
Sampling for Approximate Infer ence
in ContinuousTime BayesianNetworks

Yu Fan
Universityof California,Riverside

yfan@cs.ucr.edu

Christian R. Shelton
Universityof California,Riverside

cshelton@cs.ucr.edu

Abstract

We �rst presenta samplingalgorithm for continuoustime
Bayesiannetworks basedon importancesampling.We then
extendit to continuous-timeparticle�ltering andsmoothing
algorithms.Thethreealgorithmscanestimatetheexpectation
of any function of a trajectory, conditionedon any evidence
set constrainingthe valuesof subsetsof the variablesover
subsetsof the timeline. We presentexperimentalresultson
their accuraciesandtime ef�ciencies, andcomparethemto
expectationpropagation.

1 Intr oduction
Many systemsevolve asynchronouslyin continuoustime,
for example computer networks, sensornetworks, mo-
bile robots, and cellular metabolisms. Continuoustime
Bayesiannetworks(CTBNs)(Nodelman,Shelton,& Koller
2002)modelsuchstochasticsystemsin continuoustimeus-
ing graphsto representconditionalindependenciesamong
discrete-valued processes. They have been applied to
human-computerinteractions(Nodelman& Horvitz 2003),
server farm failures(Herbrich,Graepel,& Murphy 2004),
androbotmonitoring(Ng, Pfeffer, & Dearden2005).A tra-
jectory(sample)from aCTBN consistsof thestartingvalues
for the systemalongwith the (real-valued)timesat which
thevariableschangeandtheir correspondingnew values.

Inferencefor CTBNs is the taskof estimatingthedistri-
bution over trajectoriesgiven a partial trajectory(in which
somevaluesor transitionsare missingfor somevariables
during sometime intervals). Performingexact inference
in CTBNs is intractable. RecentlyNodelman,Koller, &
Shelton(2005)presentedanapproximateinferencemethod
basedon expectationpropagation(Minka 2001). Saria,
Nodelman,& Koller (2007)extendedit to full believeprop-
agationandprovideda methodto adaptthe approximation
quality. In this paperwe explore a differentapproach.In-
steadof approximatingthe distributions involved, we use
samplingto approximatetheexpectationof afunctionof the
trajectory. Samplinghastheadvantageof beingananytime
algorithm.(We canstopat any timeduringthecomputation
andobtainan answer.) Furthermore,in the limit of in�nite
samples(computationtime), it convergesto thetrueanswer.
Our algorithm is simple to implement. However, the for-
mulationof this samplingprocedureis not trivial dueto the
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in�nite extentof the trajectoryspace,both in the transition
timecontinuumandthenumberof transitions.

1.1 PreviousWork
Sampling from dynamic systemsis not new. However,
mostprior work hasbeenin the areaof discrete-timesys-
tems. Continuous-timesystemsposedifferent problems.
As we notebelow, any evidencecontaininga recordof the
changein a variablehasa zeroprobabilityunderthemodel.
Thereforerejectionsamplingandstraightforwardlikelihood
weightingarenotgenerallyviablemethods.

Ng, Pfeffer, & Dearden(2005)developeda continuous-
time particle�ltering algorithm. It only handledpoint evi-
denceon binary andternarydiscretevariablesusingrejec-
tion samplingand focusedprimarily on the incorporation
of evidencefrom the continuousstatepart of the system.
By contrastour algorithmdoesnot incorporatereal-valued
stateinformation, but it allows any evidenceset and per-
forms generalinference(not just �ltering). Our algorithm
canbeadaptedto a population-based�lter (aparticle�lter).

2 ContinuousTime BayesianNetworks
ContinuoustimeBayesiannetworks(Nodelman,Shelton,&
Koller2002)arebasedontheframeworkof continuoustime,
�nite state,homogeneousMarkov processes.Let X be a
continuoustime, �nite state,homogeneousMarkov process
with n statesf x1; : : : ; xn g. Thebehavior of X is described
by theinitial distributionP 0

X andtheintensitymatrix
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whereqx i x j is the intensitywith which X transitionsfrom
x i to x j andqx i =

P
j 6= i qx i x j . Theintensitymatrix QX is

time invariant.GivenQX , theamountof timeX staysat x i
followsanexponentialdistributionwith parameterqx i . That
is, the probabilitydensityfunctionof X remainingat x i is
f (qx i ; t) = qi exp(� qx i t). The probability X transitions
from statex i to x j is � x i x j = qx i x j =qx i . A conditional
intensitymatrix(CIM) QX jU is de�ned asa setof intensity
matricesQX ju , onefor eachinstantiationu of thevariable



setU . The evolution of X dependsinstantaneouslyon the
valuesof thevariablesin U .

A continuoustimeBayesiannetworkN over X consists
of two components:an initial distribution P 0

X , speci�ed as
a Bayesiannetwork B over X , anda continuoustransition
model, speci�ed usinga directed(possiblycyclic) graphG
whosenodesareX 2 X . Let U X denotetheparentsof X
in G. EachvariableX 2 X is associatedwith a conditional
intensitymatrix,QX jU X .

