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Abstract

We rst presenta samplingalgorithm for continuoustime
Bayesiametworks basedon importancesampling. We then
extendit to continuous-timeparticle Itering andsmoothing
algorithms.Thethreealgorithmscanestimateheexpectation
of ary function of a trajectory conditionedon ary evidence
set constrainingthe valuesof subsetsf the variablesover
subsetof the timeline. We presentexperimentalresultson
their accuraciesandtime ef ciencies, and comparethemto
expectationpropagation.

1 Intr oduction

Many systemsevolve asynchronouslyn continuoustime,
for example computer networks, sensornetworks, mo-
bile robots, and cellular metabolisms. Continuoustime
Bayesiametworks (CTBNs) (Nodelman Shelton,& Koller
2002)modelsuchstochastisystemsn continuougime us-
ing graphsto representonditionalindependencieamong
discrete-alued processes. They have been applied to
human-computeinteractiongNodelman& Horvitz 2003),
sener farm failures(Herbrich, Graepel,& Murphy 2004),
androbotmonitoring(Ng, Pfeffer, & Dearder?005).A tra-
jectory(samplefrom a CTBN consistof thestartingvalues
for the systemalongwith the (real-valued)timesat which
thevariableschangeandtheir correspondingnew values.
Inferencefor CTBNs is the task of estimatingthe distri-
bution over trajectoriesgiven a partial trajectory (in which
somevaluesor transitionsare missingfor somevariables
during sometime intervals). Performingexact inference
in CTBNs is intractable. RecentlyNodelman,Koller, &
Shelton(2005) presentedn approximatanferencemethod
basedon expectationpropagation(Minka 2001). Saria,
Nodelmang& Koller (2007)extendedt to full believe prop-
agationand provided a methodto adaptthe approximation
quality. In this paperwe explore a differentapproach.In-
steadof approximatingthe distributions involved, we use
samplingto approximateheexpectatiorof afunctionof the
trajectory Samplinghasthe advantageof beingananytime
algorithm. (We canstopat ary time duringthe computation
andobtainananswel) Furthermorejn thelimit of in nite
samplegcomputatiortime), it corvergesto thetrueanswer
Our algorithmis simpleto implement. However, the for-
mulationof this samplingprocedurds not trivial dueto the
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in nite extentof the trajectoryspacepothin thetransition
time continuumandthe numberof transitions.

1.1 Previous Work

Sampling from dynamic systemsis not nev. However,
most prior work hasbeenin the areaof discrete-timesys-
tems. Continuous-timesystemspose different problems.
As we notebelow, any evidencecontaininga recordof the
changen avariablehasa zeroprobability underthe model.
Thereforerejectionsamplingandstraightforwardlik elihood
weightingarenot generallyviable methods.

Ng, Pfeffer, & Dearden(2005) developeda continuous-
time particle ltering algorithm. It only handledpoint evi-
denceon binary andternarydiscretevariablesusingrejec-
tion samplingand focusedprimarily on the incorporation
of evidencefrom the continuousstatepart of the system.
By contrastour algorithmdoesnot incorporatereal-valued
stateinformation, but it allows arny evidencesetand per
forms generalinference(not just Itering). Our algorithm
canbeadaptedo apopulation-basedter (aparticle lter).

2 Continuous Time BayesianNetworks

Continuougime Bayesiametworks (Nodelman Shelton &

Koller2002)arebasedntheframeanork of continuoudime,
nite state,homogeneoudlarkov processes.Let X be a
continuougime, nite state,homogeneoudarkov process

by theinitial distribution P andtheintensitymatrix
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whereqy, x; is theilstensitywith which X transitionsfrom
Xj tox; andg, = j6i Ghix; - Theintensitymatrix Qx is
time invariant.GivenQx , theamountof time X staysatx;

followsanexponentialdistribution with parametery, . That
is, the probability densityfunction of X remainingat x; is
f(ok;t) = gexp( o,t). The probability X transitions
from statex; to Xj is x;x; = Ok;x; =C;. A conditional
intensitymatrix(CIM) Qx ju is de ned asasetof intensity
matricesQyx j,, onefor eachinstantiationu of the variable



setU. Theevolution of X dependsnstantaneouslgn the
valuesof thevariablesn U.

