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Abstract.  Generating the reachability set is one of the most commonly
required step when analyzing the logical or stochastic behavior of a sys-
tem modeled with Petri nets. Traditional \explicit" algorithms that ex-
plore the reachability graph of a Petri net require memory and time at
least proportional to the number of reachable markings, thus they are
applicable only to fairly small systems in practice. Symbolic \impli cit"
algorithms, typically implemented using binary decision diagrams, h ave
been successfully employed in much larger systems, but much of he
work to date is based on breadth- rst search techniques best suited for
synchronous hardware veri cation. Here, instead, we describe recently-
introduced data structures and algorithms particularly targeted to P etri
nets and similar asynchronous models, and show why they are enor-
mously more e cient for this application. We conclude with some direc -
tions for future research.

1 Introduction

Petri nets [29, 32] are an excellent formalism to model a large class of diete-
state systems that exhibit a large amount of asynchronous behavior, yet have
the capability to occasionally synchronize some of their activities. Such sysms,
often called globally-asynchronous locally-synchronoysarise in exible manufac-
turing, communication protocols, asynchronous circuit design, embedded ight
controllers, and, of course, distributed software, to name a few examples.

Once a system has been modeled with a Petri net, its logical behavior can
be studied with a variety of techniques, such adnvariant analysis, reachability
graph generation and simulation or token game

Invariant analysis [18, 29] is always applicable to ordinary Petri netsand is
often quite e cient, since it directly operates on the incidence matrix of the net,
but it has limitations. For example, it can prove that a particular marking is not
reachable from the initial marking, but it can never prove that it is reachable.
One of its most useful applications is perhaps the investigation of boundedness
properties: a place is bounded if it is covered by a place-invariant. However, if a
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Petri net has inhibitor arcs, invariant analysis does not take them into account,
so that a place might still be bounded even if it is not covered by any place-
invariant. With self-modifying nets [38], the situation is even worse, snce only
limited place-invariant algorithms have been proposed for this class [7].

At the opposite extreme, the token game can be played on any discrete-state
Petri net, regardless of the extensions one might use, but it is akin to testing.
Simulation is an essentially incomplete type of analysis that, while helpfulin
understanding the system under study, is quite time-consuming and cannot be
relied upon when attempting to discover all undesirable behaviors.

Only reachability analysis can provide complete answers, since it does gen-
erate all the possible markings and behaviors of the net. Of course, even this
statement needs to be tempered by practical considerations. For ordinary Petri
nets, we might not be able to store the entire reachability graph of the net, tus
we might fail to provide an answer. For Turing-equivalent extensions of Petri
nets, even just being able to tell whether a net is bounded, thus whether it
makes sense to attempt its reachability set exploration, is an undecidable prob-
lem since the halting problem can be reduced to it [1,23]. In practice, we are
limited to hoping that the reachability set is not only bounded, but small enough
to tin the memory of our computer. Such a brute-force approach makes nev-
ertheless sense, and many research e orts have been directed at nding e cient
algorithms and data structures to generate and store the reachability set. Whié
these works cannot change the theoretical nature of the limitations, they can
change the practical impact of the approach, by making it applicable to larger
and more realistic systems.

In this paper, we present our approach to scale-up the applicability of reacha-
bility set generation through the use ofdecision diagram and Kronecker operator
techniques. This approach re ects work spanning several years, starting from our
ICATPN 1999 [28] and 2000 [9] papers, up to thesaturation algorithm [10, 11]
and its applications to veri cation [14, 15]. The \smart" in the title is a reference
to our software tool STA'T [8], which implements all the algorithms and data
structures we discuss, and was used to obtain the results we present. The rest
of paper proceeds as follows. Section 2 contains background material on explicit
and symbolic reachability set generation. Section 3 discusses our data structures
targeted to Petri nets and the saturation algorithm. Finally, Section 4 outlines
some of our ongoing research to further improve the e ciency and applicability
of this approach.

2 Traditional breadth- rst reachability set generation

This section describes our extended class of Petri nets, de nes their reachability
set, and summarizes traditional explicit and BDD-based breadth- rst algorithms
for the generation of their reachability set. In contrast to the algorithms and data
structures described in Section 3, though, these algorithms are not particularly
targeted to Petri nets, in the sense that they do not exploit the structural prop-
erties of the net.



2.1 Our extended Petri net class

We consider an extended class of Petri netsself-modifying nets with inhibitor
arcs, described by a tuple of the form @;T;F ;F*;F ;i ) where

{ P andT are sets ofplacesand transitions satisfying P\T = ; andP[T 6 ;.
{F :PT NPI NF*:PT NPl NyandF :PT NP I N[flg are
jPjjTj incidence matrices; F,, Fy., and F, are the marking-dependent
[7, 38, 39] cardinalities of the correspondingnput, output, and inhibitor arcs.
{i™ :P1 Nisamarking; ig" is the initial number of tokensin place p.