2.1 Lik elihoodand Suf�cient Statistics
A CTBN de�nesa probabilitydensityover trajectories� of
a set of variablesX . Therefore,oneway to describethe
distribution of a CTBN is to usethe suf�cient statisticsof
� (Nodelman,Shelton,& Koller 2003). Let T [xju] be the
amountof time X = x while U X = u, andM [x; x0ju] be
the numberof transitionsfrom x to x0 while U X = u. If
we let M [xju] =

P
x 0 M [x; x0ju], the probability density

of trajectory� (omitting thestartingdistribution) is

PN (� ) =
Y

X 2 X

L X (T [X jU ]; M [X jU ])

whereL X (T [X jU ]; M [X jU ]) =

Y

u

Y

x

0

@qM [x ju ]
x ju exp(� qx ju T[xju])
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x 06= x
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A (1)

is the local likelihoodfor variableX . The likelihoodalso
decomposesby time. That is, the likelihoodof a trajectory
on [0; T) is equalto the likelihoodbasedonly on suf�cient
statisticsfrom time 0 to time t multiplied by the likelihood
basedonly onsuf�cient statisticsfrom time t to timeT.

2.2 Evidenceand Queries
Given a CTBN model, we would like to useit to answer
queriesconditionedonsomeobservations.Usuallythereare
two typesof observations: point evidenceand continuous
evidence. Point evidencerepresentsthe observation of the
valueof somevariablesat a particulartime. Continuousev-
idenceprovidesthe behavior of somevariablesthroughout
an interval [t1; t2). For instance,x = 1 during the interval
[2; 3:5), or x = 1 from t = 2 to t = 3 andthenx transitions
to x = 0 at t = 3 andstaysin thatstateuntil t = 5.

Queriescanaskaboutthe marginal distribution of some
variablesat a particulartime, suchas the distribution of x
andy at t = 2, or questionsaboutthe timing of a transi-
tion, suchasthedistribution over thetime thaty transitions
from y = 1 to y = 2 for the �rst time in the interval [1; 4).
In learning(especiallyexpectation-maximization),wemight
querytheexpectedsuf�cient statisticsof aCTBN, whichin-
cludesthe total amountof time that a variablespendson a
state,andthetotalnumberof timesthatavariabletransitions
from onestateto anotherstateundercertainconditions.For
example,we might want to know the total amountof time
that x = 0 throughouttheentireinterval, or thenumberof
times that x transitionsfrom 1 to 2 during the time inter-
val [2; 3) wheny = 0. In this paper, we will concentrate
onansweringqueriesgiventhecontinuousevidence,but our
methodcanbetrivially extendedto point evidence.

2.3 Exact Inferencein CTBN
A CTBN can be viewed as a homogeneousMarkov pro-
cesswith a large joint intensitymatrix amalgamatedfrom
theCIMs of theCTBN. Exactinferencein a CTBN canbe
performedby generatinga singlejoint intensitymatrix over
theentirestatespaceof theCTBN andrunningtheforward-
backwardalgorithmon the joint intensitymatrix of theho-
mogeneousMarkov process.We review this methodhere,
but a morecompletetreatmentcanbe found in Nodelman,
Shelton,& Koller (2002).

Assumethat we have a partially observeda trajectory�
of a CTBN N from 0 to T. We candivide theevidence�
into N intervals [t i ; t i +1 ) (i = 0; : : : ; N � 1) accordingto
theobservedtransitiontimes.Thatis, eachinterval contains
a constantobservationof the CTBN andt i is the time that
avariablebeginsto beobserved,stopsbeingobserved,or is
observedto transition.We sett0 = 0 andtN = T.

To performexactinference,we�rst generatetheintensity
matrix Q for the joint homogeneousMarkov processand
incorporatetheevidenceinto Q. If eachvariableX i in the
CTBN N hasn i states,the numberof statesof the joint
Markov processis n =

Q
ni andQ is an n � n matrix.

The value of the off-diagonalelementqij in Q for which
only onevariablevalueis differentbetweenstatesi andj is
thecorrespondingintensityin theCIM of thatvariable.All
theotheroff-diagonalelementsarezerossincetwo variables
cannot transitionat thesametime in aCTBN. Thediagonal
elementsarecomputedto makeeachrow sumto zero.

To incorporatetheevidence,we reducethejoint intensity
matrix Q to Q i for eachinterval [t i ; t i +1 ) by zeroingout
the rows andcolumnsof Q which representstatesthat are
inconsistentwith the evidence.Let Q i;j be matrix Q with
all elementzeroedoutexcepttheoff-diagonalelementsthat
representtheintensitiestransitioningfrom non-zerorows in
Q i to non-zerocolumnsin Q j .

exp(Q i (t i +1 � t i )) representsthetransitionmatrix for in-
terval [t i ; t i +1 ) andQ i;i +1 denotesthetransitionprobability
betweentwo consecutive intervalsat time t i +1 . We canuse
the forward-backwardalgorithmfor Markov processto an-
swerqueries.