A continuougime BayesiametworkN over X consists
of two componentsaninitial distribution P2 , speci ed as
a Bayesiametwork B over X , anda continuougtransition
mode] speci ed usinga directed(possiblycyclic) graphG
whosenodesareX 2 X . LetU x denotethe parentsof X
in G. EachvariableX 2 X is associatedvith a conditional
intensitymatrix, Qx ju -

2.1 Likelihoodand Suf cient Statistics

A CTBN de nesa probabilitydensityovertrajectories of
a setof variablesX . Therefore,oneway to describethe
distribution of a CTBN is to usethe sufcient statisticsof

(Nodelman,Shelton,& Koller 2003). Let T[xju] bethe
amountof time X = x while Ux = u, andM [x; x%u] be
the numberof trangitionsfrom x to xOwhileUx = u. If
we let M [xju] = oM [x; x9u], the probability density
of trajectory (omitti\r(19 thestartingdistribution) is

Pu( )= Lx (TIXjUL,M[XjU])
X2X
whereLXO(T[Xju];M[XjU])= 1
Y Y . ) Y o O;
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is the local likelihoodfor variable X . The likelihood also
decomposeby time. Thatis, thelikelihoodof a trajectory
on [0; T) is equalto thelikelihoodbasedonly on suf cient
statisticsfrom time 0 to time t multiplied by the likelihood
basedonly onsufcient statisticsfromtimet totimeT.

2.2 Evidenceand Queries

Given a CTBN model, we would like to useit to answer
gueriesconditionedon someobsenations.Usuallythereare
two typesof obsenations: point evidenceand continuous
evidence. Point evidencerepresentshe obsenation of the
valueof somevariablesat a particulartime. Continuousev-
idenceprovidesthe behaior of somevariablesthroughout
aninterval [t1;t,). Forinstancex = 1 duringtheinterval
[2;3:5),0orx = 1fromt = 2tot = 3 andthenx transitions
tox = Oatt = 3andstaysin thatstateuntil t = 5.
Queriescanaskaboutthe mamginal distribution of some
variablesat a particulartime, suchasthe distribution of x
andy att = 2, or questionsaboutthe timing of a transi-
tion, suchasthedistribution over the time thaty transitions
fromy = 1toy = 2for the rst timein theinterval [1; 4).
In learning(especiallyexpectation-maximizationyye might
guerytheexpectedsufcient statisticsof a CTBN, whichin-
cludesthe total amountof time thata variablespendson a
state andthetotalnumberof timesthatavariabletransitions
from onestateto anotherstateundercertainconditions.For
example,we might wantto know the total amountof time
thatx = 0 throughoutthe entireintenval, or the numberof
timesthat x transitionsfrom 1 to 2 during the time inter-
val [2;3) wheny = 0. In this paper we will concentrate
onansweringjuerieggiventhe continuousevidence but our
methodcanbetrivially extendedo point evidence.

2.3 ExactInferencein CTBN

A CTBN can be viewed as a homogeneoudarkov pro-

cesswith a large joint intensity matrix amalgamatedrom

the CIMs of the CTBN. Exactinferencein a CTBN canbe
performedby generatinga singlejoint intensitymatrix over
theentirestatespaceof the CTBN andrunningtheforward-
backward algorithmon the joint intensity matrix of the ho-

mogeneoudarkov process.We review this methodhere,
but a more completetreatmentcanbe found in Nodelman,
Shelton,& Koller (2002).

Assumethat we have a partially obsened a trajectory
of aCTBN N from Oto T. We candivide the evidence
1) accordingto
theobsenedtransitiontimes. Thatis, eachinterval contains
a constantobsenationof the CTBN andt; is the time that
avariablebeginsto be obsenred,stopsbeingobsenred,or is
obsenedto transition.We setto = Oandty = T.

To performexactinferencewe rst generateheintensity
matrix Q for the joint homogeneou$arkov processand
incorporatethe evidenceinto Q. If eachvariableX; in the
CTBN N hasn; states@e numberof statesof the joint
Markov processs n = nj andQ isann n matrix.
The value of the off-diagonalelementg; in Q for which
only onevariablevalueis differentbetweerstates andj is
the correspondingntensityin the CIM of thatvariable. All
theotheroff-diagonalelementsarezerossincetwo variables
cannottransitionatthe sametimein aCTBN. Thediagonal
elementsarecomputedo make eachrow sumto zero.

To incorporatethe evidence we reducethejoint intensity
matrix Q to Q; for eachinterval [tj;tj+1 ) by zeroingout
the rows andcolumnsof Q which represenstatesthatare
inconsistenwvith the evidence. Let Q;; be matrix Q with
all elementzeroedout exceptthe off-diagonalelementghat
representheintensitiegransitioningfrom non-zerarows in
Qi to non-zerocolumnsin Q; .

exp(Qi(ti+1 ti)) representthetransitionmatrixfor in-
terval [ti; ti+1 ) andQ; +1 denoteghetransitionprobability
betweerntwo consecutie intervalsattimetj+; . We canuse
the forward-backvardalgorithmfor Markov procesdo an-
swerqueries.