The evolution of the marking i : P! N is governed by the same rules as for
ordinary Petri nets, keeping in mind that the cardinality of any arc is evaluated
in the current marking, i.e., prior to the ring of any transition:

Enabling rule: A transition t is enabledin i if, for all places p, the input arc
is satised, ip  Fp, (i), and the inhibitor arc is not, i, < F . (i).

Firing rule:  The ring of an enabled transition t in marking i leads to marking
J, where, for all placesp, j, = iy Fp (i) + F;;t(i). We write N¢(i) = fjg,
to stress that, for general discrete-state formalisms, thenext-state function
N¢: 9! 29 applied to a single statei returns a set of states, not necessarily
a single stat¢. A notational advantage of a set-valuedN; is that we can
write N¢(i) = ; to indicate that t is not enabled in markingi.

The class of ordinary Petri nets is obtained by requiring that all the arc
cardinalities be constant instead of marking-dependent, and inhibitor arcs are
disallowed by requiring F (i) to be 1 for all p, t, and i. We stress that the
extensions we introduced are extremely useful in practice, as they allow us to
have much more compact models. Indeed, once we allow these extensions, one-
to-one translations from other formalisms into Petri nets often become pssible;
this may constitute a low-cost rst step to a conceptual framework where many
di erent solution techniques are applicable to arbitrary formalisms, an approach
taken in both Mebius [19] and STA'T [8].

2.2 The reachability set

Using just our knowledge about the number of places in the Petri net, we can
de ne the potential reachability set as $ = NPi . In other words, all we know
about the markings of the net is that they are tuples of jPj natural numbers.
Given a Petri net, its (actual) reachability set S is instead the set of markings

! Indeed, this is already the case for generalized stochasticPetri nets [2], if we restrict
S to be the tangible markings. The ring of a timed transition t in a tangible marking
i might lead to a vanishing marking j, which can then enable sequences ofmmediate
transitions. In this case, N (i) is the set of tangible markings reachable from j through
the ring of immediate transitions alone. An analogous situation arises in or dinary
Petri nets if we choose to partition T into internal, or invisible, transitions and
external, or observable transitions.



that can be actually reached from the initial marking through any ngmber of
transition rings. Let N¢(X) = [ ij2x N¢(i), for any X @; let Nyo= 51 oNy,
forany T® T ; nally, denote by \*" the re exive and transitive closure of a
relation. Then, S = N ; (it )g.

It is well known that Petri nets with inhibitor arcs are Turing-equivalent [1],
thus there is no algorithm to determine whether S $is nite for our class
of nets. The reachability set algorithms we consider, then, are forced to assume
that the reachability set is indeed nite prior to attempting its generation.

2.3 Explicit reachability set generation

A trivial algorithm to generate the reachability set simply maintains a set of
old markings O, initially empty, and a set of unexplored markings U, initially
equal to fiMt g. Iteratively, each unexplored markingi 2 U is moved to O, after
having added to U any marking j 2 N+ (i) not yet in O [U , and the process
ends whenU becomes empty. IfU is maintained as a queue, the reachability set
is explored in breadth- rst order, that is, if a marking i is added to U before
another marking j, then the distance ofi from i is at most that of j.

Unfortunately, this explicit approach requires time at least proportional to
jSj jPj, while the memory requirements depend on the encoding technique used
for the markings. If a single hash table or tree is used to store and seardd and
U, the memory requirements are proportional to the number of elements|Sj,
times the size of each elementjPj; using more sophisticated (but still explicit)
multi-level data-structures, the requirements can be proportional to just jSj for
most Petri nets in practice [12]. In any case, such an approach is feasible gnl
when jSj is of the order of 10 or 108, given current workstation capabilities.

To avoid these limitations, researchers turned toimplicit, or symbolic algo-
rithms. In particular, encodings based onbinary decision diagrams (BDDs) [4],
which had been used with enormous success in the areassyimbolic model check-
ing and formal veri cation of digital hardware , were proposed and implemented
for Petri nets as well. The next section is based on the approach used in [30].

2.4 BDD-based reachability set generation

rooted at a noder, such that each non-terminal node is labeled with one of th&
levels and has two outgoing edges labeled with the values 0 and 1, respectively,
while the terminal nodes, labeled with level 0, can only be the special nodes 0
or 1, corresponding to the boolean functions 0 and 1. Letvl(p) be the level of
node p, and let p[0] and p[1] be the nodes pointed by the 0-edge and the 1-edge
of node p, respectively. The BDD is ordered [4] if, for any two nodesp and q
encountered, in order, along a path from the root,Ivli(p) > Ivl(g). The BDD is
reduced[4] if it does not contain any redundant nodep (i.e., such that p[0] = p[1])
nor any duplicate nodesp and q (i.e., such that Ivl(p) = Ivl(q), p[0] = q[0], and
p[1] = q[1]). We assume reduced and ordered BDDs from now on.