We de�ne the forwardandbackward probability vectors
� t and� t as

� t = p(X t ; � [0;t ])

� t = p(� [t;T ) jX t ) :

Let � 0 betheinitial distributionP 0
X overthestateand� T

bea vectorof ones.Theforwardandbackwarddistribution
vectorfor eachinterval canbecalculatedrecursively:

� t i +1 = � t i exp(Q i (t i +1 � t i ))Q i;i +1

� t i = Q i � 1;i exp(Q i (t i +1 � t i )) � t i +1 :
The distribution over the stateof the CTBN at time t 2

[t i ; t i +1 ) giventheevidence� [0;T ) canbecomputedas

P(X t = i j� [0;T ) ) =
1
Z

� t i exp(Q i (t � t i )) � i;i

exp(Q i (t i +1 � t)) � t i +1

where� i;j is a n � n matrix of zeroswith onein position
i; j andZ is thenormalizationconstant.Otherqueriescan
besimilarly computed.



ProcedureCTBN-Sample(tend)
1. t  0, �  ;
2. For eachvariableX 2 X

Choosestatex(0) accordingto � B
X j paB ( X ) .

Loop:
3. For eachvariableX suchthatTime(X ) is unde�ned:

Choose� t for next X transitionfrom anexponential
with parameterqx ( t ) j u X ( t ) .

De�ne Time(X )  t + � t
4. Let X = arg minX 2 X [Time(X )]
5. If Time(X ) � tend return �
6. Updatet  Time(X )
7. Choosex(t), thenext valueof X , from themultinomial
with parameters� x ( t ) j u X ( t ) .

Add hX  x(t); t i to � .
Unde�ne Time(X ) andTime(Y ) for all variablesY
for whichX 2 U Y .

Figure1: Forwardsamplingsemanticsfor aCTBN

3 Sampling-basedInference
As we describedin theprevioussection,exact inferencein
a CTBN canbe performedby generatinga single joint in-
tensitymatrix over theentirestatespace.As thenumberof
statesis exponentialin thenumberof thenodesin thenet-
work, this approachis infeasiblewhenthe network size is
large. In this sectionwe describeanalgorithmfor approxi-
mateCTBN inferencebasedonsampling.

3.1 Forward Sampling
Queriesthat containno evidencecanbe answeredby ran-
domly samplingmany trajectoriesand looking at the frac-
tion thatmatchthequery. Moreformally, if wehaveaCTBN
N we generatea set of particlesD = f � [1]; : : : ; � [M ]g
whereeachparticleis a sampledtrajectory. With D we can
estimatetheexpectationof any functionby computing

ÊN [f ] =
1

M

MX

m =1

f (� [m]) : (2)

For example,if we let f = 1f x(5) = x1g thenwe could
usetheabove formula to estimatePN (x(5) = x1). Or the
function f (� ) might count the total numberof times that
X transitionsfrom x1 to x2 while its parentU hasvalue
u1, allowing us to estimatethe expectedsuf�cient statistic
M [x1; x2 ju1]. The algorithm for samplinga trajectoryin
CTBN is shown in Figure1. For eachvariableX 2 X , it
maintainsx(t) — thestateof X at time t — andTime(X )
— the next potentialtransitiontime for X . The algorithm
addstransitionsoneatatime,advancingt to thenext earliest
variabletransition.WhenavariableX (or oneof its parents)
undergoesa transition,Time(X ) is resampledfrom thenew
exponentialwaiting time distribution. We will useuX (t) to
representtheinstantiationto parentsof X at time t.

If we want to obtaina conditionalprobabilityof a query
givenevidence,thesituationis morecomplicated.Wemight
try to userejectionsampling: forward sampleto generate
possibletrajectories,andthensimplyrejecttheonesthatare
inconsistentwith our evidence. The remainingtrajectories

are sampledfrom the posteriordistribution given the evi-
dence,andcanbeusedto estimateprobabilitiesasin Equa-
tion 2. However, this approachis entirelyimpracticalin our
setting,asin any settinginvolving anobservationof a con-
tinuousquantity— in our case,time. In particular, suppose
we observe thatX transitionsfrom x1 to x2 at time t. The
probabilityof samplinga trajectoryin which that transition
occursat preciselythat time is zero. Thus,if we have evi-
denceabouttransitions,with probability1, noneof oursam-
pledtrajectorieswill berelevant.

3.2 Importance Sampling
A more practicalapproachto samplingin the presenceof
evidenceis importancesampling. In importancesampling,
we generatesamplesfrom a proposaldistribution P 0 which
guaranteesthatoursampledtrajectorieswill conformto our
evidencee. We mustweightour samplesto correctfor the
fact thatwe aredrawing themfrom P 0 insteadof thetarget
distributionPN de�ned by theCTBN. In particular, if � is a
samplefrom P 0 we setits weightto be

w(� ) =
PN (� ; e)

P0(� )
: (3)

In normalizedimportancesampling,we draw a setof sam-
plesD = f � [1]; : : : ; � [M ]g i.i.d. from theproposaldistribu-
tion, andestimatetheconditionalexpectationof a function
f givenevidencee as

ÊN [f j e] =
1

W

MX

m =1

f (� [m])w(� [m]) (4)

whereW is thesumof theweights.
This estimatoris consistentif the supportof P 0 is a su-

persetof thesupportof PN . In general,ÊN is biasedand
thebiasdeceasesasO(M � 1). Thevarianceof theestimator
alsodecreasesasO(M � 1). For more informationon this
andrelatedsamplingestimates,seeHesterberg (1995).