We de ne the forward and backward probability vectors

(and ; as

P(Xt; [0:t1)
P( [eT)iXe) :

Let ¢ betheinitial distributionP)? overthestateand T
bea vectorof ones.The forwardandbackwarddistribution
vectorfor eachinterval canbe calculatedrecursvely:

tn =t eXpQi(tier 1)) Qi+
t = Qi 1;exp@Qi(ti+1 i) . -
The distribution over the stateof the CTBN attimet 2
[ti; ti+1 ) giventheevidence [o.7) canbecomputedas

t

t

. 1
P(Xt = 1] 1)) = -t expQi(t ti))
exp(Qi(ti+l t)) ti+1
where j isan n matrix of zeroswith onein position

i; j andZ is the normalizationconstant.Otherqueriescan
be similarly computed.



Procedure CTBN-Sampl@end)
1.t 0, ;
2. For eachvariableX 2 X
Choosestatex (0) accordingto Ejpas (X)-
Loop:
3. For eachvariableX suchthatTime(X ) is unde ned:
Choose t for next X transitionfrom anexponential
with parametety (t)ju (1) -
Dene TimgX) t+ t
4. LetX = argminx 2x [Timeg(X)]
5.1f imgX)  tengreturn
6. Updatet  Time(X)
7. Choosex(t), thenext valueof X , from the multinomial
with parameters, (1)ju, (1) -
AddhX  x(t);ti to .
Unde ne Timg(X ) andTime(Y) for all variablesY
forwhichX 2 Uy .

Figurel: Forwardsamplingsemantic§or aCTBN

3 Sampling-basednference

As we describedn the previous section,exactinferencein
a CTBN canbe performedby generatinga single joint in-
tensitymatrix over the entire statespace.As the numberof
stateds exponentialin the numberof the nodesin the net-
work, this approachis infeasiblewhenthe network sizeis
large. In this sectionwe describean algorithmfor approxi-
mateCTBN inferencebasedn sampling.

3.1 Forward Sampling

Queriesthat containno evidencecan be answeredy ran-
domly samplingmary trajectoriesand looking at the frac-
tionthatmatchthequery Moreformally, if wehaveaCTBN
N we generatea setof particlesD = f [1];:::; [M]g
whereeachparticleis a sampledrajectory With D we can
estimatethe expectationof any functionby computing

X
Eultl= o f([m): @

m=1

For example,if weletf = 1fx(5) = x;g thenwe could
usethe above formulato estimatePy (x(5) = x1). Orthe
function f ( ) might countthe total numberof times that
X transitionsfrom x; to X, while its parentU hasvalue
uy, allowing usto estimatethe expectedsufcient statistic
M [X1; X2jui]. The algorithm for samplinga trajectoryin

CTBN is shavn in Figurel. For eachvariableX 2 X, it

maintainsx(t) — the stateof X attimet — andTime(X)

— the next potentialtransitiontime for X . The algorithm
addgransitiononeatatime,advancingt to thenext earliest
variabletransition.WhenavariableX (oroneof its parents)
undegoesa transition, Timeg(X ) is resampledrom the new

exponentialwaiting time distribution. We will useuy (t) to

representheinstantiationto parentof X attimet.

If we wantto obtaina conditionalprobability of a query
givenevidence thesituationis morecomplicated We might
try to userejectionsampling forward sampleto generate
possibletrajectoriesandthensimply rejectthe onesthatare
inconsistenwith our evidence. The remainingtrajectories

are sampledfrom the posteriordistribution given the evi-
denceandcanbeusedto estimateprobabilitiesasin Equa-
tion 2. However, this approacthis entirelyimpracticalin our
setting,asin ary settinginvolving an obsenation of a con-
tinuousquantity— in our casetime. In particular suppose
we obsenrethatX transitionsfrom x4 to x, attimet. The
probability of samplinga trajectoryin which thattransition
occursat preciselythattime is zero. Thus,if we have evi-
denceabouttransitionswith probability1, noneof oursam-
pledtrajectorieswill berelevant.

3.2 Importance Sampling

A more practicalapproachto samplingin the presenceof
evidenceis importancesampling In importancesampling,
we generatesamplesrom a proposakdistribution P ° which
guaranteethatour sampledrajectorieswill conformto our
evidencee. We mustweightour samplego correctfor the
factthatwe aredrawing themfrom P C insteadof the target
distribution Py de ned by the CTBN. In particularif isa
samplefrom P °we setits weightto be

w()= RS @

In normalizedimportancesampling,we draw a setof sam-

tion, and estimatethe conditionalexpectationof a function
f givenevidencee as
. 1 X
ExIfjel= &=  f( [m)w( [m]) 4)
W m=1
whereW is thesumof theweights.

This estimatoris consistenif the supportof P°is a su-
persetof the supportof Py . In general Ey is biasedand
thebiasdeceaseasO(M 1). Thevarianceof theestimator
alsodecreaseasO(M 1). For moreinformation on this
andrelatedsamplingestimatesseeHesterbeg (1995).