BfSsGen(i™ ;Nt)
1.8 f i™g; known markings
2.U f i g; unexplored known markings
3. whileU 6 ; do there are still unexplored markings
4. X N 1(U); possibly new markings
5 U XnS ; truly new markings
6. S S[U ;
7. return S;

Fig.1: A BDD-based breadth- rst generation algorithm.

A BDD encodes a functionf, : f0;1g¥ ! f 0;1g, according to the following
recursive de nition for the function encoded by a nodep:

Xwi (o) fpro) + Xwi(p) fpry if VI(P)> 0.
p if Ivi(p) =0

A fundamental property of BDDs is that they are canonical: if we encode mul-
tiple boolean functions over the same set oK boolean variables using BDDs
with shared nodesto avoid duplicate nodes, two functions are identical i they
have the same root.

Given a safe Petri net, we can store any set of markingsX 9 = f0; g
by encoding its indicator function in a jPj-level BDD rooted at r,

Analogously, we can store any relation overd, thus any function from o 29,
such asN+, in a 2jPj-level BDD. Then, we can generate the reachability setS
using the BDD-based algorithm of Fig. 1. Starting from the set containing only
the initial marking, we compute the set of new markings reachable in one step,
and iterate until the set U of unexplored markings is empty. Of courseS, U, X,
and Nt are encoded by BDDs.

Instead of encodingNt as a single BDD representing thetransition relation ,
we can encode it using @ j very simple boolean functions [31]:

{ APM = QpF pt=1 (ip=1) (all predecessor places ot are marked)
{ NPM, = QpF pt=1 (ip=0) (no predecessor place ot is marked)
{ ASM; = QpF* pit=1 ip=1) (all successor places ot are marked)

{ NSM; o pit=1 (Ip = 0) (no successor place ot is marked)
Then, the topological image computationfor a transition t can be expressed as
Ni(U)=(((U APM{) NPM) NSM;) ASM;

where \ " indicates the cofactor operator? and \ " indicates boolean conjunc-
tion. This approach, which inherently uses apartitioned representation forNt as

2 Given a boolean function f over (x« ;:::;x1) and a literal xx = v, with Kk 1
and vy 2 f 0;1g, the cofactor f  xi is dened as f (Xk ;:::;Xk+1 ; Vi Xk 1;::5;X1);
the extension to multiple literals, f  (Xk, = Vi¢iiii;Xk, = Vi), IS recursively

dened as f (Xk ;:ii;Xke+l s Vke: Xke 130:03X1)  (Xke 1 = Vke 15000 Xky = Viky)-



already proposed for symbolic model checking [24], also opens new possiist
with respect to the exploration order. To exactly recreate the e ect of statement
4 in Fig. 1, we must substitute it with:

X M
for eacht 2 T do
X X[N (U);

However, if we don't mind straying a little from a strict breadth- rst order
in our reachability set exploration, we can usechaining [34], to (heuristically)
accelerate the algorithm. This is achieved by substituting statements 4 and 5 in
Fig. 1 with

foreacht 2 T do
U U[N (V)
U uns ;

Without chaining, the number of iterations required to generateS equals the
maximum distance of any marking from i™ plus one, to detect convergence;
this is the sequential depthof the net. With chaining, the number of iterations
at most equals the sequential depth, but it is usually smaller in practice, and
can in principle be reduced by a factor of up tojT j. Intuitively, chaining works
better if the order in which the for-loop enumerates the transitions is such that
the ring of t is attempted only after the ring of any transition whose output
places are input places ot has been attempted as well. Of course, this is pos-
sible only if the net is acyclic; in the cyclic case, we must somehow \break the
cycles". However, decision diagrams are complex data-structures, and the cost
of each iteration depends on thesize of the BDDsthat are being manipulated.

It is possible, although uncommon, that the size of the BDD representing the
currently-known S at each iteration is substantially larger when the algorithm
employs chaining, so that the overall runtime increases even if the number of
iterations is reduced. Unfortunately, the evolution of the size of the BDD for S
is not well understood at the moment, so the best we can do is employ heuristics
and learn from experiments on practical models.

3 Exploiting the Petri net structure

In the previous section, we saw how BDDs can be used to generate the reachabil-
ity set of a safe Petri net. However, except for partitioning N+ into [ o N¢ and
for ordering the transitions according to their input/output places when chain-
ing is used, nothing we have discussed is speci ¢ to Petri nets. In this section, we
present instead data-structures and algorithms that are particularly targeted to
the reachability set generation of arbitrary Petri nets and similar asynchronous
models. The main di erences are the use omulti-way decision diagramsto en-
code sets of markings, instead of BDDs, the use dfronecker operators on sparse
boolean matrices to encode the next-state function, again instead of BDDs, and
the use of a newiteration strategy. Together, these ideas allows us to exploit the



locality of e ect inherently present in Petri nets and related models of compu-
tation, and to reduce by many orders of magnitude both runtime and memory
consumption with respect to breadth- rst BDD-based methods.