For our algorithm,we basethe proposaldistribution on
theforwardsamplingalgorithm. As we aresamplinga tra-
jectory, we occasionallydepart from the regular forward
samplingalgorithmand“force” thebehavior of oneor more
variablesto ensureconsistency with theevidence.

3.3 SimpleEvidence
The simplestquery involvesevidenceover somesubsetof
variablesV � X for the total length the trajectory. We
forceonly thebehavior of thevariablesV andthereareno
choicesabouthow to do that. In particular, we usethe fol-
lowing proposaldistribution: forward samplethe behavior
of variablesX 2 (X n V ) insertingtheknown transitions
at known timesfor variablesin V asdeterminedby theev-
idence.As therewereno choicesin our forcing, the likeli-
hoodof drawing � from theproposaldistribution is just the
likelihoodcontributionof forwardsamplingthebehavior of
thevariablesX 2 (X nV ), in thecontext of thetotalbehav-
ior of thesystem.But whatis thelikelihoodcontribution?

To bemoreprecise,let x[t1 : t2] be thebehavior of vari-
able X on the interval [t1; t2); this behavior can be sum-
marizedby the suf�cient statisticsover X on the inter-
val. Let ~L X (x[t1 : t2]) be a partial likelihoodcontribution



function, computedby plugging the suf�cient statisticsof
x[t1 : t2] into Equation1. Thepartialcontribution function
can be de�ned over a collection of intervals I by setting
~L N (I ) =

Q
x[t1 : t2]2I

~L X (x[t1 : t2]). We canpartition
� into two pieces.Let � e be thecollectionfor all variables
X 2 X of intervalsx[t1 : t2] wherethebehavior of X is set
by the evidence. Let � s be the complementof � e contain-
ing thecollectionof intervalsof unobservedbehavior for all
variables.Returningto our simpleevidenceabove,thelike-
lihood contribution is just ~L N (� s). To computetheproper
weightw(� ) we substitutein Equation3, canceltermsand
are left with ~L N (� e). Since� e containsall and only the
evidence,this algorithm exactly correspondsto likelihood
weighting in Bayesiannetworks (Shachter& Peot 1989;
Fung& Chang1989). Intuitively, this makessensebecause
we canaccountfor all theevidenceby simply assigningthe
observedtrajectoriesto theobservedvariables.

3.4 GeneralEvidence
Now, considera generalevidencepatterne. How canwe
forceourtrajectoryto beconsistentwith e? Supposethereis
asetof variableswhichhasevidencebeginningatte. Wecan
notsimply forcea transitionat time te to makethevariables
consistentwith theevidencee: if thesetcontainsmorethan
onevariable,thesamplewould have multiple simultaneous
transitions,aneventwhoselikelihoodis zero.

Instead,we look aheadfor eachvariablewe sample. If
thecurrentstateof thevariabledoesnot agreewith theup-
comingevidence,we forcethenext sampledtransitiontime
to fall beforethe time of the con�icting evidenceby sam-
pling from a truncatedexponentialdistribution, insteadof
thefull exponentialdistribution. In particular, if we arecur-
rently at time t and thereis con�icting evidencefor X at
timete, wesamplefrom anexponentialdistributionwith the
sameq valueasthenormalsamplingprocedure,but where
thesamplefor � t (thetimeto thenext transition)is required
to be lessthat te � t . Theprobabilityof sampling� t from
this truncatedexponentialis q exp( � q� t )

1� exp( � q( t e � t )) whereq is the
relevantintensityfor thecurrentstateof X (thediagonalel-
ementof QX jU X correspondingto thecurrentstateof X ).

Theprobabilityof sampling� from theproposaldistribu-
tion is thepartialcontributionof theregularly forwardsam-
pledbehavior on theunforcedpartof thetrajectory~L N (� s)
— whichwill cancelthecorrespondingtermin thenumera-
tor of Equation3 — timesanextra factorfor theprobability
of choosingtheforcing transitionsthatwe selected.For any
variablex whosevalueis given in the evidenceduring the
interval [t; t + � t), aswe discussedabove, thecontribution
to the trajectoryweight is just ~L N (x[t1 : t2]). Note that in
our case,this likelihoodhasa simpleform. Only onevari-
ablecanchangeduring an iterationof the algorithmandit
mustchangeat theendof thetime interval.

For variablesthatareforcedto transitiondueto upcoming
evidence,thingsareslightly morecomplicated.Eachtime
we adda new transitionto the trajectory, we advancetime
from t to t + � t. For eachvariablex whose“next time”
wassampledfrom a truncatedexponentialdistribution, we
mustupdatetheweightof trajectoryto re�ect thelikelihood

ratio for x[t : t + � t]. Eachsuchvariablecanbeconsidered
separatelyastheir timesaresampledindependently.

If the variableis part of the transition,the weight must
bemultipliedby theprobabilityof samplingthetransitionin
PN dividedby thetheprobabilityin thesamplingalgorithm.
Theformeris anexponentialdistributionandthelatteris the
sameexponentialdistribution,truncatedtobelessthante� t .
Theratioof thesetwo probabilitiesis 1 � exp(� q(te � t)) ,
whereq is therelevantintensity.