For our algorithm, we basethe proposaldistribution on
theforward samplingalgorithm. As we aresamplinga tra-
jectory, we occasionallydepartfrom the regular forward
samplingalgorithmand“force” the behaior of oneor more
variableso ensureconsisteng with theevidence.

3.3 Simple Evidence

The simplestquery involvesevidenceover somesubsetof
variablesV X for the total length the trajectory We
force only the behavior of the variablesV andthereareno
choicesabouthow to do that. In particular we usethefol-
lowing proposaldistribution: forward samplethe behavior
of variablesX 2 (X nV) insertingthe known transitions
atknown timesfor variablesin V asdeterminedy the ev-
idence. As therewereno choicesin our forcing, the lik eli-
hoodof drawing from the proposaldistributionis justthe
likelihoodcontribution of forward samplingthe behavior of
thevariablesX 2 (X nV), in thecontet of thetotal beha-
ior of the system But whatis thelik elihoodcontribution?
To be moreprecise et x[t; : t2] bethe behaior of vari-
able X ontheintenval [t1;t2); this behaior canbe sum-
marized by the sufcient statisticsover X on the inter-

val. Let Cx (x[t1 : t2]) be a partial likelihood contribution



function, computedby plugging the sufcient statisticsof
X[ty : t2] into Equationl. The partial contrikbution function
canbe de ra?d over a collection of intervals | by setting
Cn(l) = x[t1 : to]2 Cx (X[t1 : t2]). We can partition

into two pieces.Let  bethecollectionfor all variables
X 2 X ofintervalsx|t; : to] wherethebehavior of X is set
by the evidence. Let ¢ bethecomplemenbf . contain-
ing the collectionof intervalsof unobseredbehaior for all
variables Returningto our simpleevidenceabore, thelike-
lihood contrikutionis just Cy ( s). To computethe proper
weightw( ) we substitutein Equation3, canceltermsand

areleft with Cy ( ¢). Since . containsall andonly the
evidence,this algorithm exactly correspondso likelihood
weighting in Bayesiannetworks (Shachter& Peot 1989;
Fung& Chang1989). Intuitively, this makessensebecause
we canaccountfor all the evidenceby simply assigninghe
obsenedtrajectoriego theobsenedvariables.

3.4 General Evidence

Now, considera generalevidencepatterne. How canwe
forceourtrajectoryto beconsistentvith e? Supposehereis
asetof variablesvhichhasevidencebeginningatt.. Wecan
notsimplyforceatransitionattime t. to make thevariables
consistentvith the evidencee: if the setcontainsmorethan
onevariable,the samplewould have multiple simultaneous
transitionsaneventwhoselik elihoodis zero.

Instead,we look aheadfor eachvariablewe sample. If
the currentstateof the variabledoesnot agreewith the up-
comingevidence we forcethe next sampledransitiontime
to fall beforethe time of the con icting evidenceby sam-
pling from a truncatedexponentialdistribution, insteadof
thefull exponentialdistribution. In particular if we arecur-
rently at time t andthereis con icting evidencefor X at
timete, we samplefrom anexponentialdistributionwith the
sameq valueasthe normalsamplingprocedureput where
thesamplefor t (thetimeto thenext transition)is required
to belessthatt, t. Theprobabilityof sampling t from

this truncatedexponentialis % whereq is the

relevantintensityfor the currentstateof X (thediagonalel-
ementof Qx ju, correspondingo thecurrentstateof X ).

The probabilityof sampling from the proposadistribu-
tion is the partial contribution of theregularly forwardsam-
pledbehaior ontheunforcedpartof thetrajectoryCy ( s)
— whichwill cancelthecorrespondingermin the numera-
tor of Equation3 — timesanextra factorfor the probability
of choosingtheforcing transitionsthatwe selectedFor ary
variablex whosevalueis givenin the evidenceduring the
interval [t; t + t), aswe discussedbove, the contribution
to the trajectoryweightis just Cy (X[t1 : t2]). Notethatin
our case this likelihoodhasa simpleform. Only onevari-
able canchangeduring an iteration of the algorithmandit
mustchangeat the endof thetime interval.

For variableghatareforcedto transitiondueto upcoming
evidence,thingsare slightly more complicated. Eachtime
we adda new transitionto the trajectory we advancetime
fromttot+ t. For eachvariablex whose“next time”
was sampledfrom a truncatedexponentialdistribution, we
mustupdatetheweightof trajectoryto re ect thelikelihood

ratiofor X[t : t+ t]. Eachsuchvariablecanbeconsidered
separatehastheirtimesaresampledndependently

If the variableis part of the transition, the weight must
bemultiplied by the probabilityof samplingthetransitionin
Pn dividedby thetheprobabilityin thesamplingalgorithm.
Theformeris anexponentialdistributionandthelatteris the
samesxponentialistribution,truncatedo belessthant, t.
Theratio of thesetwo probabilitiesis1  exp( q(te t)),
whereq is therelevantintensity