3.1 Multi-way decision diagrams

If a net is not safe, BDD-based techniques can still be used, but multiple boolean
variables are needed for each place [31], complicating the encoding &f and
N+ . An alternative is to explicitly allow non-boolean variables in the decision
diagram. Consider astructured set = Sk S 1, where each setSy is of
the form f0;1;:::;nx 1g, for K k 1. A quasi-reduced ordered multi-way
decision diagram (MDD) 3 over  is a directed acyclic edge-labeled multi-graph
where:

{ Nodes are organized intoK levels numbered from K down to 1, plus one
additional level numbered 0. We write hkjpi to denote a node at levelk,
where p is a unique index for that level.

{ Level K contains a singlenon-terminal node WK jri, the root, whereas lev-

elsK 1 through 1 contain one or more non-terminal nodes.

Level O can contain only theterminal nodes,h0j0i and h0j1i.

A non-terminal node Hjpi hasny arcs pointing to nodes at levelk 1. If the

i™ arc, fori 2 Sy, is to nodetk 1jqi, we write FKkjpi[i] = q.

{ Duplicate nodes are not allowed (but redundant nodes, where all arcs point
to the same node, are allowed).

~

We can extend our arc notation to paths. The index of the node at level 1
reached from a nodehkjpi through a sequence if;:::;i;) 2 Sk S |, for

An MDD can encode subsets ofuples in b using a similar idea as for BDDs.
The k-tuples encoded by, or \below", hkjpi are

B(hkjpi) = f 2 Sy S 1:Kjpi[ 1=1g;
while the (K  k)-tuples reaching, or \above", Kjpi are
A(rkjpi) = f 2S5k S ka1 (HKjri[ 1= pg:

For any node Hkjpi on a path from the root KK jri to h0jli, the set of K -tuples
A(Kjpi) B (hkjpi) is a subset of the set oK -tuples encoded by the MDD, which
we can write asB(hK jri) or A(h0j1i). By convention, we reserve the indices 0 and
1 at any level for nodes encoding the empty and full sets, that isB(hkj0i) = ;
and B(hkjli) = S S 1. An example of an MDD with K = 4 is in Fig.
2, which shows (a) the composition of the setsSy; (b) the MDD; (c) a more
readable representation of the MDD, where we omit node$kj0i, for any k, and
node h0j1i, as well as their incoming arcs, and we draw only the nonzero entries
of the remaining nodes; (d) the set of 4-tuples encoded by the MDD.

% MDDs were introduced in [25, 26], in the fully-reduced version. Ho wever, they were
implemented on top of a BDD library, not natively as we do in our tool SYA'T.
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Fig.2: An example of an MDD and the set of 4-tuples it encodes.

To encode the reachability set of an arbitrary Petri net, we could then use an
MDD over Sp; S 1, whereS, = f0;1;:::;myg and m, is the maximum
number of tokens placep may ever contain. However, this simplistic approach
would have several drawbacks:

{ Sp might have \holes", that is, even if the bound m, for the number of tokens
in p is achieved in some reachable marking, there might not be a reachable
marking with exactly c tokens in placep, for some 0 ¢ <mj.

{ Given the possible presence oinvariants in the Petri net, some of the jPj
components of the marking might be completely determined from the value
of other components, thus the corresponding levels would waste space with-
out carrying information.

{ Such a ne choice for the variables of the MDD might compromise our ability
of using the Kronecker encoding described in the next section, if the net
contains marking-dependent arc cardinalities. In any case, it might be more
e cient to have fewer variables, i.e., levels in the MDD.

{ The value of m, might not be known in advance.

Thus, we use insteadK indexing functions to map submarkings into natural

with i, 2 NIP«J for Kk 1, and de ne K partial functions | : NIP«i 1N,
In practice, each  only needs to map theknown submarkings for Py, Sy, to
the rangefO0;:::;nx  1g of natural numbers, whereny = jSij. We dynamically
do so as follows:

{ Initially, S = fil gand (i ) = 0, that is, we map the only known
submarking for Py, the initial submarking, to the rst natural number.

{ Every time we discover a new submarkingix for Py, we add it to Sy, and
de ne k(ik) = jSkj 1.

{ For any iy 2 NIP«i n'S, that is, any other tuple that is not a submarking
discovered so far, we let (ix) be unde ned; its index won't be needed.



Fig. 3: An identity transformation for a generic ( ix;jk) pair with ny = 4.