Otherwise,the next time for the variablewas sampled
from atruncatedexponentialbut waslongerthan� t. In this
case,theratio of theprobabilitiesof a samplebeinggreater
than� t is 1� exp( � q( t e � t ))

1� exp( � q( t e � t � � t )) . Notethatwhen� t is small
(relative to te � t , the time to the next evidencepoint for
thisvariable),theratio is almost1. So,while thetrajectory's
weightis multiplied by this ratio for every transitionfor ev-
ery variablethat doesnot agreewith the evidence,it does
notoverly reducetheweightof theentiretrajectory.

The algorithmfor CTBN importancesamplingis shown
in Figure2. To moreeasilydescribetheevidence,wede�ne
a few helperfunctions:
eval

X (t) is thevalueof X attimet accordingto theevidence,
or unde�nedif X hasnoevidenceat t.

etime
X (t) is the�rst timeaftert wheneval

X (t) is de�ned.
eend

X (t) is the �rst time after or equal to t when eval
X (t)

changesvalueor becomesunde�ned.
Note that eend

X (t) = t whenthereis point evidenceat t,
whent is theendof aninterval of evidence,andwhenthere
is a transitionin theevidenceat time t.

Theline numbersfollow thosegivenin theforwardsam-
pling algorithmwith new or changedlines markedwith an
asterisk.Time(X ) might be setto theendof an interval of
evidencewhich is not a transitiontime but simply a time
whenwe needto resamplea next potentialtransition. This
meansthatwe will notupdate� with a new transitionevery
time throughthe loop. The algorithmdiffers from the for-
ward samplingprocedureasfollows. Step2 now accounts
for evidenceat the beginning of the trajectory(usingstan-
dardlikelihoodweightingfor Bayesiannetworks). In step
3, we draw � t from thetruncatedexponentialif thecurrent
valuedisagreeswith upcomingevidence.If thecurrentevi-
denceincludesthisvariable,� t is setto thedurationof such
evidence. Step5 updatesthe weightsusing the procedure
Update-Weight. Finally, step7 now dealswith variablesthat
arejust leaving theevidenceset.

3.5 Predictive Lookahead

Thealgorithmin Figure2 drawsthenext statefor avariable
from the samedistribution as the forward samplingalgo-
rithm. This maycausea variableto transitionseveral times
in ashortinterval beforeevidenceasthevariable“searches”
to �nd a way to transitioninto theevidence.Thus,we may
generatemany unlikely samples,makingthealgorithminef-
�cient. We canhelpmitigatethisproblemby trying to force
thevariableinto astatethatwill leadto theevidence.

When sampling the next state for variable X at time
t, insteadof samplingfrom the multinomial accordingto
� x ( t ) ju X ( t ) , wewould liketo samplefrom thedistributionof



ProcedureCTBN-Importance-Sample(tend; e)
1. t  0, �  ; , w  1 *
2. For eachvariableX 2 X

If eval
X (0) de�ned,setx(0)  eval

X (0),
andthensetw  w � � B

x (0) j paB (0) *
Elsechoosestatex(0) accordingto � B

X j paB ( X )

Loop:
3. For eachX 2 X suchthatTime(X ) is unde�ned:

If eval
X (t ) is de�ned,set� t  eend

X (t ) � t *
Elseif eval

X (te) is de�ned where
te = etime

X (t ), x(t) 6= eval
X (te),

choose� t from anexponentialdistributionwith
parameterqx ( t ) j u X ( t ) given� t < (te � t ). *

Elsechoose� t from anexponentialw/ param.qx ( t ) j u X ( t )
De�ne Time(X )  t + � t

4. Let X = arg minX 2 X [Time(X )]
5. If Time(X ) � tend

w  Update-Weight(X ; w; t; tend) *
return (� ; w)

Else *
w  Update-Weight(X ; w; t; Time(X )) *

6. Updatet  Time(X )
7. If eend

X (t ) 6= t or eval
X (t ) is de�ned *

If eval
X (t ) is de�ned,setx(t)  eval

X (t ) *
Elsechoosex(t), thenext valueof X , from a

multinomialwith parameter� x ( t ) j u X ( t )
Add hX  x(t); t i to � .
Unde�ne Time(X ) andTime(Y ) for all variablesY
for whichX 2 U Y

Else *
Unde�ne Time(X ). *

ProcedureUpdate-Weight(Y; w; t1 ; t2)
1. For eachX 2 X suchthateval

X (t ) is de�ned for t 2 [t1 ; t2):
w  w � ~L X (x[t1 : t2 ])

2. For eachX 2 X suchthateval
X (te) is de�ned,

wherete = etime
X (t1), andx(t1) 6= eval

X (te):
If X = Y , w  w � (1 � exp(� qx ( t 1 ) j u X ( t 1 ) (te � t1)))

Elsew  w �
1� exp ( � qx ( t 1 ) j u X ( t 1 ) ( t e � t 1 ))

1� exp ( � qx ( t 1 ) j u X ( t 1 ) ( t e � t 2 ))

3. return w

Figure2: Importancesamplingfor CTBNs

thenext stateconditionedon theupcomingevidence.Sup-
poseX is in statex i at time t, andthenext evidencefor X
is statexk at te. Assumingtheparentsof X do not change
beforete andignoringevidenceover thechildrenof X , the
distribution of thestateof X at t givenonly theevidenceis
b = exp(� QX (te � t)) � k , where� k is thevectorof zeros
with asingleoneatelementk. TheprobabilitythatX shifts
from x i = x(t) to x j is � i;j = bj qx i x j =

P
k6= i bk qx i x k . We

canthereforeselectour new stateaccordingto thedistribu-
tion of � i and,assumingstatex j is selected,multiply the

weightby
� x i x j j u X ( t )

� i;j
to accountfor thedifferencebetween

thetargetandsamplingdistributions.