Otherwise,the next time for the variable was sampled
from atruncatedexponentiabut waslongerthan t. In this
casetheratio of the probabilitiesof a samplebeinggreater

than tis ; lexs)((p(q(ti(tet t))t)) . Notethatwhen t is small

(relatve to te  t, thetime to the next evidencepoint for
thisvariable) theratiois almostl. So,while thetrajectorys
weightis multiplied by this ratio for every transitionfor ev-
ery variablethat doesnot agreewith the evidence,it does
notoverly reducetheweightof the entiretrajectory

The algorithmfor CTBN importancesamplingis shovn
in Figure2. To moreeasilydescribeheevidence we de ne
afew helperfunctions:

e}?(t) isthevalueof X attimet accordingo theevidence,
or unde nedif X hasnoevidenceatt.

el™e(t) is the rst time aftert whene}’(a'(t) is de ned.

es(t) is the rst time after or equalto t when e}2(t)
changewalueor becomesinde ned.

Note that ei“d(t) = t whenthereis point evidenceat t,
whent is theendof aninterval of evidence andwhenthere
is atransitionin theevidenceattimet.

Theline numberdollow thosegivenin the forward sam-
pling algorithmwith new or changedines marked with an
asterisk. Time(X ) might be setto the endof aninterval of
evidencewhich is not a transitiontime but simply a time
whenwe needto resamplea next potentialtransition. This
meanghatwe will notupdate with anew transitionevery
time throughthe loop. The algorithmdiffers from the for-
ward samplingprocedureasfollows. Step2 now accounts
for evidenceat the beginning of the trajectory(using stan-
dardlikelihood weighting for Bayesiannetworks). In step
3,wedrawv t from thetruncatedexponentialif the current
valuedisagreesvith upcomingevidence.If the currentevi-
dencencludesthisvariable, t is setto thedurationof such
evidence. Step5 updateshe weightsusingthe procedure
Update-Wight Finally, step7 now dealswith variableghat
arejustleaving theevidenceset.

3.5 Predictive Lookahead

Thealgorithmin Figure2 drawsthe next statefor avariable
from the samedistribution as the forward samplingalgo-
rithm. This may causea variableto transitionseveraltimes
in ashortinterval beforeevidenceasthevariable“searches”
to nd away to transitioninto the evidence.Thus,we may
generatanary unlikely samplesmakingthealgorithminef-
cient. We canhelpmitigatethis problemby trying to force
thevariableinto a statethatwill leadto theevidence.
When sampling the next statefor variable X at time
t, insteadof samplingfrom the multinomial accordingto
x(Djux (1), Wwewouldlik e to samplefrom thedistribution of



Procedure CTBN-Importance-Sam{ieng; €)

1.t 0, LW 1 *

2. For eachvariableX 2 X
If e2'(0) de ned,setx(0)  e}&(0),
andthensetw w200 (o)
Elsechoosestatex (0) accordingo Ejpas x)

Loop:

3. ForeachX 2 X suchthatTimg X)) is unde ned:
If e}?(t) isde ned,set t e$"Y(t) t *
Elseife}?(te) is de ned where
te = el™(t), x(t) 6 e(te),

choose t from anexponentialdistribution with
parameteny (1)ju, 1) given t< (te t). *
Elsechoose t from anexponentialw/ param.gy ()juy (1)
Dene TimgX) t+ t
4. LetX = argminx 2x [Timeg(X)]
5.1f Tide) tend

w  Update-Veight(X ; w; t; tend *
return ( ;w)
Else *
w  Update-Wight( X ; w; t; Timg(X)) *
6. Updatet  Time(X)
7.1f e(t) 6 t orel(t) is de ned *

If e}?(t) is de ned, setx(t)  el(t) *
Elsechoosex(t), thenext valueof X , from a
multinomialwith parameter  t)juy (1)

AddhX  x(t);ti to .
Unde ne Timg(X ) andTime(Y) for all variablesY
forwhichX 2 Uy

Else *
Unde ne Timg(X ). *

Procedure Update-Vight(Y; w;t1;t2)
1. ForeachX 2 X suchthate{?(t) isde nedfort 2 [t1;t2):
w o w Cx (X[ty :t2])
2. Foreachx 2 X suchthatel@(te) is de ned,
wherete = el™(t1), andx(t1) 6 e}¥(te):
fX=Y,w W ((1 exp( QX(ttl)j;Jx))(tl)(te t1)))
eXp L Ox(tq)juy (t1)te T2
Elsew W1 exp ( CIx(zi)juiui)(te t2))
3.returnw

Figure2: Importancesamplingfor CTBNs

the next stateconditionedon the upcomingevidence. Sup-
poseX isin statex; attimet, andthe next evidencefor X

is statexy atte. Assumingthe parentsof X do notchange
beforete andignoringevidenceoverthe childrenof X, the
distribution of the stateof X att givenonly the evidenceis
b= exp( Qx(te 1)) «,where g isthevectorof zeros
with asingleoneatelemenk. TheprobgbilitythatX shifts
fromx; = x(t) toxj is ij = BGx; = g; Ox, - We
canthereforeselectour new stateaccordingto the distribu-
tion of ; and,assumingstatex; is selectedmultiply the

xixl-jux (t)

weightby . to accounffor the differencebetween
thetargetandsamplingdistributions.