Using theseK indexing functions, which can be incrementally de ned during
reachability set generation [11], a marking can be identi ed with aK -tuple:

(ik ;iin) 2 NP NP 1]
0
( k(ik)n 1)) = (i i) 29=f0 ik 1g f o:nnng 1g

From now on, we letiy be the index corresponding to the submarkingiy, i.e.,
ik = «(ik), and we useSy to mean indi erently the set of known submarkings
for Py, or the set of their indices obtained through .

This approach gives us complete exibility for the choice of the MDD vari-
ables, since we can have as little as a single variable (whéf =1, S; = S and
we perform an explicit reachability set generation), or as many agPj variables,
so that each place corresponds to a dierent level of the MDD. We can even
generalize our notation to the caseK > jPj, which would then allows us to use
multiple variables, although not necessarily binary, per place.

3.2 Kronecker representation of the transition relation

The idea of a BDD encoding of the next-sate functionN+ is clearly still applica-
ble when MDDs are used instead of BDDs. We can simply de ne an MDD over
(Sk S k) (S1 S 1), rooted at HK jsi , sothat K jsi [(ik ;jk );n(i1rj)] =
1i (jk;u5j) 2 N1 (ik;isi), where, to avoid confusion, we use a double
bracket notation for the nodes of \2K -level" MDDs. However, this widely em-
ployed approach su ers from an inherent problem: an inappropriate de nition
of what constitutes a redundant node in the decision diagram representing the
transition relation of an asynchronous system. For formalisms such @ Petri nets,
where an event (transition) usually a ects only a few state components (places),

(ix;j«) pairs whereiy = j, that is, the k" component (submarking) remains
unchanged. Thisidentity transformation, though, is not e ciently encoded by
ordinary decision diagrams, as shown in Fig. 3.

We then adopt a representation of N+ inspired by the Kronecker encoding of
the in nitesimal generator of a Markov chain, an idea championed by Plateau
[33] that has received much attention in the last decade from researchers in the
area of stochastic Petri nets [5, 6, 21]. When the partition of the places in he



net is Kronecker consistent we can write
[ X O
Nt = Nkt N 14 or N = Nt ;
t2T t2T K k 1

if Nt is seen as zj@j j @j boolean (instead of real, as for Markov chains) matrix
N, where \ " indicates the Kronecker product operator [20] and the K T j
boolean matricesN . , of sizenx  ny, describe the (local) e ect of each transition
t on each submarkingiy. In particular, t is locally enabledby submarking iy i

not all entries of the iy™ row of Ny are zero, written Ny.[ix; ] 6 0, and

submarkingiyx. The identity transformations mentioned above simply correspond
to having Nt = I; in this case,t and k are said to beindependent since the
enabling oft is not a ected by iy, and the ring of t does not changey [9, 28].
By exploiting event locality, i.e., knowledge of the k;t) pairs for which Ny 6 I,
we can not only reduce the storage requirements, as there is no need to store
identity matrices, but also enormously reduce the computational cost, as we
describe in the next section.

We conclude this section by observing that, for Petri nets, two important
properties hold, further strengthening the case for our approach:

{ The N matrices that do need to be stored are extremely sparse. For or-
dinary Petri nets, each row contains at most one nonzero entry, since the
e ect of ring a particular transition t is deterministic.

{ For ordinary Petri nets, the Kronecker consistency requirement is satis ed
for any partition of P. This remains true even if we allow inhibitor arcs and
a limited form of marking dependency where the cardinality of an input,
output, or inhibitor arc between p and t depends at most on the number of
tokens in p (as a special case, this includeseset arcs which were proposed
[3] as a mechanism to empty g whent res).

3.3 The saturation algorithm

We are now able to describe an iteration strategy that greatly reduces the com-
putational costs of reachability set generation by exploiting event locality. Let
Top(t) and Bot(t) be the highest and lowest levels on whicht depends:
Top(t) =maxfk : Nyt 6 Ig and Bot(t)=minfk: Ny 6 Ig:
Each transition depends on at least one level (if not, it can be eliminated), so
8t2T; K Top(t) Bot(t) 1;

and we can partition T into (up to) K classes,

Te=ft2T : Top(t)= kg; forK k 1



where someT, might be empty. Then, we de ne the restriction of Nt to the
transitions that depend only levels k or below:

[ [
N = Nt = Nt;

I
11 k t:Top (t) k

and use it to de ne the main concept behind the saturation algorithm [10].

De nition 1.  An MDD node Hjpi at levelk is said to be saturated if it repre-
sents a xed point with respect to the ring of any transition that does not a ect
any level abovek, that is, B(tkjpi) = N, (B(hjpi)).

Clearly, any MDD node reachable on a path from a saturated MDD node
must also be saturated and, sincé&N ¢ N 1, we haveB(Kjri) = N4 (B(hKjri))
when the root KK jri of the MDD is saturated. Thus, if the MDD initially en-
codes theK -tuple corresponding to the initial marking and no other tuple,
B(hK jri) = f(ilot ;::; it )g, we haveB(MK jri) = S oncetK jri is saturated.

