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Non-homogeneous recurrence

Non-homogeneous recurrence1

Theorem

fn = f
′

n + f
′′

n

If {f ′′
n} is a particular solution of the non-homogeneous linear

recurrence relation with constant coefficients:

fn = c1 · fn−1 + c2 · fn−2 + · · ·+ ck · fn−k + g(n)

then every solution is of the form {f ′
n + f

′′
n}, where {f ′

n} is a solution
of the associated homogeneous recurrence relation.

1Proof available at [Rosen, 2015. pg 521].
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Non-homogeneous recurrence

Linear Non-homogeneous recurrence relations
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Non-homogeneous recurrence

Non-homogeneous recurrence

I Find a particular solution for recurrence relation:

fn = 3 · fn−1 + fn−2 + 6 (1)
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Non-homogeneous recurrence

Non-homogeneous recurrence

I Find a particular solution for recurrence relation:

fn = 3 · fn−1 + fn−2 + 6 (1)

I g(n) = 6, so:
f

′′
n = p0 (2)
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Non-homogeneous recurrence

Non-homogeneous recurrence

I Find a particular solution for recurrence relation:

fn = 3 · fn−1 + fn−2 + 6 (1)

I g(n) = 6, so:
f

′′
n = p0 (2)

I Plugin (2) in (1) becomes:

p0 = 3 · p0 + p0 + 6

p0 − p0 − 3 · p0 = 6

p0 = −6

3
= −2 (3)
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Non-homogeneous recurrence

Non-homogeneous recurrence

I Find a particular solution for recurrence relation:

fn = 3 · fn−1 + fn−2 + 6 (1)

I g(n) = 6, so:
f

′′
n = p0 (2)

I Plugin (2) in (1) becomes:

p0 = 3 · p0 + p0 + 6

p0 − p0 − 3 · p0 = 6

p0 = −6

3
= −2 (3)

I Finally, (3) in (2):
f

′′
n = −2
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Non-homogeneous recurrence

Non-homogeneous recurrence

I Find a particular solution for recurrence relation:

fn = 3 · fn−1 + fn−2 + 3 · 2n (1)
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Non-homogeneous recurrence

Non-homogeneous recurrence

I Find a particular solution for recurrence relation:

fn = 3 · fn−1 + fn−2 + 3 · 2n (1)

I g(n) = 3 · 2n, so:
f

′′
n = p0 · 2n (2)
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Non-homogeneous recurrence

Non-homogeneous recurrence

I Plug (2) in (1) becomes:

p0 · 2n = 3 · p0 · 2n−1 + p0 · 2n−2 + 3 · 2n

p0 · 2n = 2n−2(3 · p0 · 21 + p0 · 20 + 3 · 22)

p0 · 22 = 3 · p0 · 2 + p0 + 3 · 4

4 · p0 = 7 · p0 + 12

−3 · p0 = 12

p0 = −4 (3)
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Non-homogeneous recurrence

Non-homogeneous recurrence

I Plug (2) in (1) becomes:

p0 · 2n = 3 · p0 · 2n−1 + p0 · 2n−2 + 3 · 2n

p0 · 2n = 2n−2(3 · p0 · 21 + p0 · 20 + 3 · 22)

p0 · 22 = 3 · p0 · 2 + p0 + 3 · 4

p0 · 4 = 7 · p0 + 12

p0 = −4 (3)

I Finally, (3) in (2):
f

′′
n = −4 · 2n
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Non-homogeneous recurrence

Non-homogeneous recurrence

Solve the following non-homogeneous recurrence:

fn = 4 · fn−1 − 4 · fn−2 + 2 · 5n (1)

with initial condition: f0 = 1 and f1 = 2.
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Non-homogeneous recurrence

Non-homogeneous recurrence

Solve the following non-homogeneous recurrence:

fn = 4 · fn−1 − 4 · fn−2 + 2 · 5n (1)

with initial condition: f0 = 1 and f1 = 2.

I f
′
n = 4 · fn−1 − 4 · fn−2

1. Caractheristic equations and its roots:

x2 − 4 · x+ 4 = 0

(x− 2)(x− 2) = 0

x1,2 = 2

2. General form of the solution:

f
′

n = α1 · 2n + α2 · n · 2n
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Non-homogeneous recurrence

Non-homogeneous recurrence
Solve the following non-homogeneous recurrence:

fn = 4 · fn−1 − 4 · fn−2 + 2 · 5n (1)

with initial condition: f0 = 1 and f1 = 2.

