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FIGURE 11 Two Graphs That Do Not Have a Hamilton Circuit.

EXAMPLE 6 Show that neither graph displayed in Figure 11 has a Hamilton circuit.

Solution: There is no Hamilton circuit in G because G has a vertex of degree one, namely, e.
Now consider H . Because the degrees of the vertices a, b, d, and e are all two, every edge
incident with these vertices must be part of any Hamilton circuit. It is now easy to see that no
Hamilton circuit can exist in H , for any Hamilton circuit would have to contain four edges
incident with c, which is impossible. ▲

EXAMPLE 7 Show that Kn has a Hamilton circuit whenever n ≥ 3.

Solution: We can form a Hamilton circuit in Kn beginning at any vertex. Such a circuit can be
built by visiting vertices in any order we choose, as long as the path begins and ends at the same
vertex and visits each other vertex exactly once. This is possible because there are edges in Kn

between any two vertices. ▲

Although no useful necessary and sufficient conditions for the existence of Hamilton circuits
are known, quite a few sufficient conditions have been found. Note that the more edges a graph
has, the more likely it is to have a Hamilton circuit. Furthermore, adding edges (but not vertices)
to a graph with a Hamilton circuit produces a graph with the same Hamilton circuit. So as we
add edges to a graph, especially when we make sure to add edges to each vertex, we make it

WILLIAM ROWAN HAMILTON (1805–1865) William Rowan Hamilton, the most famous Irish scien-
tist ever to have lived, was born in 1805 in Dublin. His father was a successful lawyer, his mother came
from a family noted for their intelligence, and he was a child prodigy. By the age of 3 he was an excel-
lent reader and had mastered advanced arithmetic. Because of his brilliance, he was sent off to live with
his uncle James, a noted linguist. By age 8 Hamilton had learned Latin, Greek, and Hebrew; by 10 he had
also learned Italian and French and he began his study of oriental languages, including Arabic, Sanskrit, and
Persian. During this period he took pride in knowing as many languages as his age. At 17, no longer de-
voted to learning new languages and having mastered calculus and much mathematical astronomy, he began
original work in optics, and he also found an important mistake in Laplace’s work on celestial mechanics.

Before entering Trinity College, Dublin, at 18, Hamilton had not attended school; rather, he received private tutoring. At Trinity, he
was a superior student in both the sciences and the classics. Prior to receiving his degree, because of his brilliance he was appointed
the Astronomer Royal of Ireland, beating out several famous astronomers for the post. He held this position until his death, living
and working at Dunsink Observatory outside of Dublin. Hamilton made important contributions to optics, abstract algebra, and
dynamics. Hamilton invented algebraic objects called quaternions as an example of a noncommutative system. He discovered the
appropriate way to multiply quaternions while walking along a canal in Dublin. In his excitement, he carved the formula in the stone
of a bridge crossing the canal, a spot marked today by a plaque. Later, Hamilton remained obsessed with quaternions, working to
apply them to other areas of mathematics, instead of moving to new areas of research.

In 1857 Hamilton invented “The Icosian Game” based on his work in noncommutative algebra. He sold the idea for 25 pounds
to a dealer in games and puzzles. (Because the game never sold well, this turned out to be a bad investment for the dealer.) The
“Traveler’s Dodecahedron,” also called “A Voyage Round the World,” the puzzle described in this section, is a variant of that game.

Hamilton married his third love in 1833, but his marriage worked out poorly, because his wife, a semi-invalid, was unable to
cope with his household affairs. He suffered from alcoholism and lived reclusively for the last two decades of his life. He died from
gout in 1865, leaving masses of papers containing unpublished research. Mixed in with these papers were a large number of dinner
plates, many containing the remains of desiccated, uneaten chops.