The saturation mechanism di ers from the traditional node manipulation of
breadth- rst BDD algorithms in several fundamental ways:

{ To saturate a node hKjpi whose descendants are already saturated, we at-
tempt the ring of any transition t 2 Ty. A traditional approach, even with
chaining, would build the MDD corresponding to N¢(S) and then union it
with S (of course, S is the currently known reachability set). However, sat-
uration modi es hkjpi in place [9] because, due to locality, we can say that,

If marking i 2 S corresponds to a path going throughtkjpi, i.e., i 2
A(hkjpi) B (Kkjpi), and if fjg= N¢(i), then i, and j, can dier only if
the level | satisesk | Bot(t).
In addition, if there is another marking i° 2 A (Kkjpi) B (hkjpi), such
that i’=ij for k | Bot(t), then fj% = N(i9, that is, t is enabled
also in i% and, furthermore, it must be that j> = j, for k |  Bot(t),
andj?=i for >k orl< Bot(t).
In other words, we can modify Kjpi to take into account the ring of t
without even having to know what paths A (hjpi) lead to this node. This is
much less computationally expensive than building the MDD for N¢(S) and
can greatly reduce the number of MDD nodes that are temporarily generated
and then discarded soon thereafter because they become disconnected.

{ The reachable markings are not found in breadth- rst order. Indeed, there is
no concept of a global iteration: once the root is saturated, the entire state
spaceS has been saturated.

{ As with all decision diagram manipulations, we employ aunique table to
detect duplicate nodes, andoperation cachesto speed-up computation (in
particular a union cache and a ring cache ). However, only saturated nodes
are ever inserted in the unique table or referenced in the operation caches.
Again, this implies that far fewer nodes and cache entries are allocated; these
large memory savings translate into large execution time savings as el



Generate()

RecFire (t;1;q)

1.p 1; 1. if | < Bot(t) then return g
2. fork=1 to K do N 2. if Cached(FIRE ;l;t;qg;s) then
3. S f Og; k(@™ )=01 3. retuns;
4. G the con rmed indices || 4. s NewNode(l); chng false;
5. Conrm (k;0); 5. Lf i2S;:Hjqi[i]60" N [i; 16 Og;
6. r NewNode(k); 6. whileL & ; do
7. Kjri[0] p; 7. pick and removei from L;
8. Saturate(k;r); 8. f RecFire (t;1  1;Hjqi[i]);
9. Checkin(k;r); 9. iff 60 then
10. p r; 10. foreachj s.t. Ni: [i;j]=1 do
11. returnr; 11. u Union (I 1;f; Hjsi[j ];
: 12. if u & Hjsi[j] then
Saturate(k; p) 13. ifj 62 Cthen Conrm (] ):
1. chng true; 14, Hjsi[j] u;
2. while chng do 15. chng true:
3. chng false; 16. if chng then
4. foreacht 2 T|< do 17. Saturate(|; S),
5 chng chng _ Fire (t;k; p); 18. Checkin(l;s);
Fire (t; k; p) 19. PutinCache (FIRE ;I;t;q;s);
20. returns;
1. chng false;
2.Lf i2Sc:hkjpi[i]60" N [i; ]6 Og; || Union (k; p;q)
3. whileL & ; do 1. if p= g then return p;
4. pick and removei from L; 2. elseifp=1 orq=1 then return 1;
5 f RecFire (t; k  1; hkjpi[i]); 3. else ifp=0 then return q;
6. iff 60 then 4. else ifg=0 then return p;
7 foreachj s.t. Ny [i;j]1=1 do 5. else ifk =0 then returnp _ q;
8 u Union (k  1;f; Kjpi[i]); 6. if Cached(UNION ;k;p;q;u) then
9 if u & hkjpi[j] then 7. returnu;
10. if j 62 € then Conrm (k;j); 8. u NewNode(k):
11. hjpifj] u; 9. fori=0tonk 1do
12. chng true; 10.  Arc (ku;i;Union (k 1Hkjpi[i1Hkjqi[i]);
13. if Nt [i; 16 O then 11. u Checkin(k; u);
14. L L[f jog 12. PutinCache (UNION ;k; p;q; u);
15. return chng; 13. return u;
Conrm (k;i) Arc (k; p;i; q)
1. G C «[fig; 1. s h kjpifi]; remember old node
2. ik R OH 2. if g= s then return
3. foreacht s.t. Ny¢ 6 | do 3. Kjpili] q;
4. foreachjy 2 N (ix) do 4.tk ljgicinc  h k 1jgizinc +1;
5 ] k() 5. if lk  1ljsi:inc =1 then
6 if j = \unde ned" then 6. DeleteNode(k 1;s);
7. k(k) IS «i; 7. else
8. IS« 8. h jsi:inc  h k 1jsicinc 1
9. S« S «[fijg
10. Nt [i] ] 1;

Fig. 4: Generate, Saturate, Fire , RecFire, Conrm , Union, and Arc.