3.6 Particle Filtering
Thealgorithmin Figure2 allowsusto generateasingletra-
jectoryandits weight,giventheevidence.To applythis al-

ProcedureCTBN-Particle-Filtering(f X i
0; wi

0gi =1 ::: N ; tend; e)
1. k  0; Wt  1; N r  N
2. For i  1 to N : Pai

0  i , wi  1=N
Loop:
3. For eachi suchthatt i

k < tend :
(X i

k +1 ; t i
k +1 ; wi

k +1 )  

Sample-Segment(X P a i
k

k ; tP a i
k

k ; wi ; tend; e)
If t i

k +1 � tend

N r emain  N r � 1,
Wt  Wt � wi

k +1
4. k  k + 1
5. If N r = 0

return f X i
m i

; t i
m i

; wi
m i

; Pai
m i

gi =1 :::N ;m i =1 :::n i ,
wheren i is thenumberof transitionsof thei th particle

6. Calculate[Nef f of all incompleteparticles
7. If [Nef f < N thr

SamplePai
k accordingto w i

k

wi  Wt � 1=Nr

Else
wi  wi

k , Pai
k  Pai

k � 1

Figure3: ParticleFiltering for CTBNs

gorithmto thetaskof onlineinferencein adynamicsystem,
we cangeneratemultiple trajectoriesin parallel,advancing
time forwardasevidenceis obtained.

The resultingalgorithmis an instanceof sequentialim-
portancesampling,andthereforesuffersfrom its character-
istic �a w: As thetrajectorylengthincreases,thedistribution
of the importanceweightsgets increasinglyskewed, with
most importanceweightsconverging to zeroexponentially
quickly. Thus, the numberof “relevant” samplesgets in-
creasinglysmall, and the estimatesprovided by the set of
samplesquickly becomemeaningless.A family of meth-
ods,commonlyknown assequentialMonteCarloor particle
�ltering (Doucet,de Freitas,& Gordon2001), have been
proposedin thesettingof discrete-timeprocessesto address
this �a w. At a high level, thesemethodsre-apportionour
samplesto focusmoreefforts on morerelevantsamples—
thosewith higherweight.

Theapplicationof this ideato oursettingintroducessome
subtletiesbecausedifferentsamplesarenot generallysyn-
chronized.We couldpick a time t andrun thealgorithmin
Figure2 with tend = t sothatsamplesaresynchronizedat t.
Wewouldre-apportiontheweightsandcontinueeachtrajec-
tory from its stateat t, �rst settingTime(X ) to beunde�ned
for all X . However, choosingthe propersynchronization
timet is anon-trivial problemwhichmaydependon theev-
idenceandthespeedthesystemevolves.

Insteadof synchronizingall theparticlesby thetime, we
canalign particlesby thenumberof transitions.If we let t i
bethei th transitiontimeandX i bethevalueof X from t i � 1
to t i , thefollowing recursionholds.

P(X 1:n ; t1:n ; e[0: t n ) ) = P(X 1:n � 1; t1:n � 1; e[0: t n � 1 ) )

� P(X n jX n � 1)P(X [t n � 1 ;t n ) ; e[t n � 1 ;t n ) jX n � 1; et n � 1 )

Thus, to samplemultiple trajectoriesin parallel,we ap-
ply the CTBN importancesamplingalgorithmto eachtra-



jectoryuntil a transitionoccurs.To avoid thedegeneracy of
the weights,we resamplethe particleswhenthe estimated
effectivesamplesize [Nef f = 1P

i (w i
k )2 is below a threshold

N thr . This procedureis similar to theregularparticle�lter -
ing algorithmexceptthatall particlesarenot synchronized
by time but thenumberof transitions.To answerqueriesin
the time interval [0; T ), we propagatetheparticlesuntil all
of their lasttransitionsaregreaterthanT.

Figure3 shows the algorithmfor generatingN trajecto-
ries from 0 to T in a CTBN. It assumesthat the initial val-
uesand the weightshave alreadybeensampled.The pro-
cedureSample-Segmentloopsfrom line 3 to 7 in Figure2
until a transitionoccurs,returnsthetransitiontimeandvari-
ablesvalue,andupdatesthe correspondingweight for that
segment. Note that we are approximatingthe distribution
P(X 1:n ; t1:n ; e[0: t n ) ) for all possiblen. Therefore,we only
propagateand re-apportionweightsfor particlesthat have
not yet reachedtime T. Particlesthat have beensampled
pastT areleft untouched.

3.7 Particle Smoothing
Although the resamplingstepin the particle�ltering algo-
rithm reducesthe skew of the weights,it leadsto another
problem: the diversity of the trajectoriesis also reduced
sinceparticleswith higher weightsare likely to be dupli-
catedmultiple timesin theresamplingstep.Many trajecto-
riessharethesameancestorafter the�ltering procedure.A
Monte Carlo smoothingalgorithmusingbackwardsimula-
tion addressesthisproblem(Godsill,Doucet,& West2004).