3.6 Particle Filtering

Thealgorithmin Figure2 allows usto generate singletra-
jectoryandits weight, giventhe evidence.To applythis al-

Procedure CTBN-Rarticle-Filtering(f X b; Whgi=1 - n ; teng €)
1.k OW: 1;N; N
2.Fori 1toN:Pa, i,w 1=N
Loop:
3. For eachi suchthatt} < tena:
(Kot 3 tews s Wiear )
Sample-ngen(XE
If tL+1 tend
Nremain Nr‘ 1,
We Wi Wiy
4.k k+1
5,f N, =0
returan,ini ;timi ;Wimi ; Paimi Oi=1 N mi=1:n,
wheren; is thenumberof transitionsof thei™ particle
6. CalculateN¢; ¢ of all incompleteparticles
7.0 Nett < N
SampleP a, accordingto wj,
w W 1=N,
Else
Wi

al Pal i
Kot f W' tend €)

wk,Pal  Pal ;

Figure3: ParticleFilteringfor CTBNs

gorithmto the taskof onlineinferencein a dynamicsystem,
we cangeneratamultiple trajectoriesin parallel,advancing
time forwardasevidenceis obtained.

The resultingalgorithmis an instanceof sequentiaim-
portancesampling,andthereforesuffers from its character
istic aw: Asthetrajectorylengthincreaseshedistribution
of the importanceweights getsincreasinglyskewed, with
mostimportanceweightscorverging to zero exponentially
quickly. Thus, the numberof “relevant” samplesgetsin-
creasinglysmall, and the estimatesprovided by the set of
samplesquickly becomemeaningless.A family of meth-
ods,commonlyknown assequentiaMonte Carloor particle

Itering (Doucet,de Freitas,& Gordon2001), have been
proposedn thesettingof discrete-timgrocesseto address
this aw. At a high level, thesemethodsre-apportionour
samplego focusmoreefforts on morerelevantsamples—
thosewith higherweight.

Theapplicationof thisideato our settingintroducessome
subtletiesbecausdalifferent samplesare not generallysyn-
chronized.We could pick atime t andrun the algorithmin
Figure2 with teng = t sothatsamplesaresynchronizedtt.
Wewouldre-apportiortheweightsandcontinueeachtrajec-
tory from its stateatt, rst settingTime(X ) to beunde ned
for all X. However, choosingthe propersynchronization
timet is anon-trivial problemwhich maydependntheev-
idenceandthe speedhesystemevolves.

Insteadof synchronizingall the particlesby thetime, we
canalign particlesby the numberof transitions.If we lett;
betheit" transitiontimeandX; bethevalueof X fromt; ;
tot;, thefollowing recursiorholds.

P(Xl:n;tl:n;e[o:tn))z P(X1n 1:tin 1, €o:t, 1))
P(XnjXn l)F’(X[tn 1itn )1 Sty 1:tn)jxn L&, )

Thus, to samplemultiple trajectoriesin parallel, we ap-
ply the CTBN importancesamplingalgorithmto eachtra-



jectoryuntil atransitionoccurs.To avoid the degenerag of
the weights,we resamplethe particleswhenthe estimated

effective samplesizeMeff = P—(lw,? is below athreshold
N - This proceduréas similarto tﬁeregularparticle Iter -
ing algorithmexceptthatall particlesare not synchronized
by time but the numberof transitions.To answerqueriesin
thetime interval [0; T), we propagatehe particlesuntil all
of theirlasttransitionsaregreaterthanT .

Figure 3 shows the algorithmfor generating\ trajecto-
riesfrom0to T in a CTBN. It assumeshatthe initial val-
uesandthe weightshave alreadybeensampled. The pro-
cedureSample-Sgmentloopsfrom line 3 to 7 in Figure 2
until atransitionoccurs returnsthetransitiontime andvari-
ablesvalue,and updateghe correspondingveight for that
segment. Note that we are approximatingthe distribution
P (X1n;:tin; €o:t,)) for all possiblen. Thereforewe only
propagateand re-apportionweightsfor particlesthat have
not yet reachedime T. Particlesthat have beensampled
pastT areleft untouched.