The pseudocode for the saturation algorithm is shown in Fig. 4. The functions
listed perform the following operations:

Generate() builds an MDD rooted at K jri encodingN+ (i™ ), and returns r,
that is, it builds the MDD encoding S.

Saturate(k; p) updates hkjpi in-place, to encodeN | (B(lkjpi)), and returns
whether the node changed.

Fire (t; k; p) updates Ikjpi, also in-place, to encodeN | (N, (B(hkjpi))), and
returns whether the node changed; it is always called withk = Top(t).

RecFire(t; |; g) builds an MDD rooted at Hjsi encodingN | (N(B(Hjai))), and
returns s; it is always called with | < Top(t).

Conrm (k;i) builds row N [i; ] for each transition t that depends on levelk,
by examining the placesPy of the Petri net and the arcs connecting them to
t. If it discovers new submarkingsj, it adds them to Sx and assigns them
the next available index. At any point in time, Ny has rows indexed by
con rmed submarking indices G, but column indices refer to S.

Union (k; p; @) return an index u such that B(hkjui) = B(hjpi) [ B (hkjqi); it
is always called on saturated nodes, thus the result is also saturated, by
de nition.

Arc (k; p;i; q) sets the archkjpi[i] to g, and updates theincoming arc counts for
the node previously pointed by HKjpi[i] and for q.

In addition, the following functions are used without giving their pseudocode:

Checkin(k; p) searches the levek unique table to determine whether Hkjpi is
a duplicate of an existing nodelkjqi; if it is, it deletes hkjpi and returns g;
otherwise it inserts HKjpi in the table and returns p.

PutinCache(UNION ;k;p;q;u) and PutinCache(FIRE ;I;t;q;s) insert in the
levelk cache the result of an operation.

Cached UNION ;k; p; g; u) and Cached FIRE ;I;t; q; s) attempt to retrieve from
the levelk cache the result of an operation, and returntrue if it is found.
NewNodgk) allocates a new MDD nodelkjpi at level k, sets all its arcs to O,

and returns p.
DeleteNod€gk; p) deletes the MDD node hkjpi.

3.4 Results

To illustrate the e ectiveness of the saturation algorithm, we recall some of the
results from [11]. Table 1 compares the nal and peak memory and the runtime
of our tool SYA'T [8] and of a traditional symbolic breadth- rst implementation
in NuSMV [17], a model checking tool built on top of the CUDD library [36]. T he
examples of Petri nets used for the study are the dining philosophers problem
[31], a slotted ring system [31], a round robin mutual exclusion [22], and aexible
manufacturing system (FMS) [16]. The rst three models are safe Petri nets, the
parameter N a ects the height of the MDD but not the size of the local state
spaces (except forS; in the round robin model, which grows linearly in N).
The FMS has instead a 19-level MDD, andN a ects the size of the nodes. The
enormous advantage of our data structures and of the saturation algorithm is
clearly visible in terms of both memory and runtime reduction.



Table 1: Generation of the state space: STA'T vs. NuSMV

N Reachable | Final memory (KB) | Peak memory (KB) Time (sec)
states |SINT] NUSMV [SIA'T| NuSMV [STA'T| NuSMV
Dining Philosophers: K = N, jSxj=34 for all k
20[3.46 10%? 4 4,178 5 4,192 0.01 0.4
50[2.23 10°! 11 8,847 14 8,863 0.03 13.1
100(4.97 10%? 24 8,891 28 15,256 0.06 990.8
200|2.47 10%° 48 21,618 57 59,423 0.15 18,129.3
5,000(6.53 10%134| 1,210 | | 1,445 | | 65.55 |
Slotted Ring Network: K = N, jSkj=15 for all k
5/5.39 10* 1 502 5 507 0.01] 0.1
10/8.29 10° 5 4332 28 8,863 0.06 6.1
15/1.46 10'° 10 771 80 11,054 0.18 2,853.1
100[2.60 10'%° | 434 | |15,753 | | 41.72 |
Round Robin Mutual Exclusion: K =N +1, jSkj=10 for all k exceptjSi1j= N +1
10[2.30 10* 5 917 6 932[ 0.01 0.2
20(4.72 10’ 18 5980 20 5,985 0.04 1.4
30(7.25 10'° 37 22220 41 8,716/ 0.09 5.6
100(2.85 10%? 357 13,789 372 21,814 2.11 2,836.5
150(4.82 10% 784 | 807 | 7.04 |
FMS: K =19, jSkj= N +1 for all k except jSi17j=4;]jS12j=3;]S7j=2
5[1.92 10° 5 2,113 6 2,126 0.01 1.0
10[2.50 10° 16 1,152 26 8,928 0.02 41.6
25(8.54 10'° 86 17,045 163 152,253 0.16 17,321.9
150(4.84 10°°® | 6,291 | |16,140 | | 18.50 |

4 What's ahead

While saturation o ers large runtime and memory savings, many opportunities
for further improvements still need to be explored on several fronts. In the fé
lowing sections, we survey some research activities in which we are currentl
involved.