The smoothingalgorithmgeneratestrajectoriesusingN
weightedparticlesf x i

t ; wi
t g usingtheparticle�ltering algo-

rithm. It startswith the particlesat time T, movesback-
ward onestepeachtime andsamplesa particleaccording
to theproductof its weight andtheprobabilityof it transi-
tioning to the previously sampledparticle. Speci�cally, in
the�rst step,it samplesexT from particlesx i

T at timeT with
probabilitywi

T . In thebackwardsmoothingstepsit samples
ex t accordingto wi

t j t +1 = wi
t f (ex t +1 jx i

t ), wheref (ex t +1 jx i
t )

is the probability that the particle transitionsfrom statex i
t

to ex t +1 . The resultingtrajectoriesarean approximationof
P(x1:T jy1:T ) wherey1:T is theobservation.

This ideacanbeusedin our settingwith somemodi�ca-
tion. Given the �ltered particlesf X i

m i
; t i

m i
; wi

m i
g,we need

to sampleboth variablevaluesand transitiontime at each
stepwhenwe move backward. Therearetwo main differ-
encesfrom thealgorithmin Godsill,Doucet,& West(2004):
Therearefewer thanN particlesthatcanbeusedat thebe-
ginning stepsof the backward smoothingsincethe trajec-
toriesdo not have exactly the samenumberof transitions,
and not all particlesat step n can be consideredas can-
didatesto move backward. A particle f X i

n ; t i
n ; wi

n g is a
valid candidateas the predecessorfor f eX n +1 ; etn +1 g only
if (1) t i

n < etn +1 , (2) the valuesof X i
n and eX n +1 differ in

only onevariable(thusa singletransitionis possible),and
(3) e( t i

n ;et n +1 ) containsno transitions.
Figure 4 shows the smoothingalgorithm which gener-

ates a trajectory from the �ltering particles. We apply
the algorithm N times to sampleN trajectories. These

ProcedureCTBN-Particle-Smoothing(f X i
m i

; t i
m i

; wi
m i

g; tend; e)
i = 1 : : : N ; m i = 1: : : M i

1. �  ;
2. Choosek with probabilitywM i

i

3. setY = X M k
k

, s  M k , t  tk
s

Loop:
4. � [t s � 1 ;s )  Y
5. If � is complete

return �
6. For j  1 to N

w0
j  Check-Weight(Y; t; X j

s� 1 ; t j
s� 1 ; wj

s� 1)
7. Choosei with probabilityw0

i

8. S  S � 1, Y  X s
i , t  t j

s

ProcedureCheck-Weight(X ; t; X s ; ts ; ws )
1. If t � t s or e( ts;t ) containsa transition,or

thevalueof X andX s do notdiffer by only onevariable
return 0

2. � [t s ;t )  X s , � (t )  X
3. w  ws � ~L X (� [t s ;t 2 ])
4. return w

Figure4: ParticleSmoothingfor CTBNs

equallyweightedtrajectoriescanbeusedto approximatethe
smoothingdistribution P(X [0;T ) je). Generatingonetrajec-
tory with thissmoothingprocessrequiresconsideringall the
particlesat eachstep.Therunningtime of samplingN tra-
jectoriesusingparticlesmoothingis N timesof thatof par-
ticle �ltering.

4 Experimental Results
To testour algorithms,we usedtwo CTBN networks: the
drugeffect network in Nodelman,Shelton,& Koller (2002)
anda chain-structurednetwork. Both areat thelimit for the
exactinferencealgorithm.

We�rst testedtheimportancesamplingalgorithmandthe
predictive lookaheadmodi�cation usingthedrugeffectnet-
work. It has8 (mostlybinary)variablesmodelingtheeffect
of a pain-reliefmedicine. At t = 0 the personis not hun-
gry, is not eating,hasanemptystomachandis not drowsy.
He hasjoint paindueto thefalling barometricpressureand
takesthedrugto alleviatethepain.Wesettheobservedevi-
dence:on t = [0; 1) thestomachis empty, on t = [0:5; 1:2)
thebarometeris falling, andon t = [1:5; 2:5) he is drowsy.
Ourqueryis thetotal amountof time thatthepersonhasno
joint pain on [0; 2:5). (The true value is 0.1093). We ran
thetwo algorithmswith samplesizes,M , from 5 to 90000.
For eachsamplesize,weranthealgorithms1000times.We
calculatedour queryaccordingto Equation3 andcompared
theresultto thetruevaluecalculatedusingexact inference.
We evaluatedthe two algorithmsin two ways: the relative
bias j �vM � v � j

v � , where�vM is the averagequeryvalueof the
1000runswith samplesizeM , andv� is thetruevalue;and
therelativestandarddeviation � M

v � where� M is thestandard
deviationwhensamplesizeis M .

Theresultsareshown in Figure5. Thebiasandstandard
deviation deceaseat a rate of O( 1p

M
) (shown by the thin
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Figure5: Relativebiasandstandarddeviationof sampling.
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Figure6: Time-ef�ciency comparison.

solid lines).Thesamplingalgorithmwith predictionoutper-
formsthenon-predictionversion.