3.7 Particle Smoothing

Although the resamplingstepin the particle Itering algo-
rithm reducesthe skew of the weights, it leadsto another
problem: the diversity of the trajectoriesis also reduced
since particleswith higher weightsare likely to be dupli-
catedmultiple timesin the resamplingstep. Many trajecto-
ries sharethe sameancestomfterthe Itering procedure A
Monte Carlo smoothingalgorithmusing backward simula-
tion addressethis problem(Godsill, Doucet,& West2004).

The smoothingalgorithm generatesrajectoriesusing N
weightedparticlesf x; ; wi g usingthe particle ltering algo-
rithm. It startswith the particlesat time T, moves back-
ward one stepeachtime and samplesa particle according
to the productof its weight andthe probability of it transi-
tioning to the previously sampledparticle. Speci cally, in
the rst step,it sampleser from particlesx} attime T with
probabilityw? . In thebackwardsmoothingstepsit samples
B accordingto wy;, ., = Wif (Ree1 jx;), wheref (@41 jX;)
is the probability that the particle transitionsfrom statex;
to ®i+1 . Theresultingtrajectoriesare an approximationof
P (X1:7jy1:1) wherey;.t istheobsenation.

This ideacanbe usedin our settingwith somemodi ca-
tion. Giventhe ltered particlesf X [ ;t., ;w;, g,we need
to sampleboth variablevaluesand transitiontime at each
stepwhenwe move backward. Therearetwo main differ-
encedrom thealgorithmin Godsill, Doucet,& West(2004):
TherearefewerthanN particlesthatcanbe usedat the be-
ginning stepsof the backward smoothingsincethe trajec-
toriesdo not have exactly the samenumberof transitions,
and not all particlesat stepn can be consideredas can-
didatesto move backward. A particlef X} ;t,,;whgis a
valid candidateas the predecessofor f %1 ;€ +1 g only
if (1)t < &+1, (2) thevaluesof X andX,.; differin
only onevariable(thusa singletransitionis possible),and
3) €(ti, 1611 ) containsno transitions.

Figure 4 shows the smoothingalgorithm which gener

ates a trajectory from the Itering particles. We apply
the algorithm N times to sampleN trajectories. These

Procedure CTBN-Rarticle-Smoothingf X /., ; th, ; Win, 0; tend; €)
i=21:::N;m; = 1:::M;

1 ;
2. Choosek with probabilityw!” |
3.sety = Xy, s Myt tk

Loop:

4 1 s Y

5.1f iscomplete
return

6. Forj 1toN _ _ _
w)  Che&-WeightY;t; X ;ith 1wl o)

7. Choosé with probabilityw?

8S S 1Y XSt t

Procedure Che&-Weight(X ; t; Xs;ts; Ws)

1.Ift tsoregs; ) containsatransition,or
thevalueof X andXs donotdiffer by only onevariable
return 0

2. ety Xs, (1) X

3w ws Bx (pegy)

4.return w

Figure4: Particle Smoothingfor CTBNs

equallyweightedtrajectoriescanbeusedo approximatehe
smoothingdistribution P (X o.7)je). Generatingonetrajec-
tory with this smoothingprocessequiresconsideringall the
particlesat eachstep. The runningtime of samplingN tra-
jectoriesusingparticlesmoothingis N timesof thatof par
ticle Itering.

4 Experimental Results

To testour algorithms,we usedtwo CTBN networks: the
drugeffect network in Nodelman Shelton,& Koller (2002)
anda chain-structuredietwork. Both areatthelimit for the
exactinferencealgorithm.

We rst testedheimportancesamplingalgorithmandthe
predictvelookaheadnodi cation usingthedrug effect net-
work. It has8 (mostlybinary) variablesmodelingthe effect
of a pain-reliefmedicine. At t = 0 the personis not hun-
gry, is not eating,hasan empty stomachandis not drowsy.
He hasjoint paindueto thefalling barometricpressureand
takesthedrugto alleviatethe pain. We settheobsenedevi-
dence:ont = [0;1) thestomachs empty ont = [0:5;1:2)
thebarometeis falling, andont = [1:5; 2:5) heis drowsy.
Our queryis the total amountof time thatthe personhasno
joint painon [0; 2:5). (Thetruevalueis 0.1093). We ran
thetwo algorithmswith samplesizes,M , from 5 to 90000.
For eachsamplesize,we ranthealgorithms1000times. We
calculatedbur queryaccordingto Equation3 andcompared
theresultto thetrue valuecalculatedusingexactinference.
We evaluatedthe two algorithmsin two ways: the relative

bias ™1, wherevy is the averagequeryvalue of the
1000runswith samplesizeM , andv is thetruevalue;and
therelatve standardleviation -*- where y isthestandard
deviationwhensamplesizeis M .

Theresultsareshavn in Figure5. The biasandstandard
deviation deceaset a rate of O(plv) (shown by the thin
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solidlines). Thesamplingalgorithmwith predictionoutper
formsthe non-predictionversion.