4.1 Beyond Kronecker consistency

The saturation algorithm as presented in [10, 11] relies on the assumptiothat
the model parigion allows Nt to be decomposed in a Kronecker consistent way,
that is, Nt = t2T NK;t N 1it-

For ordinary Petri nets, this is not a restriction at all while, for more gen-
erals formalisms, such as Petri nets with marking-dependent arc cardinalities
this requirement forces us to either split events into multiple events or merge
submodels into larger submodels. Either way, this can cause a large increase in
the computational requirements, since it brings us closer to an explicit approach.

To see the practical importance of this limitation, one can simply consider
the semantic of anassignmentin a procedural programming language, which is



a
a:=a+b+2*c; aC)\/ \/Dt bO CO
at+b+2c

Fig.5: An ordinary assignment and its extended Petri net model.

easily modeled using marking-dependent arc cardinalities, see Fig. 5. The e ect
of the assignment statement on the left is correctly captured by transitiont in
the Petri net on the right. However, if we partition the Petri net so that places

a, b, and c are in classes by themselves, we have no way of expressing the e ect
of N¢ on a without knowing the number of tokens in b and ¢ as well. In other
words, any Kronecker consistent partition must assigna, b, and ¢ to the same
class, unless we split into jS; S, S (j cases.

We are currently working on a di erent, MDD-based, encoding of the next-
state function Nt which, while retaining the e ciency of a Kronecker represen-
tation when the partition is indeed Kronecker consistent, \gracefully adapts"
to the presence of non-Kronecker consistent behavior in the models and it still
allows us to perform a saturation-type iteration, even when the setsSy are not
known a-priori.

4.2 Ordering and partitioning heuristics based on the net structur e

It is well known that the order of the variables in a BDD can greatly a ect
the e ciency of BDD operations and that nding an optimal ordering is an
NP-complete problem [37]. Dynamic variable reordering heuristics have been
proposed [35], but they can be quite expensive, thus they are usually triggered
only when the size of the BDD exceeds some threshold. When using MDDs
instead of BDDs, the optimization problem has even more parameters, since we
need to decide not just the order of the variables (the order of theK subnets)
but the de nition of the variables themselves (the composition of eachPy, for

K k 1.

We are currently working on a heuristic that, using the structure of the Petri
net and our concept of locality, attempts to statically nd a good order that
reduces the cost of ring a transition, both in terms of the actual computation
for the recursive Fire calls, and in terms of the change in the size of the MDD
it causes. Preliminary results are quite promising.

4.3 Implementation and libraries

The research results described in this paper have been implemented in the tool
ST [8]. Begun over a decade ago as a tool for the explicit solution of Markov
models, such as GSPNsSWWT has evolved in several directions. Of particular
relevance here are Kronecker techniques for the encoding of the in nitesimal gen-
erator of a continuous-time Markov chain [5] and of the next-state function P8];
matrix diagrams [13,27] as an alternative data structure to store the matrices



N ; and, of course, the use of saturation to generate the reachability set [10,
11], to compute the distance function of each marking from the initial marking
[14], and to carry on CTL model checking on a Petri net model [15].

As a consequence of implementing these ideas BYA' T, we have, over the
years, re ned our data structures and algorithms for the manipulation of decision
diagrams in a variety of versions: boolean-valued vs. integer-valued vs. réa
valued; edge valued vs. terminal-valued; quasi-reduced vs. fully-reduced. We are
now in the process of organizing these di erent types of decision diagrams into
a coherent library framework that is both e cient and general. This new library
will be at the core of a new version of STA'T . It will also be freely distributed
to researchers who want to use its raw capabilities in their own tools.

5 Conclusion

We have presented an exhaustive brute force, but nevertheless smart (or is that
ST ?) approach to the symbolic generation of the reachability set of an ex-
tended class of Petri nets. Using the idea o$aturation, the size of the decision di-
agram encoding the state space grows much less than with conventional breadth
rst iteration strategies, and this, in turn, results in must faster execution times.

Of particular relevance to Petri net researchers is the fact that saturation,
and the concept of event locality on which saturation relies, were inspired by
structural properties that are inherent in Petri nets and similar asynchronous
formalisms.

Thanks to these new algorithms, the logical behavior of realistic Petri net
models with very large reachability sets is now more feasible than ever befer
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