6)

q

i=k+1j=i+1 i=k+1

< 1 i ie~?? (¢ L i (k+1)e”? (40)'

- g 7! q 7!
i=k+1 i=k+1
00 : 00 .

_e(g0) (k41 _q0 (g0)'

< oy el (B 52 el

i=k i=k+1

Given an error tolerance requirement e, we can compute the number of
terms k needed as:

e Fen (1) 5 o)

i=k q i=k+1

The detection of steady state for the underlying DTMC applies also to
Equation 5.6. Two cases arise: S > k and S < k.
e S > k: steady state detection does not take place and o(8) is
computed using Equation 5.6.
e S < k: Equation 5.6 is modified as follows:
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6. Conclusion. Markov and Markov reward models are frequently
used in performance and dependability analysis of discrete event systems.
Models of real systems, however, tend to become extremely large. We have
proposed the use of stochastic reward nets for the concise specification
and automated generation of Markov reward models. We have presented a
formal definition of stochastic reward nets and methods for their structural,
temporal, and sensitivity analysis.

A number of papers have dealt with the application of the methods
described in this paper to practical modeling problems [33,31,14,48,49].
Nevertheless, practical problems stretch the capabilities of current methods
and tools. State truncation [36,48] and decomposition [16,68,11] methods
are being investigated to solve the ubiquitous largeness problem.

Stochastic reward nets are extensions of stochastic Petri nets. The
reader may consult [50,51,56] and the Springer-Verlag series, Advances in
Petri Nets for further information on Petri nets. Stochastic extensions of
PNs have been covered extensively in the proceedings of a series of IEEE
workshops, Petri Nets and Performance Models.
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