We thenusedthechainnetwork to evaluatetheef�ciency
of importancesampling, particle �ltering, and smooth-
ing algorithms. The chain network contains� ve nodes
X 0; : : : ; X 4, whereX i is theparentof X i +1 for i < 4. Each
nodehas� ve states,s0; : : : ; s4. X 0 (usually)cyclesin two
loops: s0 ! s1 ! s3 ! s0 ands0 ! s2 ! s4 ! s0. All
theothernodesstayat their currentstateif it matchestheir
parentandotherwisetransitionto their parents'statewith
high intensity. Eachvariablestartsin states0. Notethatthis
is a dif�cult casewith neardeterminism.We only observe
thebehavior of X 4 andsetourqueryto beP(X 2( T

2 )je[0;T ) )
whereT = 3; 6; 9. We recordedthemeanrunningtime and
KL-divergencebetweentheestimatedandtruedistributions,
for eachsamplesizeacross300trials.

Figure6 shows theef�ciency of the threealgorithms.In
Figure6(a),weusesimpleevidence:only partof thebehav-
ior of X 4 is observed:on [1; 1:7), X 4 = s3, andon [2; 2:5),
X 4 = s2. In Figure6 (b)-(d), the behavior of X 4 is fully
observedduringtheinterval [0; T ): we sampleda trajectory
from 0 to T andkeptonly the informationaboutX 4. In all
four cases,the particle �ltering andsmoothingalgorithms
both outperformthe importancesamplingalgorithm when
the samplesize is small (small running time). For simple
evidence(Figure6(a)), the importancesamplingalgorithm

achievescomparableperformancewhenthe samplesize is
large. Whentheevidenceis complicated(Figure6 (b)-(d)),
theerrorof importancesamplingis largeevenwe usevery
largesamplesizes.Whenthetrajectoryis short,theparticle
�ltering algorithmis slightly betterthantheparticlesmooth-
ing algorithm. This is becausethe �ltering algorithm can
generatemoresamplesthan the smoothingalgorithmwith
thesamerunningtime. However, asthetrajectorylengthin-
creases,theparticlesmoothingalgorithmthenoutperforms
the�ltering algorithmdueto particlediversityproblems.

Wealsocomparedthethreesamplingalgorithmto theap-
proximateinferencealgorithmbasedon expectationpropa-
gationin Saria,Nodelman,& Koller (2007).We did notuse
their adaptive splitting method(for reasonswe explain be-
low). Evenwithout theadaptive splitting, their methodstill
differsfrom thatof Nodelman,Koller, & Shelton(2005),in
that it allows asynchronouspropagationof messagesalong
time.

We usedthesameevidenceon theeffectivedrugnetwork
andansweredtwo queries:thetotal amountof time thatthe
concentrationis low andthetotalamountof timetheperson
hasno joint pain. For theEP algorithm,we �rst tried seg-
mentationsthatweresplit attheevidence.Wethengradually
decreasedthetime interval of thesegmentsto 0.15.There-
sultsof accuracy with respectto runningtime areshown in
Figure7. The importancesamplingalgorithmoutperforms
theEPalgorithmin answeringqueryaboutconcentration(a
variablein the centerof the network) and is only slightly
lessef�cient thanthe EPalgorithmin answeringthequery
aboutthejoint pain(avariableattheedge).Amongthesam-
pling basedalgorithms,the importancesamplingalgorithm
performsthebestandthesmoothingalgorithmis theworst.
Thisis notsurprisinggiventhatmostof thenodesarebinary.
At eachtransitiontime,thesampledtrajectoryhasnochoice
asto thenext state.Therefore,smoothing(or �ltering) has
lesseffect asthereis no needto intelligently selectthenext
state. However, the extra computationtime for resampling
andbackwardsimulationmakesthe�ltering andsmoothing
algorithmlessef�cient.

As mentionedabove, we did not employ the adaptive
splitting methodof Saria,Nodelman,& Koller (2007). It
would not have changedour resultsmuch. The left-most
pointsin ourEPplotscorrespondto theminimumnumberof
splits. (They areasfastaspossible.)Theright-mostpoints
of theEPplotscorrespondto many �ne splits,andareabout
as accurateas possible,and we can seethat the accuracy
has�attenedout. So,while thehorizontalwidthsof theEP
curveswouldhavebeenshortened(byallowing for thebetter
accuracy in lesstime), theverticalspreadwould have been
approximatelythe same.In neitherplot of Figure7 would
this have madea largedifferencein thecomparisonsto our
samplingmethod.

5 Conclusion
The networks usedin this paperareat the uppersizelimit
for exact computation.Thus,approximateinferencemeth-
odsarecritical for tracking,prediction,andlearningin con-
tinuoustime Bayesiannetworks for real applications.Our
importancesampling,�ltering, and smoothingalgorithms
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Figure7: Comparisonto expectationpropagation.

arefast,simpleto implementandcanbe usedto calculate
theexpectedvalueof any functionof thetrajectory, includ-
ing theexpectedsuf�cient statisticsnecessaryfor employing
expectationmaximizationfor learningwith missingdata.
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