I g(n) = 2 · 5n, so:
f

′′
n = p0 · 5n (2)

I Plug (2) in (1) becomes:

p0 · 5n = 4 · p0 · 5n−1 − 4 · p0 · 5n−2 + 2 · 5n

p0 =
50

9
(3)

I Finally, (3) in (2):

f
′′
n =

50

9
· 5n

CS111 (Winter’19) Discussion 6 February 12, 2019 15 / 32



Non-homogeneous recurrence

Non-homogeneous recurrence

Solve the following non-homogeneous recurrence:

fn = 4 · fn−1 − 4 · fn−2 + 2 · 5n (1)

with initial condition: f0 = 1 and f1 = 2.

I f
′
n = α1 · 2n + α2 · n · 2n

I f
′′
n = 50

9 · 5
n

I fn = α1 · 2n + α2 · n · 2n + 50
9 · 5

n

3 Initial condition equations and their solutions:
f0 = α1 · 20 + α2 · 0 · 20 + 50

9 · 5
0 = α1 + 50

9 = 1
f1 = α1 · 21 + α2 · 1 · 21 + 50

9 · 5
1 = 2 · α1 + 2 · α2 + 5 · 509 = 2

where α1 = − 41
9 and α2 = − 25

3 .
4 Final answer:

...
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Divide and Conquer

Divide and Conquer

Theorem
Let a ≥ 0, b > 0, c > 0 and d ≥ 0. If T (n) satisfies the recurrence then

T (n) = a · T
(n
b

)
+ c · nd

T (n) =

{ Θ(nlogb a) a > bd

Θ(nd log n) a = bd

Θ(nd) a < bd
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Divide and Conquer

Divide and Conquer

I Give the asymptotic value (using the Θ-notation) for the number
of letters that will be printed by the following algorithms. You
need to provide an appropriate recurrence equation and its
solution.
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Divide and Conquer

Divide and Conquer

1def PrintXs(n: integer)

2 if(n < 3)

3 print("X")

4 else

5 PrintXs(n/3)

6 PrintXs(n/3)

7 PrintXs(n/3)

8 for(i <- 1 to 2*n)

9 print("X")
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Divide and Conquer

Divide and Conquer

1def PrintXs(n: integer)

2 if(n < 3)

3 print("X")

4 else

5 PrintXs(n/3)

6 PrintXs(n/3)

7 PrintXs(n/3)

8 for(i <- 1 to 2*n)

9 print("X")

I We have 3 recursive calls, each with parameter n
3 .

I Recurrence is X(n) = 3 ·X
(
n
3

)
+ 2 · n.

I If a = 3, b = 3, c = 2 and d = 1 then a = bd and Θ(nd log n).
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Divide and Conquer

Divide and Conquer

1def PrintYs(n: integer)

2 if(n < 2)

3 print("Y")

4 else

5 for(i <- 1 to 16)

6 PrintYs(n/2)

7 for(i <- 1 to n^3)

8 print("Y")
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Divide and Conquer

Divide and Conquer

1def PrintYs(n: integer)

2 if(n < 2)

3 print("Y")

4 else

5 for(i <- 1 to 16)

6 PrintYs(n/2)

7 for(i <- 1 to n^3)

8 print("Y")

I We have 16 recursive calls, each with parameter n
2 .

I Recurrence is X(n) = 16 ·X
(
n
2

)
+ n3.

I If a = 16, b = 2, c = 1 and d = 3 then a > bd and Θ(nlog2 16).
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Divide and Conquer

Divide and Conquer

1def PrintZs(n: integer)

2 if(n < 3)

3 print("Z")

4 else

5 PrintZs(n/3)

6 PrintZs(n/3)

7 for(i <- 1 to 7*n)

8 print("Z")
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Divide and Conquer

Divide and Conquer

1def PrintZs(n: integer)

2 if(n < 3)

3 print("Z")

4 else

5 PrintZs(n/3)

6 PrintZs(n/3)

7 for(i <- 1 to 7*n)

8 print("Z")

I We have 2 recursive calls, each with parameter n
3 .

I Recurrence is X(n) = 2 ·X
(
n
3

)
+ 7 · n.

I If a = 2, b = 3, c = 7 and d = 1 then a < bd and Θ(n).
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Divide and Conquer

Divide and Conquer
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Divide and Conquer

Divide and Conquer
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Inclusion-Exclusion

Inclusion-Exclusion
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Inclusion-Exclusion

Inclusion-Exclusion
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Inclusion-Exclusion

Inclusion-Exclusion

US citizens: | A | = X
2

Mexican citizens: | B | = 10
Canadian citizens: | C | = 17

US-Mexican citizens: | A ∩B | = 4
US-Canadian citizens: | A ∩ C | = 5

Canadian-Mexican citizens: | B ∩ C | = 6
Citizens of all countries: | A ∩B ∩ C | = 2

X =
X

2
+ 10 + 17− 4− 5− 6 + 2

X =
X

2
+ 14

X = 28
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