We thenusedthe chainnetwork to evaluatethe ef ciency
of importance sampling, particle Itering, and smooth-
ing algorithms. The chain network contains ve nodes

loops:sp ! s1! s3! spandsg! sp! s4! sp. All

the othernodesstayat their currentstateif it matchesheir
parentand otherwisetransitionto their parents'statewith
high intensity Eachvariablestartsin statesg. Notethatthis
is adif cult casewith neardeterminism.We onl1y obsere
thebehaior of X 4 andsetourqueryto beP (X 2(3)jep:T))

whereT = 3;6;9. We recordedhe meanrunningtime and
KL-divergencebetweertheestimatedndtruedistributions,
for eachsamplesizeacross300trials.

Figure6 shaws the ef ciency of the threealgorithms.In
Figure6(a),we usesimpleevidence:only partof thebehar-
ior of X4 isobsened: on[1; 1:7), X4 = sz, andon|[2; 2:5),
X4 = s2. In Figure 6 (b)-(d), the behaior of X 4 is fully
obsenedduringtheinterval [0; T): we sampledatrajectory
from0to T andkeptonly theinformationaboutX 4. In all
four casesthe particle Itering and smoothingalgorithms
both outperformthe importancesamplingalgorithmwhen
the samplesize is small (small runningtime). For simple
evidence(Figure 6(a)), the importancesamplingalgorithm

achievescomparableperformancavhenthe samplesizeis
large. Whenthe evidenceis complicatedFigure6 (b)-(d)),
the error of importancesamplingis large evenwe usevery
large samplesizes.Whenthetrajectoryis short,the particle
Itering algorithmis slightly betterthantheparticlesmooth-
ing algorithm. This is becausehe Itering algorithmcan
generatemore samplesthan the smoothingalgorithmwith
thesamerunningtime. However, asthetrajectorylengthin-
creasesthe particle smoothingalgorithmthenoutperforms
the Itering algorithmdueto particlediversityproblems.

We alsocomparedhethreesamplingalgorithmto theap-
proximateinferencealgorithmbasedon expectationpropa-
gationin Saria,Nodelmang& Koller (2007).We did notuse
their adaptve splitting method(for reasonswve explain be-
low). Evenwithout the adaptve splitting, their methodstill
differsfrom thatof NodelmanKaoller, & Shelton(2005),in
thatit allows asynchronougropagatiorof messagesalong
time.

We usedthe sameevidenceon the effective drug network
andansweredwo queries:thetotal amountof time thatthe
concentratioris low andthetotalamountof time the person
hasno joint pain. For the EP algorithm,we rst tried seg-
mentationghatweresplit attheevidence Wethengradually
decreasethetime intenval of the sgmentsto 0.15. There-
sultsof accurag with respecto runningtime areshavn in
Figure7. Theimportancesamplingalgorithmoutperforms
the EP algorithmin answeringjueryaboutconcentratior{a
variablein the centerof the network) andis only slightly
lessefcient thanthe EP algorithmin answeringthe query
aboutthejoint pain(avariableattheedge). Amongthesam-
pling basedalgorithms,the importancesamplingalgorithm
performsthe bestandthe smoothingalgorithmis the worst.
Thisis notsurprisinggiventhatmostof thenodesarebinary.
At eachtransitiontime, thesampledrajectoryhasno choice
asto the next state. Therefore,smoothing(or Itering) has
lesseffect asthereis no needto intelligently selectthe next
state. However, the extra computationtime for resampling
andbackwardsimulationmakesthe Iltering andsmoothing
algorithmlessef cient.

As mentionedabove, we did not employ the adaptve
splitting methodof Saria,Nodelman,& Koller (2007). It
would not have changedour resultsmuch. The left-most
pointsin our EPplotscorrespondo theminimumnumberof
splits. (They areasfastaspossible.)Theright-mostpoints
of theEP plotscorrespondo mary ne splits,andareabout
as accurateas possible,and we can seethat the accurag
has attened out. So,while the horizontalwidths of the EP
curveswould have beenshortenedby allowing for thebetter
accurag in lesstime), the vertical spreadwould have been
approximatelythe same. In neitherplot of Figure7 would
this have madea large differencein the comparisongo our
samplingmethod.

5 Conclusion

The networks usedin this paperare at the uppersize limit

for exactcomputation. Thus, approximatanferencemeth-
odsarecritical for tracking,prediction,andlearningin con-
tinuoustime Bayesiannetworks for real applications. Our
importancesampling, Itering, and smoothingalgorithms
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arefast, simpleto implementand canbe usedto calculate
the expectedvalueof ary function of the trajectory includ-

ing theexpectedsufcient statisticsecessarfor employing

expectationrmaximizationfor learningwith missingdata.
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